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Aims and Scope 


Neutrosophic theory and its applications have been expanding in all directions at an 
astonishing rate especially after of the introduction the journal entitled “Neutrosophic Sets 
and Systems”. New theories, techniques, algorithms have been rapidly developed. One of 
the most striking trends in the neutrosophic theory is the hybridization of neutrosophic set 
with other potential sets such as rough set, bipolar set, soft set, hesitant fuzzy set, etc. The 
different hybrid structures such as rough neutrosophic set, single valued neutrosophic rough 
set, bipolar neutrosophic set, single valued neutrosophic hesitant fuzzy set, etc. are proposed 
in the literature in a short period of time. Neutrosophic set has been an important tool in the 
application of various areas such as data mining, decision making, e-learning, engineering, 
medicine, social science, and some more. 


Florentin Smarandache, Memet Sahin, Derya Bakbak, Vakkas Ulucay & Abdullah Kargin 


Neutrosophic Algebraic Structures and Their Applications 


CONTENTS 
Aims and Scope 
Preface 
Acknowledgment 
Chapter One 


History of SuperHyperAlgebra and Neutrosophic SuperHyperAlgebra 
(PE VISTICH AR ANI apnea ae ohne icedens. eciahe sarin Wak autem ha wad au Maa oauisemuaa tees 10 


Chapter Two 

A Study on the Properties of AntiTopological Space .................. ce cess eeeee 16 
Bhimraj Basumatary, Jeevan Krishna Khaklary 

Chapter Three 


Some Kinds of y-Irresolute Functions in N-Neutrosophic Crisp Topological 
BAGS Sin tocatn wes tonite cular Sauna nueina anaued inden on. cad michal aaraiien 28 


A. Vadivel, C. John Sundar 


Chapter Four 
On dense, rare and nowhere dense sets in anti-topological spaces................ 42 
Tomasz Witczak 

Chapter Five 

Neutrosophic h-ideal in INK-Algebra........... 0.0... ceceee ccc eee cece eee eeeeae eens aye. 
Kaviayarsu M, Jayapreethi A 

Chapter Six 

Nentro Ordered R-module? nis. iatcni be diaieeia alain Pea hd pelted amneyed tees 63 


Necati Olgun, Ahmed Hatip 


Editors: Florentin Smarandache, Memet Sahin, Derya Bakbak, Vakkas Ulugay & Abdullah Kargin 


Chapter Seven 
On Neutrosophic Double Controlled Metric-like Type Spaces.................. 19 


Khalil Javed, Umar Ishtiaq, Fahim Uddin and Khalil Ahmed 


Chapter Eight 


Bipolar Generalized Set Valued Neutrosophic Quadruple Sets and 
INDI EUS caren ea Ss teadios BSene ge aac ant poe Boake nn aan nee ae eiee aan piansonasemeedtaags 105 


Abdullah Kargin, Memet Sahin 
Chapter Nine 


Interval Generalized Set Valued Neutrosophic Quadruple Sets and 
INIM DEES 2x. ea ict tachd sion Sak eusth olen Saualeigns nha sees imnhs musa ieueni aa enamaubees 129 


Abdullah Kargin, Memet Sahin 
Chapter Ten 


National Human Rights in the Protection and Promotion of Human Rights 
Influence of Institutions: Fuzzy Method................ 0. ccc ccc ce ee ne eee eeenaanees 152 


Enver Bozkurt, Necmiye Merve Sahin and Abdullah Kargin 
Chapter Eleven 


VIKOR Method-based on Entropy Measure for Decision-Making Method with 
N-valued Neutrosophic  Trapezoidal Numbers: Application of 
Pebe MPC ULC is cata ctalce ane aeeooau ee amen heh itanatuis slechaaalvineadimdle ube cea ed 167 


Derya Bakbak, Vakkas Ulucay 
Chapter Twelve 


In Determining the Level of Teachers' Commitment to the Teaching Profession 
Using Classical and Fuzzy Lo0sieiv.o.i0lcuseuiu ates ctscukeatan vanetaw neta dvnw ade 183 


Sevilay Sahin, Merve Kisaoglu and Abdullah Kargin 


Neutrosophic Algebraic Structures and Their Applications 
Chapter Thirteen 


A Comparative Analysis for Multi-Criteria Decision-Making Methods: 
TOPSIS and VIKOR methods using NVTN-numbers for Application of 
Circular BCOHOIMNY aes scutes wl ehiene sus aeet aia ta res tay antaaehotind aoa ee erak elas 201 


Nuh Okumus, Vakkas Ulucay 
Chapter Fourteen 


Similarity Measures on N-Valued Fuzzy Numbers and Application to Multiple 
Attribute Decision Making Problem.....................ccccceeec eee e cnet eeee eens UPA 


Irfan Deli, Mehmet Ali Keles 

Chapter Fifteen 
Direct Sum of Neutrosophic submodules of an R-module....................44 238 
Binu Ra, Paul Isaacb 

Chapter Sixteen 


New Distance Measure for N-valued Neutrosophic Trapezoidal Numbers 
Based on the Centroid Points and Their Application to Multi-Criteria Decision- 


Davut Kesen, Irfan Deli 


Editors: Florentin Smarandache, Memet Sahin, Derya Bakbak, Vakkas Ulugay & Abdullah Kargin 


Preface 


Neutrosophic set has been derived from a new branch of philosophy, namely Neutrosophy. 
Neutrosophic set is capable of dealing with uncertainty, indeterminacy and inconsistent 
information. Neutrosophic set approaches are suitable to modeling problems with 
uncertainty, indeterminacy and inconsistent information in which human knowledge is 
necessary, and human evaluation is needed. 


Neutrosophic set theory firstly proposed in 1998 by Florentin Smarandache, who also 
developed the concept of single valued neutrosophic set, oriented towards real world 
scientific and engineering applications. Since then, the single valued neutrosophic set theory 
has been extensively studied in books and monographs introducing neutrosophic sets and its 
applications, by many authors around the world. Also, an international journal - 
Neutrosophic Sets and Systems started its journey in 2013. 


http://fs.unm.edu/neutrosophy.htm. 


This first volume collects original research and applications from different perspectives 
covering different areas of neutrosophic studies, such as decision-making, neutroalgebra, 
neutro metric, and some theoretical papers. 
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Chapter One 


History of SuperHyperAlgebra 
and 
Neutrosophic SuperHyperAlgebra 
(revisited again) 


Florentin Smarandache 
The University of New Mexico 
Mathematics, Physics, and Natural Science Division, 
705 Gurley Ave., Gallup, NM 87301, USA 
E-mail: smarand@unm.edu 


ABSTRACT 


We recall the topic of the nth-Powerset of a Set, and the concepts built on it such as 
SuperHyperOperation, Super-HyperAxiom, SuperHyperAlgebra, and their corresponding 
Neutrosophic SuperHyperOperation, Neutrosophic Super-HyperAxiom and Neutrosophic 
SuperHyperAlgebra are re-called and then prolonged to the Neutrosophic SuperHy- 
perStructures {or more accurately Neutrosophic (m,n)-SuperHyperStructures }. 


Keywords: nth-Powerset of a Set, HyperAxiom; HyperOperation; Hy-perAlgebra; SuperHyperAxiom, 
SuperHyperOperation; Su-perHyperAlgebra, Neutrosophic SuperHyperAlgebra; Su-perHyperStructure; 
Neutrosophic SuperHyperStructure. 


1. History of HyperAlgebra and SuperHyperAlgebra 


We revisit the SuperHyperAgebra and Neutrosophic SuperHyperAlgebra introduced 
and developed by Smarandache [2, 3, 4] between 2016 — 2022. 

We recall that F. Marty [1] has introduced in 1934 the 

HyperAlgebra that is based on HyperOperations and consequently on HyperAxioms. 
More information and the evolution from HyperAlgebra to SuperHyperAlgebra & 
Neutrosophic SuperHyperAlgebra are presented below. 


2. Definition of classical HyperOperations 
Let U be a universe of discourse and H a non-empty set, H C U. 


A classical Binary HyperOperation 0, is defined as follows: 
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o, :H* > P(A) 
where H is a discrete or continuous set, and P.(H) is the powerset of H without the empty- 
set @ or P.(H)=P(A)-{¢}. 
A classical m-ary HyperOperation ©, is defined as: 
o,, :H” > P(H) 
for integer m > /. For m = J one gets a Unary HyperOperation. 


The classical HyperStructures are structures endowed with classical HyperOperations 
and classical HyperAxioms. 


3. Definition of the n"-Powerset of a Set [2] 


The n"-Powerset of a Set was introduced in [2, 3, 4] in the following way: 

P”(H), as the n"-Powerset of the Set H, for integer n > 1, is recursively defined as: 

P2(H) = P(P(H)), P3(H) = P(P2(H)) =P (P(P())). ae 

P™(H) = P(P™"*(H)), 
where P°(H) & H, and P+(H) & P(#). 

The n'"-Powerset of a Set better reflects our complex reality, since a set H (that may 
represent a group, a society, a country, a continent, etc.) of elements (such as: people, objects, 
and in general any items) is organized onto subsets P(H), and these subsets are again 
organized onto subsets of subsets P(P(H)), and so on [Smarandache, 2016]. 

That’s our world. 


4. Neutrosophic HyperOperation and Neutrosophic HyperStructures [1, 2] 


In the classical HyperOperation and classical HyperStructures, the empty-set ¢ does 
not belong to the power set, or P.(H) = P(H)—{@}. 

However, in the real world we encounter many situations when a HyperOperation ° is: 

e indeterminate, for example ac b = ¢ (unknown, or undefined), 
e or partially indeterminate, for example: co d = {[0.2, 0.3], ¢ } 

In our everyday life, there are many more operations and laws that have some degrees 
of indeterminacy (vagueness, unclearness, unknowingness, contradiction, etc.), than those 
that are totally determinate. 

That’s why in 2016 we have extended the classical HyperOperation to the Neutrosophic 
HyperOperation, by taking the whole power P(H) (that includes the empty-set @ as well), 


instead of P.(H) (that does not include the empty-set @ ), as follow. 


3.1 Definition of Neutrosophic HyperOperation 
Let U be a universe of discourse and H a non-empty set, H C U. 
A Neutrosophic Binary HyperOperation °, is defined as follows: 
o,:H’ > P(A) 
where H is a discrete or continuous set; P(H) is the powerset of H that includes the empty- 
set d. 
A Neutrosophic m-ary HyperOperation ©, is defined as: 
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o, :H”" > P(A) 
for integer m > /. Similarly, for m = J one gets a Neutrosophic Unary HyperOperation. 


3.2 Neutrosophic HyperStructures 


A Neutrosophic HyperStructure is a structured endowed with Neutrosophic 
HyperOperations. 


5. Definition of SuperHyperOperations 


We recall our 2016 concepts of SuperHyperOperation, SuperHyperAxiom, 
SuperHyperAlgebra, and their corresponding Neutrosophic SuperHyperOperation 
Neutrosophic SuperHyperAxiom and Neutrosophic SuperHyperAlgebra [2]. 


Let P."(H) be the n'"-powerset of the set H such that none of P(H), P?(H), ..., P"(H) 
contain the empty set ¢. 

Also, let P"(H) be the n-powerset of the set H such that at least one of the P?(H), ..., 
P"(H) contain the empty set @. 

The SuperHyperOperations are operations whose codomain is either P."() and in this 


case one has classical-type SuperHyperOperations, or P"(H) and in this case one has 
Neutrosophic SuperHyperOperations, for integer n>2. 


5.1 Classical-type Binary SuperHyperOperation 


* 


Bah is defined as follows: 


A classical-type Binary SuperHyperOperation o 


ae 


©)?” > P(A) 


where P."(H) is the n"-powerset of the set H, with no empty-set. 


5.2 Examples of classical-type Binary SuperHyperOperation 

1) Let H = {a,b} be a finite discrete set; then its power set, without the empty-set ¢, 
iS: 

P(H) = {a, b, {a, b}}, and: 

P?(H) = P(P(H)) = P({a,b, {a, b}}) = 
{a, b, {a, b}, {a, {a, b}}, {b, {a, b}}, {a, b, {a, b}} }.. 


Shs) :H? > P?(H) 


Table 1. Example 1 of classical-type Binary SuperHyperOperation. 


S613) ni 
a {a, {a, b}} {b, {a, b}} 
b a {a, b, {a, b}} 
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2) Let H = [0, 2] be a continuous set. 
P(A) = P((0,2]) = {A|A € [0, 2], A = subset}, 
P?(H) = P(P((0,2])). 


Letc,d € H. 
Bes :H? > P?(H) 


Table 2. Example 2 of classical-type Binary SuperHyperOperation. 


Pod Cc d 
Cc {[0, 0.5], [1,2]} {0.7, 0.9, 1.8} 
d {2.5} {(0.3, 0.6), {0.4, 1.9}, 2} 


4.3 Classical-type m-ary SuperHyperOperation {or more accurate 
denomination (m, n)-SuperHyperOperation} 


Let U be a universe of discourse and a non-empty set H, H C U. Then: 
Bras >H” — P(A) 


where the integers m,n = 1, 
H™ =HXxXHxX..XH, 
in times 
and P"(H) is the n-powerset of the set H that includes the empty-set. 


This SuperHyperOperation is a m-ary operation defined from the set H to the n'"- 


powerset of the set H. 


4.4 Neutrosophic m-ary SuperHyperOperation {or more accurate denomination 
Neutrosophic (m, n)-SuperHyperOperation} 


Let U be a universe of discourse and a non-empty set H, H C U. Then: 
Ge odd EL) 


where the integers m,n = 1; P"()- the n-th powerset of the set H that includes the empty- 
set. 


6. SuperHyperAxiom 


A classical-type SuperHyperAxiom or more accurately a (m, n)-SuperHyperAxiom 
is an axiom based on classical-type SuperHyperOperations. 
Similarly, a Neutrosophic SuperHyperAxiom {or Neutrosphic (m, _n)- 
SuperHyperAxiom} is an axiom based on Neutrosophic SuperHyperOperations. 
There are: 
e Strong SuperHyperAxioms, when the left-hand side is equal to the right-hand 
side as in non-hyper axioms, 
e and Week SuperHyperAxioms, when the intersection between the left-hand 
side and the right-hand side is non-empty. 
For examples, one has: 
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e Strong SuperHyperAssociativity, when (xoy)oz=xo(yoz), for all 
x,y,z € H™, where the law o .:H” >P"(H); 


(m,n) : 
e and Week SuperHyperAssociativity, when [(xoy) oz] N[xce(Woz)]#@, 
for allx,y,z€H™. 


7. SuperHyperAlgebra and SuperHyperStructure 


A SuperHyperAlgebra or more accurately (m-n)-SuperHyperAlgebra is an algebra 
dealing with SuperHyperOperations and SuperHyperAxioms. 

Again, a Neutrosophic SuperHyperAlgebra {or Neutrosphic (m, _n)- 
SuperHyperAlgebra} is an algebra dealing with Neutrosophic SuperHyperOperations and 
Neutrosophic SuperHyperOperations. 

In general, we have SuperHyperStructures {or (m-n)-SuperHyperStructures}, and 
corresponding Neutrosophic SuperHyperStructures. 

For — example, there are | SuperHyperGrupoid, SuperHyperSemigroup, 
SuperHyperGroup, SuperHyperRing, SuperHyperVectorSpace, etc. 


8. Distinction between SuperHyperAlgebra vs. Neutrosophic SuperHyperAlgebra 


i. If none of the power sets P*(H), 1 < k <n, do not include the empty set ¢, 
then one has a classical-type SuperHyperAlgebra; 

ii. If at least one power set, PX(H), 1 < k < n, includes the empty set ¢, then one 
has a Neutrosophic SuperHyperAlgebra. 


9, Conclusion 


A set H (that may represent a group, a society, a country, a continent, etc.) of elements 
(such as: people, objects, and in general any items) is organized onto subsets P(H), and these 
subsets in their turn are again organized onto subsets of subsets P(P(H)), and so on, the n'"- 
PowerSet of a Set [2] was introduced to better reflect our world. 

The most general form of algebras, which is based on the n'"-Powerset of a Set, called 
SuperHyperAlgebra {or more accurate denomination (m, n)-SuperHyperAlgebra} and the 
Neutrososophic SuperHyperAlgebra, and their extensions to SuperHyperStructures and 
respectively Neutrosophic SuperHyperAlgebra in any field of knowledge are recalled. 
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ABSTRACT 


In the current study, the properties of Interior, Closure and Boundary points of the antiTopological studies 
have been observed and studied by introducing the ideas of AntiInterior, AntiClosure, and AntiBoundary. It 
has been found that some of the properties that are valid in general topological spaces are also valid in anti- 
topological spaces while some of the properties are found to be not valid, as in the case that the Antilnterior of 
a set is not the smallest closed set that contains the set as in the general topological spaces. 


Keywords: AntiInterior, AntiClosure, AntiBoundary, AntiTopological space. 


INTRODUCTION 


General topology is the branch where most of the studies had been done by all the founders of topology 
and the various properties that the subsets of the topology have, like continuity, connectedness, compactness, 
etc. But, most of the properties that have been accepted to be of the topological spaces are, as put forward by 
the ones who defined them, without any actual testing on whether they apply to the real-world situations, 
whether they are true for all cases or whether there may exist some cases where those cases are not applicable 
in general. That is, where the proposal of a fuzzy set came in 1965 by Lofti A. Zadeh [39], and it is where 
elements of a set are assigned degree of membership and degree of non-membership. And, in due course of 
time, the case of neutrosophy had to be ushered in by Florentine Smarandache in 1998. The neutrosophic set 
encompasses three components, namely the truth (T), the indeterminacy (I), and the falsity (F) of a statement 
or a property. Many authors (Sahin et al. [40, 41, 56, 57], Hassan et al. [42], Ulucay et al. [43-45, 48-50], 
Broumi et al. [46]) applied the concepts of the neutrosophic set to various field [58-84]. The present study 
deals with the falsity component of the neutrosophic set. Anti-topological space was defined along with neutro- 
topological space by Sahin et al. [25]. 


In recent years, there has been a surge in academic interest in neutrosophic set theory. The concept of 
neutro-structures and anti-structures was first defined by Florentin Smarandache [30, 31]. Also, a lot of 
researchers studied neutroalgebra [51-55]. Sahin et al. [25] discussed the idea of neutro-topological space and 
anti-topological space. Smarandache [33] studied NeutroAlgebra as a generalization of partial algebra. 
Agboola [1-3] investigated the idea of NeutroRings, NeutroGroups, and finite NeutroGroups of type-NG. 
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Smarandache [34] proposed the generalizations and alternatives of Classical Algebraic Structures to 
NeutroAlgebraic Structures and AntiAlgebraic Structures. Al-Tahan et al. [6] studied the 
NeutroOrderedAlgebra, NeutroHyper structures, and their properties. 


Smarandache [30-31] founded and studied the concept of neutro-structures and anti-structures. From 
the concepts of NeutroAlgebra, he showed that if a statement (theorem, lemma, consequence, property, etc.) is 
totally true in a classical Algebra, it does not mean that it is also totally true in a NeutroAlgebra or in an 
AntiAlgebra. It depends on the operations and axioms (if they are totally true, partially true, totally false, or 
partially or totally indeterminate) it is based upon. 


For examples: 


(1) Let (A,*) be a NeutroAlgebra (it has NeutroOperations or NeutroAxioms while the others are classical 


Operations and classical Axioms, and no AntiOperation and no AntiAxiom). 


Statement: If x, y in A, then x * yin A. 
This statement is true for classical Algebra. 
But for a NeutroAlgebra we have: 


(a) The Statement is true if the operation * is a classical Operation (totally true). 
(b) The Statement is true if the operation * is a NeutroAxiom, 
but x, y both belong to the partially true subset; 
(c) The Statement is false if the operation * is a NeutroAxiom, 
and at least one of x or y belongs to the partially false subset. 
(2) Similarly, for the NeutroGroup. 
Let A be a NeutroGroup, and x in A. Then its inverse x7? is also in A. This is true for the classical Group. 
For the NeutroGroup: 


(a) This is true if the inverse element axiom is totally true; 
(b) This is true if the NeutroInverse element axiom is partially true, and x belongs to the true subset; 
(c) This is false otherwise. 


By observing the above concepts, the properties of Interior, Closure and Boundary points of the 
AntiTopological studies have been observed. 


BACKGROUND 


Definition 2.1: [34] The NeutroSophication of the Law 


(1) Let X be a non-empty set and * be binary operation. For some elements (a,b) € (X,X), (a* b) € 
X (degree of well defined (T)) and for other elements (x,y),(p,q) € (X,X); [x*y is 
indeterminate (degree of indeterminacy (/)), or p * q € X (degree of outer-defined (F')],where (T, 
I, F) is different from (1,0,0) that represents the Classical Law, and from (0,0,1) that represents the 
AntiLaw. 


(il) In NeutroAlgebra, the classical well-defined for * binary operation is divided into three regions: 
degree of well-defined (T), degree of indeterminacy (/) and degree of outer-defined (F) similar to 
neutrosophic set and neutrosophic logic. 


Definition 2.2: [25] Let X be the non-empty set and Tt be a collection of subsets of X. Then T is said to be a 
NeutroTopology on X and the pair (X,T) is said to be a NeutroTopological space, if at least one of the 
following conditions hold good: 


Editors: Florentin Smarandache, Memet Sahin, Derya Bakbak, Vakkas Ulucay & Abdullah Kargin 


(i) [Oy €t,Xy ET) or (Xy ET, On ET) ] or [Oy, Xn E. TI. 


(ii) For some n elements 1, 3,...,A, € T, Ni, a; € T [degree of truth T] and for other n elements 
by, D2, Dn © T, Py) Po) Pn © Ti CNL, b; € T) [degree of falsehood F] or (NL, p; is 
indeterminate (degree of indeterminacy I)], where n is finite; where (T, I, F) is different from 
(1,0,0) that represents the Classical Axiom, and from (0,0,1) that represents the AntiAxiom.)]. 


(111) For some n elements @,, Q3,..-,Q, € T, Uj=; a; € T [degree of truth T] and for other n elements 
Dy, bg, Dn ET, Py) Po» Pn © Ti [CUj=, b; E T) [degree of falsehood F] or (Uj=;p; is 
indeterminate (degree of indeterminacy I)], where n is finite; where (T, I, F) is different from 
(1,0,0) that represents the Classical Axiom, and from (0,0,1) that represents the AntiAxiom.)]. 


Remark 2.1: [25] The symbol “€_” will be used for situations where it is an unclear appurtenance (not sure if 
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an element belongs or not to a set). For example, if it is not certain whether “a” is a member of the set P, then 
itis denoted by a €_ P. 


Theorem 2.1: [25] Let (X,T) be a classical topological space. Then (X,t — @) is a NeutroTopological space. 
Theorem 2.2: [25] Let (X,T) be a classical topological space. Then (X,t — X) is a NeutroTopological space. 
Definition 2.3: [34]: The Anti-sophication of the Law (totally outer-defined) 


Let X be a non-empty set and * be a binary operation. For all double elements (x,y) € (X,X),x *y EX 
(totally outer-defined). 


Definition 2.4: [25]: AntiTopological space: Let X be a non-empty set, Tbe a collection of subsets of X. If the 
following conditions {i, 1i, 111} are satisfied then, Tis called an anti-topology and (X, T) is called an anti- 
topological space. 


i) Q,X€ETt 
ii) For all q1,42,93)+»9n ET, NL, qi ET, where nis finite. 
iii) For all 41, 92,43) ++»9n © T, Vier Gi € T, where I is an index set. 


MAIN FOCUS OF THE CHAPTER 


Proposition 3.1: In an AntiTopological space. The following conditions (i), (ii), and (iii) are satisfied. 
(1) Empty set and X is not AntiOpen. 
(i1) Union of the AntiOpen sets is not AntiOpen. 
(111) Intersection of the AntiOpen sets is not AntiOpen. 


Examples 3.1: Let X = {a,b,c,d} andt = {{a, b}, {c, d}, {b, cH}. Then (X,T) is antiTopological space. 
(i) Here @ and X are not AntiOpen. 
(ii) {a, b} U {c,d} = {a, b,c, d}; {a, b} U {b, c} = {a, b,c}; {c,d} U {b, c} = {b, c,d} which are all 
not AntiOpen in (X,T). 
(iii) Also, {a, b} N {c, d} = @; {a, b} N {b, c} = {b}; {c, d} N {b, c} = {c}, which are all not AntiOpen 
in (X,1). 


Definition 3.1: Let (X,T) be anAntiTopological space over X and A is subset on X. Then, the AntilInterior of 
A is the union of all AntiOpen subsets of A. Clearly, Antilnterior of A is the biggest AntiOpen set over X which 
is contained A. 
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That is, Antilnt(A) = U {B, where B is open and B € A} 


Proposition 3.2: Let (X,T) be an AntiTopological space over X and A is subset on X. If A is AntiOpen, then 
Antilnt(A) = A. 


Proof: By definition, Antilnt(A) = U {B, where B is open and B € A}. 


If A is AntiOpen, and B c A and B is AntiOpen then AN B = B and it will violate the condition (iii) of the 
definition of the AntiTopological Spaces. Hence, B ¢ A. So B = A. Hence, Antilnt(A) = A. 


Proposition 3.3: In an AntiTopological space (X, 17), Antilnt(A) ¢ tT if A is not AntiOpen. 
Proof: By definition, Antilnt(A) = U {B, where B is AntiOpen and B € A}. 


By Proposition 3.2, if A is AntiOpen, then AntiInt(A) = A. If A is not AntiOpen, then either Antilnt(A) = 
@ or, Antilnt(A) = B UC, where B and C are AntiOpen. And B U C cannot be contained in T otherwise it will 
violate condition (ii) of the Proposition 3.1. 


Example 3.2: Let X = {1,2,3,4} and t = {{1,2}, {2,3}, 3,43}. 

Let A = {1,2,3}, then Antilnt(A) = {1,2} U {2,3} = {1,2,3} € t. 

And, A = {2,4}, then Antilnt(A) = @ € T. 

Observation: From Example 3.2, it is observed that Antilnt(A) is equal to A even if A is not AntiOpen. 


Proposition 3.4: Let (X,t) be AntiTopological space. Then 
(i) A&B = Antilnt(A) © Antilnt(B) 
(ii) Antilnt(A n B) © Antilnt(A) n Antilnt(B) 
(iii) Antilnt(A) U Antilnt(B) © Antilnt(A U B) 
(iv) Antilnt(Antilnt(A)) = Antilnt(A) if A is AntiOpen. 


Proof: 


(i) Both A and B cannot be AntiOpen at the same time because in that case A cannot be a subset of 
B. Suppose that A is AntiOpen, and B is not. Then, AntiInt(A) = A and Antilnt(B) = {AUC} 
since A € B and A is AntiOpen, where C; are AntiOpen. Hence, Antilnt(A) € Antilnt(B) in 
this case. Next, suppose that B is AntiOpen while A is not, then Antilnt(B) = B and 
Antilnt(A) =v {C,C is AntiOpen} and C # B. By Proposition 3.3, Antilnt(A) € tand A © 
B. The only possibility for this is that Antilnt(A) = @. 


(ii) For any AandB, ANB G& AandANB CB. 
So, we have: Antilnt(A N B) © Antilnt(A) and Antilnt(A N B) © Antilnt(B) 
Hence, Antilnt(A N B) € Antilnt(A) n Antilnt(B) 

(iii) For any AandB, AG AUBandB EC AUB. 
So, we have: Antilnt(A) & Antilnt(A U B) and Antilnt(B) € Antilnt(A U B) 
Hence, Antilnt(A) U Antilnt(B) © Antilnt(A U B) 


(iv) The proof is direct by Proposition 3.2. 


Definition 3.2: Let (X,tT) be an AntiTopological space and a subset A of X is said to be t-AntiClosed set if 
and only if its complement A‘ is an AntiOpen set. 
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Proposition 3.5: In an AntiTopological space. The conditions (i) and (11) are satisfied. 
(i) The intersection of AntiClosed sets isnot AntiClosed. 
(ii) Union of AntiClosed sets is notAntiClosed. 


Definition 3.3: Let (X, 7) be anAntiTopological space over X and A is subset on X. Then, the AntiClosure of 
A is the intersection of all AntiClosed super sets of A. Clearly, AntiClosure of A is not the smallest AntiClosed 
set over X containing A, which is shown in the Proposition 3.6 (ii) below. 


That is, AntiCl(A) =N {G:G 2 A and G is AntiClosed} 


Example 3.3: Let X = {1,2,3,4,5} and t= {{1},{2},{3},{5}} . Then, the AntiClosed sets are: 
{2,3,4,5}, {1,3,4,5},{1,2,4,5} and {1,2,3,4} . Let A= {1,2},then AntiCl(A) = {1,2,4,5} n {1,2,3,4} = 
{1,2,4}. 


Proposition 3.6: Let (X,T) be an AntiTopological space. Then 
(1) AntiCl(A) is not the smallest AntiClosed set containing A. 
(i1) If A is AntiClosed, then A = AntiCl(A). 


Proof: 


(i) We prove it by a counter example. Let X = {1,2,3,4,5} and t = {{1}, {2}, {3}, {5}. Then, the AntiClosed 
sets are: {2,3,4,5},{1,3,4,5},{1,2,4,5} and {1,2,3,4} . Let A ={1,2},then AntiCl(A) = (1,2,4,5}1 
{1,2,3,4} = {1,2,4} which is not AntiClosed. 


We may consider another example by considering A as an AntiOpen set, say A = {1}, then AntiCl(A) = 
{1,3,4,5}  {1,2,4,5} n {1,2,3,4} = {1,4} which is also not AntiClosed. 


Thus, AntiClosure of A is not the smallest AntiClosed set over X containing A. 
(i) Proof is obvious from the definition of anti-topology. 


Proposition 3.7: Let (X,T) be AntiTopological space and let A, B € X. If B is AntiClosed, then 
(i) A & AntiCcl(A) 
(ii) AGB => Anticl(A) © Anticl(B) 
(iii) AntiCl(A) U AntiCl(B) € AntiCl(A U B) 
(iv) AntiCl(A NB) © AntiCl(A) n Anticl(B) 
(v) AntiCl(AntiCl(B)) = AntiCl(B) 


Proof: 
(i) By definition, we have AntiCl(A) is a set containing A. So, A © AntiCl(A) 


(ii) If B is closed then, AntiCl(B) = B. Thus, A S B > A © AntiCl(B) which give, AntiCl(A) © 
AntiCl(B). 


(iii) AG&AUB = Anticl(A) € Anticl(A UB) by (i) above. Also, BE AUB = Anticl(B) © 
AntiCl(A U B) by (i) above. Hence, AntiCl(A) U AntiCl(B) © AntiCl(A U B) 


(iv) ANMBC&AS= AntiCl(ANB) € AntiCl(A) by (i) above. Also, AN B © B = AntiCl(AN B) ¢ 
AntiCl(B) by (i) above. Hence, AntiCl(A N B) © AntiCl(A) Nn AntiCcl(B). 


(v) Since B is AntiClosed, we have AntiCl(B) = B. So, AntiCl(AntiCl(B)) = AntiCl(B) 


Remark 3.1: In Proposition 3.7, if B is not AntiClosed then the results are not generally true. It is because the 
AntiClosure of every subset of X will not always exist because X is not AntiClosed. 
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Proposition 3.8: Let (X,T) be AntiTopological space and let A € X. Then 
(i) Antilnt(A) = (Anticl(A‘))’, if A is AntiOpen. 
(ii) AntiCl(A‘) = (AntiInt(A))°, if A is AntiOpen. 
(iii) AntiCl(A) = (AntiInt(A°))’, if A is AntiClosed. 
(iv) AntiCl(Antilnt(A)) = AntiCl(A) 


Proof: 

(i) Let x € Antilnt(A) > x€A>x € AS > x € AntiCl(A®) > x € (Anticl(A‘))°. 
Hence, Antilnt(A) & (AntiCl(A‘))’. 
Conversely, let x € (Anticl(A‘))* >x€AntiCl(A°Q) > x €AC SXEA. 
Hence, x € Antilnt(A). So, (Anticl(A°))° ¢ Antilnt(A). 

(ii) Let x € AntiCl(A®) ex € AS Ox EASx €EAntilnt(A) ox € (AntiInt(A))’. 

Hence, AntiCl(A°) = (Antiint(A))°. 

(iii) Letx € AntiCl(A)exEASxE€AS Ox ¢ Antilnt(A)) exe (AntiInt(A°))°. 
Hence, AntiCl(A) = (Antiint(A‘))’. 

(iv) Let x € AntiCl(Antilnt(A)) =x € Antilnt(A) 36 xEASx € Anticl(A). 
Hence, AntiCl(Antilnt(A)) = AntiCl(A). 


Definition 3.4: Let (X,T) be an AntiTopological space over X and A is subset on X. Then AntiBoundary of A 
is defined as AntiBd(A) = AntiCl(A) N AntiCl(A‘). 


Example 3.4: Let X = {1,2,3,4} and t = {{2}, {3}}. Then, the AntiClosed sets are: {1,3,4} and {1,2,4}. 


Let A = {3}, then A° = {1,2,4}. Now, AntiCl(A) = {1,3,4} and AntiCl(A°) = {1,2,4}. So, the AntiBd(A) = 
AntiCl(A) n AntiCl(AC) = {1,3,4} 9 {1,2,4} = {1,4}. 


Proposition 3.9: Let (X,T) be Anti-Topological space and let A,B & X. Then 
(i) AntiCl(A) — Antilnt(A) = AntiBd(A) 
(ii) Antilnt(A) = A — AntiBd(A) 
(iii) Antilnt(A) U Antilnt(A°) = [AntiBd(A)]© 
(iv) AntiBd(Int(A)) = AntiBd(A) 
(v) AntiBd(AntiCl(A)) © AntiBd(A) 
(vi)  AntiBd(A U B) © AntiBd(A) u AntiBd(B) 
(vii) Bd(ANB) € Bd(A) U Bd(B). 


Proof: 


(i) Let x € AntiCl(A) — Antilnt(A) 
Now, 
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x € AntiCl(A) — Antilnt(A) 

= x € AntiCl(A) and x € Antilnt(A) 

=x €Anticl(A) andx € A 

= x € AntiCl(A) and x € A* 

= x € AntiCl(A) and x € AntiCl(A‘) 

& x € AntiCl(A) n AntiCl(A‘) 

= x € AntiBd(A). 

Hence, AntiCl(A) — Antilnt(A) = AntiBd(A). 


(ii) Let x € Antilnt(A) 

Now, 

x € Antilnt(A) 

=xeéAandx € AS 

= x €Aandx € AntiCl(A) and x € AntiCl(A‘) 
=x €Aand x € AntiBd(A) 

= x €A-—Bd(A) 

Hence, Antilnt(A) = A — AntiBd(A). 


(iii) From definition, we have 

AntiBd(A) = AntiCl(A) n AntiCcl(A‘) 

& [AntiBd(A)]°© = [AntiCl(A) n AntiCcl(A‘)]° 

© [AntiBd(A)]°© = [AntiCl(A)]° u [Anticl(A‘)]° 

© [AntiBd(A)]© = Antilnt(A‘) U Antilnt(A), by Proposition 3.8. 
Hence, Antilnt(A) U Antilnt(A‘) = [AntiBd(A)]° 


(iv) AntiBd(Antilnt(A)) = AntiCl(Antilnt(A)) n AntiCl [(Antime(a)) "| [by Proposition 3.8 (i)] 
= AntiCl(Antilnt(A)) n AntiCcl [{Cancicicay)‘F | [as (Anticl(A®))° = Antimne(a)| 


= AntiCl(Antilnt(A)) n AntiCl(A‘)[as (P°)° 

= P and AntiCl(AntiCl(P)) = AntiCl(P), for any set P 

= AntiCl(A) nN AntiCcl(A°) [by Proposition 3.8 (iv)] 
= AntiBd(A) [by definition] 

Hence, AntiBd(Antilnt(A)) = AntiBd(A). 


(v) AntiBd(AntiCl(A)) = AntiCl(AntiCl(A)) n AntiCl [(antici(a)) ‘| 
Now, A © AntiCl(A) = (Anticl(A))° € AC 
= AntiCl [(anticuca)) | © AntiCl(A°) [A © B = AntiCl(A) € AntiCl(B)| 


Hence, AntiBd(AntiCl(A)) © AntiCl(A) n AntiCl(A°) = AntiBd(A) 
i.e., AntiBd(AntiCl(A)) © AntiBd(A). 


(vi) AntiBd(A U B) = AntiCl(A U B) n AntiCl(A U B)¢ 
© [AntiCl(A) U AntiCl(B)] n [AntiCl(A‘) n Anticl(B°)] 
AntiCl(A) n {AntiCl(A°) n AntiCl(B°)}] U [AntiCl(B) n {AntiCl(A‘) n Anticl(B‘)}] 
{AntiCl(A) n AntiCl(A‘)} M AntiCl(B©)] U [{AntiCl(B) n AntiCl(B°)} n AntiCl(A‘)] 
= [AntiBd(A) n AntiCl(B‘)] U [AntiBd(B) n AntiCl(A‘)] 
© AntiBd(A) U AntiBd(B) 
Hence, AntiBd(A U B) © AntiBd(A) U AntiBd(B). 


=[ 
=[ 
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(vii) AntiBd(A N B) = AntiCl(A NB) n Anticl{(A n BY] 
¢ [AntiCl(A) n AntiCl(B)] Nn AntiCl(AC U B°) 
[AntiCl(A) n AntiCl(B)] n [AntiCl(A‘) U AntiCl(B‘)] 
= [{AntiCl(A) n AntiCl(B)} n AntiCl(A‘)] U [{AntiCl(A) n AntiCl(B)} 
AntiCl(B°)] 
= [{AntiCl(A) n AntiCl(A°)} n AntiCl(B)] u [AntiCl(A) n {AntiCl(B) n 
AntiCl(B°)} 
= [AntiBd(A) n AntiCl(B)] U [AntiCl(A) n AntiBd(B)| 
© AntiBd(A) U AntiBd(B) 
Hence, AntiBd(A N B) © AntiBd(A) U AntiBd(B). 
Proposition 3.10: Let (X,T) be AntiTopological space and let A € X. If A is AntiOpen, then AntiCl(A) — 
A = AntiBd(A) 


Proof: Since A is AntiOpen, therefore Antilnt(A) = A [from Proposition 3.2] 
and Antilnt(A) = (Anticl(A‘))* [from Proposition 3.8 (i)] 
AntiCl(A) — A = AntiCl(A) — Int(A) 

= AntiCl(A) — (Anticl(A°))* 


C 
= AntiCl(A) n {(Antici(ac))"} 
= AntiCl(A) n AntiCl(A°) 
= AntiBd(A). 

Hence AntiCl(A) — A = AntiBd(A). 


Remark 3.2: If the subset A of X is not AntiOpen, then the equality in Proposition 3.10 may not hold. We will 
show it by an example: 

Let X = {1,2,3,4,5} and t = {{3}, {1,2}, {1,4}, {4,53}. 

The AntiClosed sets are: {1,2,4,5}, {3,4,5}, {2,3,5}, {1,2,3}. 

Let A= {1,3}, then A° = {2,4,5}. 

Now, AntiCl(A) = {1,2,3} and AntiCl(A‘) = {1,2,4,5}. 

So, AntiBd(A) = AntiCl(A) N AntiCl(A‘) = {1,2}. 

Now, AntiCl(A) — A = {1,2,3} — {1,3} = {2} # AntiBd(A). 


Conclusion 


In this study, it is observed that many properties of AntiTopological space are not the same as general 
topological space and NeutroTopological Spaces. Then we have investigated the properties of the interior, 
closure, and boundary of AntiTopological spaces. Hope our work will help in further study of AntiTopological 
space. This may lead to a new beginning for further research on the study of Topological space. 
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ABSTRACT 


The aim of this article is to introduce a N-neutrosophic crisp ¥-irresolute, completely N-neutrosophic 
crisp ¥-irresolute and completely weakly N-neutrosophic crisp ¥-irresolute functions in a N-neutrosophic 
crisp topological space and also discuss a relation between them in N-neutrosophic crisp topological spaces. 
We also investigate some of their properties using these N-neutrosophic crisp ¥-irresolute functions via N- 
neutrosophic crisp ¥-continuous function in N-neutrosophic crisp topological spaces. Also, we interact with 


separation axioms and open mapping functions using these N-neutrosophic crisp ¥-irresolute functions. 


Keywords: V-neutrosophic crisp ¥-open set, N-neutrosophic crisp ¥-irresolute, completely -neutrosophic 


crisp ¥-irresolute, completely weakly N-neutrosophic crisp ¥-irresolute. 


INTRODUCTION 


In our daily routine, we have used the crisp sets in most of our life. The concepts of neutrosophy and 
neutrosophic set are the recent tools in a topological space. It was first introduced by Smarandache [14, 15] in 
the beginning of 20" century. In 2014, Salama, Smarandache and Kroumov [12] has provided the basic 
concept of neutrosophic crisp set in a topological space. After that Al-Omeri [1] also investigated some 
fundamental properties of neutrosophic crisp topological Spaces. Al-Hamido [9] explore the possibility of 
expanding the concept of neutrosophic crisp topological spaces into N-topology and investigate some of their 


basic properties in N-terms. By using N-terms of topological spaces, we can define 1,-ts, 2,-ts,..., Ny-ts. 


In 1996, Andrijevic [2] introduced 5-open sets and develop some of their works in general topology. 


The notion of ¥-open set (originally called y-sets) in topological spaces was introduced by Min [7] and worked 
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in the field of general topology. Vadivel and John Sundar [24] presented y-open sets in neutrosophic crisp 
topological spaces via N-terms of topology. 


The strong and weak forms of continuous functions are introduced by Levine in 1960 [6] and also 
introduced in strong continuity in topological spaces. In 1967, Naimpally [8] also discussed strongly 
continuous functions in a topology. In recent years, the academic community has witnessed growing research 
interests in neutrosophic set theory [3-5,10,11,17-23,31-59] and Vadivel et al. [26, 27, 28, 30] introduced some 


strongly continuous functions in N,,- topological spaces. 


The chapter is organized as follows: In section 2, introduces some concepts and basic operations are 
reviewed. In section 3, we extend the continuous functions into a irresolute functions such as -neutrosophic 
crisp y-irresolute function in N,,-ts and investigates their properties. In section 4, presents a completely N- 
neutrosophic crisp y-irresolute function in Ny,ts. In section 5, study a completely weakly V-neutrosophic crisp 


y-irresolute functions in N,,ts. Finally, Conclusions and further research are contained. 


BACKGROUND 


Definition 1 [13] For any non-empty fixed set ¥, a neutrosophic crisp set (briefly, mes) H, is an object 
having the form K = { Ky, X,.Hz} where Ky, Xz & Nz are subsets of ¥ satisfying any one of the types 


(T1) EK, Ky =o, n+ & & UR K, © X, Wy, & =1,2,3. 
(T2) K, 0 K; =o, 9 + & & Uh. K, = X, Vy, F =1.2,3, 
(13) Marky = @ & UR Ky = X, Vy = 12,3, 

Definition 2 [13] Types of nes's @y and Xy in X are as 
(i) Oy = (@..X) or (G.X.X) or (O,X,0) or (G,0,0). 
(ii) Xy = (X. @. B) or (XX. B) or (X. OX) or (XXX). 


Definition 3 [13] Let ¥ be a non-empty set & the mes's K & M in the form K = (Ky. Ky.Xaq), 
M = (My, Mzz.Mgq), then 


@KEMEKy & My, Ky & My & Ky 2 M_33 or Ky © My, Ky 2 My & Ky 2 My. 
Gi) FM M = (Ky M My. Ky M My, Kyq U My) or (Ky M My. Ky, U Myz,. Kyq U My) 
(iii) KE Wy M = (Ky U My, . Kaz UW M,,..Kay n Mz) or (Ky, U My, Ky Nn Mz. Kaz n Mz). 


Definition 4 [13] Let X = (K,.Kz,K3) ames on X, then the complement of ¥ (briefly, * ) may be defined in 
three different ways: 


(C1) K® = (Kf..KE..K5), or 
(C2) Ke = (kK, EK, Ky), or 
(C3) K* = (Ky. Kz. Ky). 


Definition 5 [9] Let ¥ be a non-empty set. Then ely, mela, ..., nelly are N-arbitrary crisp topologies 
defined on ¥ and the collection Ny-I is called N,--topology on % is 
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N,,l = {A © X:A= (Ug—1 Ea) i) (Gj =a Fgz)- Egy Fey €  aclj} 
and it satisfies the following axioms: 
(i) Oy, Xy EN,,T. 


(ii) Ufa Ky © Nel v {Ky}, © Nncl’ 
(iii) V3, Ky E NaF v{K,} | ENyel 
j=a Ry © Noel V (kgs, _, © Nae! 


Then (X..N,,-T} is called a N,--topological space (briefly, N,-ts) on X. The N,,--open sets (Ny-@S) are the 
elements of N,,-T in ¥ and the complement of N05 is called N,,-closed sets (Ny,-¢) in ¥. The elements of 
X are known as N,,-sets (Nye) on X. 


Definition 6 [9] Let (%..N,- F) be Ny-t5 on ¥ and KF be a Nyes on X, then the Ny, interior of X (briefly, 
N,-int(K)) and Ny closure of KX (briefly, N,,-cl(K)) are defined as 


N,,-int(K) =u {4:A © K&G isa N,,05} 
N,,cl(K) =n {D:K © D&D isaN,,cs}. 


Definition 7 [9] Let (¥.N,-F) be any Ny-ts. Let K be a Ny-s in (X..N,,I). Then X is said to be a N- 
neutrosophic crisp 


(i) regular open [24] set (briefly, N,,-res) if X = N,,,int(N,,cl(K)). 

(ii) pre open set (briefly, N,,Pos) if © N,,int(N,,cl{K)). 

(iii) semi open set (briefly, N,,-Sos) if © N,,cl{N,,int(X)). 

(iv) e-open set (briefly, N,,@os) if © N,,int(N,,cl(N,,int(X))). 

(v) ¥-open [24] set (briefly, N,-yos) set if © N,,cl{N,,int(K)) U N,,,int(N,,cl(K)). 


The complement of a N,,-Pos (resp. N,,,-Sos, N,,wos, N,-ros & N,-yas) is called a Nye pre (resp. 
Nye semi, Nyt, Ny--regular & Ny,-¥) closed set (briefly, N,-Pes (resp. Ny, Ses, N,,.@es, N,-res & Ny-yes 
)) in X. 


The family of all N,-Pos (resp. N,,-Pes, N,,Sos, N,-Ses, N,,cos, N,,acs, N,-yos & Ny-yes) of 
X is denoted by Ny,-POS(X) (resp. Ny-PCS(X), N,,S5O5(X), N,,SCS(X), N,,wOS(X) , N,,@CS(X), 
Nuc¥OS(X) & NycvCS(X)). 


Definition 8 [24] Let (%..N,.I) be a Nts on ¥ and F be a N,-5 on X then 
(i) N,-vyint(K) =U {D:D © K and D isa N,,¥os }. 
(ii) N,-vel(K) =M {D:K © D and D is a Nycves}. 


Definition 9 Let (X,.N,,I”) and (X,.N,,¥) be any two Nyets’s. A map p? (X,. NaF) = (X. Nye) is said 
to be 


(i) Ne (resp. Ny-¥)-continuous (briefly, N,-Cts [16] (resp. Ny-¥Cts [30])) if the inverse image of 
every Ny,08 in (X,.Ny,¥) is a Ny, os (resp. Ny-vos) in (X,.N,-T'). 
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(ii) strongly N,,- continuous (briefly, StN,,-Cts [28]) function if the inverse image of every subset in 
(%,..N,,-¥) is N-neutrosophic crisp clopen (i.e both N,-@ and N,-) (briefly, N,-clo) in (4%. N,-P). 


(iii) completely V,- continuous (briefly, CN, ts [28]) function if the inverse image of every Ny,-O5 
in (%).Ny-¥) is Nyeros in (Xp Ny-F). 


Definition 10 [28] A N,,ts (X..N,,I) is said to be Ny-r-T, if for each pair of distinct points and y of X, 
there exist N,-7r@ sets Uy and Uz such thatx © Uy andy U,,x€ Uz andy Uy. 


Definition 11 [28] A Nts (X..N,,-I) is said to be N,-r-T> for each pair of distinct points x and y of X, there 
exist N,,,7o sets L and M in X such thatzx © Landye€ M. 


N-Neutrosophic Crisp y-Irresolute Functions 


Definition 12 Let (X,.N,,I7) and (X,.N,,¥) be any two N,,ts's. A map p: (CX, N,,.I) + (%,.N,.¥) is 
said to be N,,- ¥-irresolute function (briefly, N,-¥Irr), if for the inverse image of every N,,,-ves in (X,.N,,¥) 
is aN,,-yes in (X, N,,F). 


Theorem 13 Let p: (%,,Ny-I) + (X.Ny-¥) be a mapping, if Nacvlrr, then p is Ny-vCts. 


Proof: Let C be N,,cs in Xp, then C is Ny-ves in Xz, since every Nyees is Nyeyes. By hypothesis, p~*(C)is 
Nyc¥es. Therefore p is N,-yCts. 


Remark 14 The converse of the above theorem need not be true as shown in the following example. 


Example 15 Let Y={ly-mpmy.O.R}=F¥ , peli ={by-Xy.LMN} , 9 gel ={by.Xy\} . 
L = ({m,}. fo}. {l,. my. 0,.p,}), M = ({Ly.my}. {6}. {m,0y.P}), N = ({ly-my.my}.{}. fo.-Pi}}, then we 
have 2nel = {Py Xy. L.M.N} : nc¥, = {y. ¥y.0.P.Q} , neP, = {oy Yy} 

O = ({l,.my}. {h}. fm.0.P,}), P = (fy 0}. fh}. {l.my.p,}), @ = ({L,-my-my. 0}. {H}, {,}), then we 
have 2nc¥ = {@y.¥y-0,P.Q}. 


Define p? @.2yeP) > (¥.2n¢¥) as p=, pOa)=m, pm)=m , p@)=m & 
pRJ=m then 2np¥Cts mapping but not 2y-¥irr mapping, the set 
p~*(Cfrmy, 0. P, }. {G}. {L-m})) = Cfrmy.0,. Py}.{G}. {1y-my}) is a 2yevOS in ¥ but not 2,evos in X, 


Theorem 16 A function: (X,.N,.I") + (X,.N,,¥) is Np-vlrr if and only if for every Ny-vyos K in Xp, 
p *(K) is N,,,yos in X. 


Proof: Follows from the fact that the complement of N,,-vos is N,-ves and vice versa. 


Theorem 17 If % : (Xy.NyeP) = C%.Ny-¥) and pp : CX» Nyge¥) = (Xq. Nye) are both Nyeylrr, then 
Po ® py? CX Nyel) > (%q»Nye?) is Npevlrr. 


Proof: Let K be N,,-yos in Xz; . Then p;*(K) is Ny-vyos in X, , since pm is Ny-vlrr and 


v] 


pi, (p(X) = (p, © p,)-*(®) is N,,-vos in Xj, since py is Nye¥lrr. Hence p, * py is Nyevlrr. 


Theorem 18 (i) If p, : (CX. N,-I) = (X,.N,-¥) is N,-ylrr and p, : (X,.N,-¥) + %y.N,-%) is N,v Cts 
, then p, ° p, : CX, N,T) > (Xy.Ny,-) is NyevCts. 


(ii) If Py * CX Npel) > (Nye) is NaeyCts and py ? Cs Nye¥) > Cy Nuc?) is Nae Cts, 
then p, ® p, : CX, NI)  (X%y.N,,?) is N,,yCts. 
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Proof: (i) Let K be Ny-os in My. Then, pp *(K) is Ny-yos in X,, since pm is N,-yCts & 


p, -(p, (KX) = (p, © p,) *(K) is N,,-¥os in Xy, since py is Ny-¥Irr. Hence p, ® p, is N,,¥Cts. 


(ii) Let K be Ny os in Xz. Then, p(X) is N,,os in Xz, since ~m& is Ny-Cts & 
pi (ez *(K)) = (> © pd) is Nycvos in Xj, since py is NneyCts. Hence Pz ° Py is NacyCts. 


Completely N-neutrosophic crisp y irresolute functions 


Definition 19 Let (X,.N,-I7) and (X,.N,-¥) be any two N,,ts's. A map p: (X,N,.I) + (XN, is 
said to be Completely N-neutrosophic crisp ¥ irresolute (briefly, CN,-ylrr) if the inverse image of every 
N,-vos of Xz is N,,-ros in Xy. 


Remark 20 The following implications are true. 


StNn.Cts| —> [CN 


But not converse as shown by the following examples. 


Example 21 Let ¥ = {ty,PyWy},  nely = {FX Ll}, nella = {Fe Xy}. L = (fu) {FP}. {P,.wy}), then 
we have 2yel” = {F_qeX_eL}. Define p? (X,2_-P) = (X.2_-T) as p(uy) = ay, p(y) = vy & p(wy) = wy, 
then it is C2,-ylrr but not St2,-Cts, the set p~*(({}.{F}{r.wy})) = ({uy}.{F}. {v,.wy}) is a 2,08 
but not 2,-¢5 in X. 


Example 22 Let Y={uyVy.wy.xy} , nely = {PX L.MIN} , nelz = (PeAy} 
L= (fw). {F} fay. ry x }}), M = (fu, ry). fF}. fw. x,}) , N = (fu, vy.wy}. fF}. f2,}), then we have 
Quel” = {Fq»Xqel.M.N}. Define p: OW. 2_eF)  (X.2yeF) as p(y) = 4, , pe) = %, p(w.) =w, & 
p(x,)=x, : then it is ZF but not C2, ylrr ; the set 
p *(({u,.ry} {PF} {wy xg})) = (fuy.vy}. {FP}. {wy x,}) is a 2,,¥os but not 2,,res in X. 


Theorem 23 Let p: (X,.N,.P°) + (X,..N,-¥) be a function, then statements 
(i) p is CN,eylrr, 
(ii) p*(W,,-yint(C)) CN, int (e~*(C)) for every Nyes C of Xz, 
(iii) p(N,,-cl(D)) © N,,-vel(o(D)) for every Nes D of X, 
(iv) N,eel(p—(C)) © p-GN,-vel(C)) for every Nunes C of Xz, 
(v) Pp *(E) is Nyere in X for each Nyeves E in X_2, 
(vi) p *(E) is N,-7re@ in X, for each N,-vos E in X, 

are equivalent. 

Proof: (i) > (ii): Let C © X, andx € p-*(N,,,vint(C)). 


x€ p—(N,,,vint(C)) > N,,yint(C) € N,,vO(X,.p(x)) 
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= (3 Ve N,,RO(%,,x))(@W) © N,,yint(C) < C) 


> (aU N,,ROCX,.x))(US p“*(C)) 
> xe N,,int (p—(C)). 
(i) > (ii): Let D © X, 
Dc X= pWcy > Z\O)cxr2 
=> p*(N,cvint(X, \pD))) © Naeint (9% \p(D))) 
= X, \o* (Npevei(o))) © X, Wreel(o*(o(D))) 
= Nyeel(D) © Nagel (p~*(pD))) © p~*Wacvel(e(D))) 
> p(N,,cl(D)) © N,,yel(p(D)). 
(iii) > (iv): Let C © Xp. 
coz%,> pec, 
> p(Npeci(p(C))) © Nyzvet(o(p(0))) S Nazvel(C) 
> Nycti(p-(C)) © p*Wacvel(C)). 
(iv) > (v): Let E € Ny-vC(XQ). 
E € N,,yC(X,) > E = N,,yel(E) 
> N,,cl(p(E)) © p“(N,,,vel(E)) = pe) 
=> p(E) = N,,cl(p—(E)) 
=> p(E) € W,,C(%).- 
(v) > (vi): Obvious. 
(vi) > (i): Let E € Ny-yO(X,) andx € p-*(E). 
(E € N,,yO(X,))(x € p(B) > Ee NyvO%.p(x)) 
>(U = p“(E) € N,,RO(X,.x))(pW) © E). 
Theorem 24 Let p: (X,,N,-F) + (X,.N,,¥) be a bijective function, then statements 
(i) p is CNyevlrr, 
(ii) Nagvint(p(0)) © p(N,,,int(O)) for every Naes of X 
are equivalent. 
Proof: (i) > (ii): Let © X. 


ocx%y,>%,\0cX, 
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=> p(X, \W,,int(0)) = p({N,,,ci(X, \0)) © N,,-vel(p(X, \O)).p is bijection 
= X;\p(Npcint(O)) © Xz \Wnevint(p(O)) 
> N,,yint(p(0)) © p(N,,,int(0)). 
(ii) > (i): Let O& Xy. 
ocx,» X,\0c x, 
> N,,yint(p(X, \0)) © p(N,,-int(X, \O)).p is bijection 
=> Xz \Nncvel(p(0)) © X; \p(Nncel(O)) 
> p(N,,,ci(0)) © N,,vel(p(0)). 
Lemma 25 Let ¥ be a N05 of a Nts (X,.N,-I°). Then the following hold: 
(i) If€ is Ny-re in X, then so is € ME in the subspace (KX. N,-Ty), 
(ii) If D is N,-re in (X..N,-Ty), then there exists a N,-ros 5 in XY such thatD = SNK. 


Theorem 26 If p:(X,.N,.I) + (%.Ny-¥) is a CNyeylrr function and € is any N,,os of X,, then the 
restriction pe : (C.Ny-F) + (X,.N,,¥) is CN,,¥lrr. 


Proof: Let F © N,,-yO(X_2). 


FeN,,vy0(X,) > p“(F) € N,,,RO(X,) : Since Cex, , by Lemma 25 
(p-) 7) = pF) n CE N,,RO(C). 


Lemma 27 Let p:(X,..N,,F°) + (X,.N,,¥) be a function and KF be a N,-Pos of Xy. Then K NC is N,,ro in 
X, for each N,,-ros €C of Xy. 


Theorem 28 If g: (X,.N,.I) = (X%,.N,,¥) is a CN,,ylrr function and C is Ny-Pos of X , then 
Pe? (C.Nyele) > (X»Nac¥) is CNyeylrr. 


Proof: It is similar to the proof of Theorem 26. 


Theorem 29 Let p; : (X,.N,.I) + (X,.N,,¥) and p, : (X,.N,,¥) + (..N,,*) be two functions. Then 
the following hold. If 


(i) & is CN,-ylrr and p is Ny-vIrr, then p, ° py, is CN,-yIrr, 

(ii) py is CN,,Cts and p, is CN,,-yIrr, then p, ° py is CN,-yIrr, 

(iii) ®, is CN,,-ylrr and py is N,,-yCts, then p, ° p, is CN,,Cts 
Proof: Straightforward. 


Definition 30 A N,,-ts (X..N,,I°) is said to be Ny-¥ -T, if for each pair of distinct points f and m of X, there 
exist N,,-yos’s Uy and Uz such that! € Uy andme Uz, 1¢€ U,andme Uy, 


Theorem 31 If p:(X,. Ny) + (X,.Ny,-¥) is CN,-¥lrr injection and Xz is Nye -Ty, then X, is Nyer-Ty. 


Proof: Let !, m © X, andi = m. 
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Gm e X,)0+ m) => pl) = p(m). Q, is Nacy -T) 


> GE N,,v0(X,.p()) GE © NycvO,.p(m))) @O € E) (eG) € A) 
=> (p “Ge N,,RO(%,.1)) (p *&,) € Nz-ROG,.m)) (lL € p“(K)) (m € p*&)). 
Since, @ is injective and CN,,-ylIrr, then we have Xy is Ny,-r-Ty. 


Definition 32 A N,,-ts (X..N,,I) is said to be N,-¥-Tz for each pair of distinct points ! and m in X, there exist 
disjoint V,-¥@ sets L and M in X such that! L andme M, 


Theorem 33 If p: (X,.N,,I7) + (X,.Ny-¥) is CNyevlrr injection and Xz is Nyey-T>, then Xy is Nyer-To. 
Proof: Let 2, m © X, andi = m. 
G@me X,)0 + m) => pl) + p(n), C is Nycy-Tz) 
=> GLEN,,y0(,, p(t) G M € N,-vO,. p(m))) (L N M = #) 
=> (p“(L) € N,,,RO(X,.1))(p +) € N,,-RO(X,,.m)) ((p 7) np t*@)) = #). 
Since, @ is injective and CN,,-ylIrr, then we have Xy is Ny,-7-Th. 
Theorem 34 Let Xz be a Nye ¥-T> space. If Py & Py: (y.Ny.I) + (.Ny-¥) are CNyevlrr, then the set 
L = fla) = a} © NpeCQ%)- 
Proof: Let l€ L. 
lé L> p,@ = p.Q), GS isNycy-T) 
= (30, € N,,v0(%.p,0)) (30, € N,.v0(%:.e,@)), (0,0 0, = #) 
= (97 *(0,) € N,-RO(%,.1)) (ey *(O,) € Ny-RO(X,.)(p7*(0, N Oz) = #) (pz*(0, N O,) = #) 
Py and Pp; are CN,,yirr 
> (u =(p7°,)n p3*,) € Np-ROCK,.D)) Un L¥ #) 
> 1€ N,,cl(L). 
Then Lis Nye € in Xy. 


Theorem 35 Let Xz be a Nyey-T> space. If p: (X,.N,,.I) + (X,.N,,¥) is CN,-ylrr, then the set 
M = {@,m)lp@ = pGn) € N,,C(%, x X,)}. 


Proof: (l,m) € M. 
(Lm) € M> pl) + pm), CY is Nncy-T,) 
> (10, € N,,y0(X,.p(1))) G 0, € N,-yOG,. p(m))), (0, NO, = #) 
> (p *(0,) € N,,ROCX,.1)) (p *0,) € N,,RO(X,,.m)) (P71(0,) N p*(0,) =) p is CN, ylrr 
> (U=("@,) x p*@,) € N,,RO(, x X,.(Lm)))) UNM= ¢) 
=> (Lm) € N,,cl(M). 
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Then M is N,.¢ in Xy & Xj. 


Completely Weakly N-neutrosophic crisp y irresolute function 


Definition 36 A function p: (X,,N,-I) + (%,.N,,-¥) is said to be completely weakly Ny-¥-irresolute 
(briefly, CWWN,,-yIrr) if for each !& X, and for any N,-yos € containing p{l), there exists a N,,-os D 
containing f such that p(D) © C. 


Remark 37 The following implications are true. 


But not converse as shown by the following examples. 


Example 38 In Example 22, then it is 


(i) CW2,,-ylrr but not C2,,.¥lrr, the set p~*(({ty-¥y} {F}. {wy Xg})) = (fay vy}. {F}. {wy Xz} is 
a 2neVOS but not 2n-ras in X, 


(ii) 2nevErr but not CW2,,¥irr, the set pll{v,, wy}, {4}, fu,.x,}) S (fv, } {4}, fu. wy x). 
(\fry}. {F} fay. wy. x4 }) is a 2,-¥os and (fry. wy} fF}, {uy Xy}) is a 2,,08. 
Theorem 39 Let 2: (X,,N,.P°) = (X,..N,-) be a function, then statements 
(i) p is CWN,,,-ylrr, 
(ii) p*(Npevint(D) ) © Njcint(p~*(D)) for every Nnes D of Xa, 
(iii) p(N,,,c(C)) © N,,-vel(p(C)) for every Nues C of X, 
(iv) N,,cl(p *(D) © p*(W,,,vel(D)) for every Nyes D of Xp, 
(v) P*(E) is Nyce in X for each Nycves E in Xp, 
(vi) p *(E) is N,-@ in X, for each N,,-vos E in Xz 
are equivalent. 
Proof: (i) > (ii): Let D © X, andx € p-*(W,,yint(D)). 
x€ p-*(N,,,yvint(D)) = N,,yvint(D) € N,,-vO(X,.p(x)) 
=> (AU EN,,0(x)) (pW) © N,,yint(D) © D) 
> GUEN,,.0@)) (FS pt) 
> x€ N,,int(p—(D)). 
(ii) > (iii): Let OS X. 
cc z%,> p(c)c x2 


> X,\p(c)< x, 
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= p(Nacvint(X, \p(C))) © Nncint(o*% \pCC))) 
> X, \o*(Npevet(o(C))) & X, \Wacel(o*(oC))) 
=> Nygel(C) © Nyeet(p-(p(C))) © p~*Wacvel(o(C))) 
> p(Nncc(C)) © N,cvel(p(C)). 
(ii) > (iv): LetD © Xp. 
Dc X%,>p"O)c x, 
= p(N,cci(p-*(D))) © Naevet(p(o-*(D))) < Nacvel(D) 
=> N,-ci(p*(D)) & p*(W,,,vel(D)). 
(iv) > (v): Let O € NyeyC(X,). 
Oe N,,yC(X,) > 0 = N,,yel(E) 
> Nycel(p*(E)) © p-*Wncvel(E)) = p*(E) 
=> p“(E) = Nycel(p*(E)) 
=> p(E) € N,,C(%,)- 
(v) > (vi): Obvious. 
(vi) > (i): Let O € Ny-yO(X,) and x € p~*(E). 
(0 €N,,v0(X,))(x € p“(E)) > 0 E N,,v0(X.p(x)) 
> (0 = p“) €N,,0(%,.x))@W) © E). 
Theorem 40 Let p: (X,,. N,-I") + (X.Ny-¥) be a bijective function, Then statements 
(i) p is CWN,,,ylrr, 
(ii) Nyevint(p(0)) © p(W,,,int(O)) for every Nnes of X 
are equivalent. 
Proof: (i) > (ii): Let 0 © Xy. 


ocx, >X,\0c X, 


> p(X, \W,,int(0)) = p(N,,,cl(X,\0)) © N,,-vel(p(X, \O)), p \ is bijection 


=> X, \p(N,,int(0)) © X, \Npeint(p(0)) 
> N,,-yint(p(0)) © p(N,,int(0)). 
(ii) > (i): Let OSX. 


ocx%y,>%,\ocx% 
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> N,,vint(p(¥,\0)) © p(N,,,int(X, \O)) (p is bijection) 
> X; \Nnevel(p(O)) & X, \p(Wpecl(O)) 
> p(N,,,ci(0)) © N,,-vel(p(0)). 


Theorem 41 Let a, :(%.N,,.I) + (%.N,,¥) and p: (X,.N,,¥) + (%.N,,*) be any two functions such 
that @ © a): (X,,.N,.I) + (X).N,,®). Then the following statements hold: 


(i) If py is CWN,,-ylrr and py is N,-ylrr, then p, ° py is CWN,,yIrr, 
(ii) If py is CNyeCts and py is CWN,,ylrr, then p: © p, is CNagylrr, 
(iii) If py is StN,.Cts and p, is CN,,ylrr, then p, ° py is CN,,ylrr, 
(iv) If @ and p, are CN,,,yIrr, then p, ° py is CN,,ylrr, 
(v) If & is CNy-vlrr and p is CWN,,ylrr, then p, ° py is CN,,-y¥Irr, 
(vi) If a is CWN,-yIrr and p, is N,-yCts, then p, ° py is N,-Cts, 
(vii) If p, is N,-yCts and p, is CWN,,,ylrr, then p, ° py is N,,-ylrr, 
(viii) If py is Ny-Cts and p, is CWN,,-ylrr, then p © py is CWN,,ylrr. 
Proof: Straightforward. 


Definition 42 A mapping p: (X,.Ny-F) + (X.Ny-¥) is Nyc-open (briefly, Ny-O) if the image of every 
Ny 0s in (X%.N,-F) is a Ny, os in (.N,-¥). 


Definition 43 A function p: (X,.Ny-I) + (XN) is said to be almost Ny,-open (briefly, “AN,,0) if the 
image of every N,,,-ros in (X,,N,-I°) is a Ny, os in (X,.N,,¥). 


Theorem 44 If p,:(%,.N,-P°) + (X,.N,,¥) is AN,,0 surjection and py: (X. Nye ¥) + (Xp. Nae ®) is any 
function such that p, ° p,:(X,.N,.I") + (X,.N,,#) is CN,,ylrr, then p, is CWN,,ylrr. 


Proof: Let 0 € N,,-yO(X3). 
OEN,,vO(X,) > (p, © p,}*(0) = pr*(pz*(0)) € N,,RO(P), py isa AN,,O 
=> pr (0r*(pz*(0))) = pz*(0) © (NP). 


Theorem 45 If a,:(X,.N,,F) + (X,.Ny,¥) is Ny-O surjection and py: (X.Nye¥) = (Xy.Nye®) is any 
function such that p, ° p,:(X,.N,,I) ~ (X,.N,,%) is CN,,ylrr, then p, is CWN,,ylrr. 


Proof: Let 0 € N,-yO(Xz). 


OE N,, vO) > (p,  p,)*) = pi* =1(0)) € (X,.N,-T). a isa Nye O surjection 


=> py: (or*(p;*(0))) = pz*(0) € Cy. Nnc). 
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Conclusions 


In this chapter, a new type of N,,-¥-irresolute map, completely N,,-¥-irresolute function and completely weakly 
N,,-¥-irresolute function in Nt are presented and analyzed the difference between these maps. This can be 
improved to N,,-¥-open mapping function, N,,-¥-closed mapping function, N,-¥-homeomorphism functions 
of N,,-t are the further research areas can be covered in future tasks. In addition, authors hope that to 
investigate further on some fundamental properties between these new notions with separation and covering of 
N,-¥-open set in a N-neutrosophic crisp topological space. 


Future Research Directions 
Using these Ney -irresolute map, completely Nne¥-irresolute function and completely weakly Nne¥- 
irresolute function of Ny-¥-open set in Nyt, try to relate and properties to Ny-¥-open mapping and N,-¥- 


closed mapping functions of ‘Vx,¥-open set. 
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ABSTRACT 


Anti-topological spaces have been defined by Sahin, Kargin and Yiicel in 2021. They investigated some 
relationships and connections between these structures and so-called neutro topological spaces which they 
introduced in the same paper. Recently, we have extended their research by analyzing the notions of interior, 
closure, continuity, doorness, density and nowhere density in anti-topological setting. In the present chapter 
we attempt to compile previous information on density and to add some statements on rare sets. Moreover, we 
give some new examples of anti-topological spaces. Some other general theorems are presented too. 


Keywords: Anti-topological spaces, Neutro-topological spaces, Generalized weak structures, Generalized 
topology. 


INTRODUCTION 


Anti-topological spaces have been introduced by Sahin, Kargin and Yiicel in [12]. The most striking difference 
between topologies (or supra and infra topologies, minimal structures or weak structures|) and anti-topologies 
is that the former are based on the idea of closure of a family of sets under some operations (like finite 
intersections and arbitrary unions) and on the assumption that some special sets (like empty set and the whole 
universe) must be considered as open, while the latter concentrate on exclusion. This is clear from their 
definition: our family of subsets can be called anti-topology if we have a guarantee that any finite intersection 
and any union of its elements is beyond this family. Of course we do not mean trivial intersections and unions, 
e.g. those in which a single set is intersected or joined with itself. Moreover, both the empty set and the whole 
universe are excluded. 


We may investigate many classical topological notions in this new context. We have already examined some 
basic properties of (anti-) closure, interior, continuity, doorness, density and nowhere density in [23]. In 
general, it is always an interesting question: which of the standard features and properties remain the same 
when we replace topology with some other structure (maybe more general or just changed in some way)? 
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In this chapter we would like to gather some earlier results on density and nowhere density in anti-topological 
spaces. Moreover, we want to define and investigate the notion of rarity in this new setting. Finally, there are 
also some additional facts on interior and closure stated. 


One should emphasize the fact that Sahin et al. examined anti-topologies together with neutro-topological 
spaces. Besides, they are something different than, say, neutrosophic crisp topological spaces defined by 
Salama et al. in [14]. 


Neutrosophy, founded by Smarandache, is a branch of science which extends the idea of fuzzy sets and gives 
some new concepts of uncertainty and ambiguity. Clearly, this line of research (namely, the connection between 
anti-topologies and neutrosophic sets) should also be studied. 


Note that nowadays there are many new trends in neutrosophic studies. Some of them are largely concentrated 
on practical applications in multi-criteria decision making (see [4], [5], [13], [15], [17 - 19], [21],[25-52]). 
Other papers deal with pattern recognition (see [6]) and even medical diagnosis (see [16]). However, there are 
also purely mathematical and theoretical considerations (see [20]). 


On the same principle, one can imagine the potential use of anti-topological spaces in decision making or data 
clustering. The idea of exclusion outside the family of distinguished sets should be studied in these contexts. 
Moreover, even if anti-topologies in their basic form are crisp, then it is still possible to reintroduce them in 
fuzzy, vague, neutrosophic or soft environment. Furthermore, one can think about measuring the grade of anti- 
openness and exclusion by applying the idea of smooth topological space (as it was presented in, say, [22] and 
other articles, starting from the initial research of Badard from 1986). 


Finally, we may point out that the general idea of “anti-structures” (that is, various algebraic structures obtained 
by the assumption that some traditionally accepted conditions have been rejected) is now studied extensively. 
The reader may check papers [7 - 11]. 


BACKGROUND AND SOME INITIAL NOTIONS 


First, let us define anti-topological spaces. The definition below is taken from our paper [23]. In general, it is 
based on the definition from [12] but with some small adjustments. 


Definition 1. [23] Let X be a non-empty universe and T be a collection of subsets of X . We say that (X, T) is 
an anti-topological space if the following conditions are satisfied: 


1. OX ET. 
2. For anyn EN, if Ay, Ap,...,An € T, then Nj_, A; ¢ T. We assume that the sets in question are 
not all identical (later we will call such families non-trivial). 
3. For any collection {A;}je4¢g9 such that A; € T for eachi € J , Ujey Aj € T. We assume that the sets 
in question are not all identical. 
The elements of T are called anti-open sets, while their complements are anti-closed sets. The set of all anti- 


closed sets (with respect to some particular T ) will be denoted by T;; . 


One can check in [23] (Lemma 2.5, Lemma 2.6, Lemma 2.7) that anti-topology excludes not only finite but, in 
fact, arbitrary intersections. Moreover, conditions (2) and (3) from Definition 1 are equivalent. Finally, both 
these conditions hold for anti-closed sets too (see Lemma 2.8 and Lemma 2.9 in [23]). 
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Let us show some examples of anti-topological spaces. The first one is taken from [12], the rest is our own 
invention. The vast majority of them has been already presented in [23] (with some additional reflections which 
have been omitted here). 


Example 2. (Compare [12] and [23]). The following structures are anti-topological spaces: 


1. X = {1, 2, 3, 4}andT = {{1,2}, {2,3}, {3,43}. 
2. X ={1,2}andT = {{1}, {2}}. 
3. X = {a,b,c} andT = {{a, b}, {c}}. Note that adding X and @ to this family transforms it into 


topology. 
4. X={a,b,c,d,e, f}andT = {{a,b}, {c,d}, {e}}. 


5. X = Nand T; consists only of these finite subsets of X which have cardinality k , where k is a 


fixed positive natural number. 

6. X=NtandT = {{1}, {2} 135, }. This is a special case of the anti-topology introduced in the 
previous point. Clearly, this is just T, (not to confuse with T, separation axiom). 

7. X = Rand Ty contains only these closed intervals which have length y , where y is a fixed positive 
real number. 

8. X is arbitrary and T = {A, X- A}for some distinguished set A # @. 

9. X =RandT = {R ,R*}. 

10. X = NandT = {{1,2}, {2,3}, {3,4}, {4,5}, ... }. 

11. Let X = R? with usual Euclidean metric. We may define T,, as the set of all these closed balls which 
have radiusr > 0. 

12. Let X = R*tandT = {(0,1), {1}, (1,2), {2}, (2,3), {3}, ... }. 

13. Let X = R and T be the family of all those subsets of IR which are of the form A = R — {x}for some 
real x . Now assume that A, B € T and they are different. That is A = R — {x}, B = R — {y} for 
some x,y € Rsuch that x # y . Then: 

ANB =(R—-{x})) n(R- GP) = (ROR) — (ix Uy) = R— {x,y} ET. We used the 
following identity here: (E — F) N (G — H) = (ENG) —-(F UR). 


Now assume that {A;}ie7zgis a non-trivial family of members of T . Consider Uje, Aj. It is enough 
to discuss any two members of our family, say A = R — {x}, B = R—{y}, x # y.NowA UB © Uje, Aj 
and (according to the basic properties of set difference) AUB = (R — {x}) U(R- {y}) =R- 
({x} N {y}) = R-— @ = R. Here we used this identity: (E - F) N (E —G) = E-(F NG). 


Hence, AU B = R © Vice Aj = R € T. Clearly, @ € T . This structure may be called co-singleton 


anti-topology. Note that adding X and @ to this family transforms it into strong generalized topology in the 
sense of Csaszar. 


One can prove that: 


Lemma 3. The intersection of two anti-topological spaces on the same universe is an anti-topological space 
too. 


Proof. Suppose that T,S are two anti-topologies on the same universe X . Consider W =TONS . Let 
Ay, Az, ..., An © W. In particular, it means that each of these sets belongs to T (without loss of generality). 
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Clearly, Ni, A; ¢ T , hence N7_, A; € TN S = W. Now consider {Aj}iey#qsuch that Aj; € Wfor any i € 
J . Hence A; € TN Sfor any i € J and (without loss of generality) Aj € T. But thenUje, A; ¢ T. All the 
more it does not belong to TN S = W. Clearly, , X € W because they do not belong neither to T . Note 


that according to our previous mention it was enough to check that W excludes intersections (or unions). 


Lemma 4. The union of two anti-topological spaces on the same universe need not to be an anti-topological 
space. 


Proof. Consider the following counter-example: X = {a, b, c, d, e}, T = {{a}, {b}, {c}}, S= 
{{b, c}, {a, e}}. Then let us think about W = T U S . Thisis not anti-topology because {a} N {a, e} = {a} € 
W. Analogously, {b} U {c} = {b,c} € W. 


We would like to recall one lemma from [23] which is simple but, in some sense, important. 


Lemma 5. [23] Assume that (X, 7) is an anti-topological space, B € T and A © B. Suppose that A # B. 
Then AGT. 


Now we may introduce anti-interior and anti-closure. 


Definition 6. [23] Assume that (X, T) is an anti-topological space and A € X . Then we define anti-interior 
of A (that is, alnt(A)) and its anti-closure (namely, aC1(A)) as follows: 


1 alnt(A)=U {U; USA, U ET} 

2. acl(A)=N {F; AGF, F ETo} 
The reader can find some examples of anti-interiors and anti-closures in [18]. Besides, some other examples 
will be later presented in the present paper. Clearly, it is possible that alnt(A) ¢ T. In [23] we proposed to 
call these sets which have anti-open interior, anti-genuine sets. The idea is taken from [24] where it was applied 
to infra topological spaces. Each anti-open set is identical with its anti-interior and thus is anti-genuine too. In 


Example 2 (4) we have {a, b, c}which is not anti-open but is anti-genuine. 

As for the properties of anti-interior and anti-closure, we may recall the following theorem from [23]: 
Theorem 7. [23] 

Let (X, T) be an anti-topological space. Let A C X . Then the following statements are true: 


alnt(A) C A. 

If A € T,, then alnt(A) = T. The converse may not be true. 

If A C B, then alnt(A) © alnt(B) and aCl(A) © aCl(B). 
alnt(alnt(A)) = alnt(A) and aCl(aCl(A)) = aCl(A). 
Ac aCcl(A). 

If A € Ty, then aCI(A) = A. The converse may not be true. 
—alnt(A) = aCl(—A). 

alnt(—A) = —aCl(A). 

9. x € alnt(A) if and only if there is U € T such thatx EU CA. 


10. x € aCl(A) if and only if for any U € T such that x € U we have thatUNA#@. 
Then we have the following two lemmas: 


DEO OY BC IN 
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Lemma 8. Assume that (X,T) is an anti-topological space and {Aj}ie;#o is a family of sets. Then 
alnt(Niey Ai) Cc Niecy alnt(A;). 


Proof. The proof is rather typical and, in fact, is true for generalized weak structures too. Generalized weak 
structures, introduced by Avila and Molina in [1], are just arbitrary families of subsets. In this general setting 
the authors reconstruct some basic topological notions. 


Clearly, Niecy Ai S Ax for any k € J . Now we use monotonicity of interior to get that alnt(Niey Ai) Cc 
alnt(A,,). But this is true for any k € J and thus we obtain our expected conclusion. 


Remark 9. Note that the converse is not true even for binary intersections. The reader may find an appropriate 
counter-example in [23]. The converse for binary intersections is true in these spaces which are closed under 
finite intersections, while in case of anti-topologies we can say that they are anti-closed under this operation 
(and the same with arbitrary unions). 


Lemma 10. Assume that (X,T) is an anti-topological space and {Aj}ie;#g is a family of sets. Then 
Ue, @CI(A,;) S aCl(Uie; Ai). 


Proof. The proof is analogous to the proof of the previous lemma. Again, the converse need not to be true even 
for finite unions. 


Now let us recall Theorem 7 (2). The fact that the converse may not be true allows us to define pseudo-anti- 
open sets: 


Definition 11. [23] Let (X,T) be an anti-topological space. Assume that A C X . If alnt(A) = A then we 
say that A is pseudo-anti-open. 


One can prove that the family of all pseudo-anti-open sets (with respect to a given anti-topology T ) is closed 
under arbitrary unions. The same holds for pseudo-open sets in minimal structures. The reader can check [3] 


where Bhattacharya calls them open my while the elements of minimal structure are named My open. 


RARITY, DENSITY AND NOWHERE DENSITY 


In this section we study some properties of (anti-) rare, dense and nowhere dense sets. First, let us define all 
these classes. 


Definition 12. Let (X, T) be an anti-topological space and A © X . We say that A is: 


1. anti-dense if and only if aCI(A) = X. 

2. anti-nowhere dense if and only if alnt(aCl (A)) = 9. 

3. strongly anti-nowhere dense if and only if it has empty intersection with any anti-open set. 

4. anti-rare if and only if alnt(A) = @. 
Remark 13. It seems that many topologists identify rare sets with nowhere dense sets. This is not our case. 
Our approach is based on the one presented e.g. in [3] (but also in some other papers). Hence, our rare (or 
rather anti-rare) sets are analogous to boundary sets. 


Example 14. Consider X = {1,2,3,4},T = {{1,2}, {2,3}, 3,4}}. Then {1,2,3}, {2,3,4} are anti-dense. 
Moreover, their intersection, namely {2,3}, is anti-dense too. However, this is not always true. Think about 
Y = {a,b,c,d,e},S = {{a, b}, {c, d}, {e}}. Then {a, c, e}, {b, d, e}are anti-dense but their intersection {e} 
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is not anti-dense. Clearly, Sc; = {{c, d, e}, {a, b, e}, {a, b,c, d}} and aCl({e}) = {c,d,e}N {a,b,e} = 


{e}. Note that we may consider {e }as pseudo-anti-closed, per analogiam with pseudo-anti-open sets. It means 


that aCI(A) = A. 


Example 15. Consider X = {1,2,3,4},T = {{1,2}, {2,3}, {3,4}}. Then A = {1,4}is anti-nowhere dense. 
One can check that aCI(A) = {1,4} = A and alnt(A) = @ because there are no anti-open sets contained in 
A (but not because empty set is contained in A : as we already know, empty set is never anti-open). Besides, 


note that the fact that A is anti-nowhere dense does not mean that it is strongly anti-nowhere dense. Just take 


B = {1,2}. Clearly, ANB = {1} # @. 


Now take Y = {a,b,c,d,e, f}, T = {{a, b}, {c, d}, {e}}. Clearly, {f}is strongly anti-nowhere dense, 


having empty intersection with any anti-open set from T . 


Remark 16. One could ask why the definition of strong anti-nowhere density is so strict. For example, in 
topological spaces we would say that A is nowhere dense if for any B € T we may find C € T (not necessarily 
B itself!) such that C © B, AN C = @. Of course we could use this approach but it would be irrelevant. Note 
that anti-open sets do not have proper anti-open subsets (recall Lemma 5). 


Example 17. Let X = {1,2,3,4},T = {{1,2}, {2,3}, {3,43}. Consider {1,3}, {1,4}, {2,4}. These sets are 
anti-rare. Now take Y = {1,2}andT = {{1}, {2}}. Here there are no non-empty anti-rare sets. Now consider 


Z = Ntwith anti-topology T,. Now every set which has cardinality < k is anti-rare. Analogously, if Z = 
IR and we have anti-topology Ty then any closed interval of the length < y is anti-rare. 


Now we may prove some lemmas and theorems about these classes. 
Theorem 18. Every strongly anti-nowhere dense set in an anti-topological space is anti-nowhere dense too. 


Proof. Assume that A is strongly anti-nowhere dense but alnt(aCl(A)) #@. Then there is x € 
alnt(aCcl(A)). Hence, x € aCl(A). But then for any V € T such thatx EV ,VNA#Q@. This is 


contradiction because we assumed that A has empty intersection with any anti-open set. 
Lemma 19. If A is anti-rare, then for any B € T , B is not contained in A . 


Proof. Assume the contrary: that there is some anti-open B contained in A . Then B is contained in the union 
of all anti-open sets contained in A , that is in alnt(A). Moreover, B is non-empty as a member of T . Thus 
alnt(A) # @ and this is contradiction. 


Lemma 20. Any non-empty and proper subset of anti-open set is anti-rare. 
Proof. Recall the already mentioned fact that anti-open sets do not have proper anti-open subsets. 
Theorem 21. Every anti-nowhere dense set is anti-rare. 


Proof. Assume that (X, T)is an anti-topological space and A is anti-nowhere dense. Assume that it is not anti- 
rare. Hence, alnt(A) # @. Then there is some x € alnt(A)and some B € T such that B G A, x € A. But 
B € aCl(A), hence x € alnt(Cl (A)). Contradiction. 


Remark 22. Anti-rare sets need not to be anti-nowhere dense. Consider X = {a,b,c,d,e},T = 
{{a, b}, {c, d}, {e}}. Then Tc; = {{c, d, e}, {a, b, e}, {a, b,c, dj}. Take A = {b,c}. On the one hand, 
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alnt(A) = 9, so A is anti-rare. On the other hand, aCI(A) = {a, b,c, d}and alnt(aCcl(A)) = {a,b}uU 
{c,d} = {a,b,c,d} #@. 


Remark 23. Anti-rare sets can be anti-dense. Consider X = {a,b,c,d},T = {{a, b},{c, d}}and A = {b,c}. 


On the one hand, alnt(A) = @. On the other hand, Tc; = T andaCl(A) =f @ =X. Note that A from 
Remark 22 was not anti-dense. 


Theorem 24. Assume that (X, T)is an anti-topological space and A € X . Then A is anti-rare if and only if 
—A is anti-dense. 


Proof. From left to right: assume that alnt(A) = @. Assume that —A is not anti-dense. Hence, aCI(—A) # 
X. But aCl(—A) = —alnt(A) = -@=X. 


From right to left: let aCI(—A) = X. But aCl(—A) = —alnt(A). Hence —alnt(A) = X and thus 
alnt(A) =—-X =@. 


Theorem 25. Any intersection of anti-rare sets is anti-rare too. 


Proof. Assume that (X, T) is an anti-topological space. Let A = Njej#g Ai, where for any i € J , Ajis anti- 
rare. Thus, alnt(A;) = @ for any i € J . Now suppose that alnt(A) # @. Hence there is some B € T such 
that B © A. But then B € A; for anyi € J . This is contradiction. 


Remark 26. Finite unions of anti-rare sets may not be anti-rare. Again, consider X = {1,2,3,4},T = 
{{1,2}, {2,3}, {3,43}. Now {1,3}, {2,4}are anti-rare but their union, namely {1,2,3,4}, is not anti-rare: its 
anti-interior is {1,2,3} # @. 


Theorem 24. Any union of anti-dense sets is anti-dense too. 


Proof. Assume that (X,T)is an anti-topological space. LetA = Uje;+g Aj where for any i € J , Ajis anti- 
dense, i. e. aCI(A;) = X. Hence for any i € J , the set Z; = {B € Tc; A; G B}is empty. Assume the 
contrary: if it isnot empty then X € Tg; and thus —X = @ € T . But this is not possible by the very definition 
of anti-topology. Now assume that aCI(A) # X. This means that Z = {B € Tc,;; A S B} # @. Hence there 
is some C € Tc; such that A © CandC # X . But then A; © C € Te; for any j € J and this is contradiction. 


Remark 27. We could use different reasoning in this proof. For example: as we know from Lemma 10, 
Uies ACI(A;) S acl(Viey Ai). Now, if aCl(A;) = X for any j € J, then the union on the left side is just 
X . Thus the set on the right side must be X too. 


Theorem 28. [23] Let (X, T) be an anti-topological space and A € X . Then A is anti-dense if and only if it 


has non-empty intersection with each anti-open set from T . 


Remark 29. Recall the proof of Theorem 24. Alternatively, we could think in the following way (using 
Theorem 28 and Theorem 7 (10)). Assume that aCI1(A) # X where A is some union of anti-dense sets. Then 
there is some x € X — aCI(A). Hence there exists certain V € T such that x € V andV NA =@.. This 
means that N Uje; Aj =  . Hence, V has empty intersection with each of the sets A; in A. But this is not 


possible because they are all anti-dense. 


Finally, we get: 
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Theorem 30. Let (X, T)be an anti-topological space and A € X is anti-dense. Then for any pseudo-anti-open 
set G such that A © G we have that G G aCl(A). 


Proof. Assume that G is some pseudo-anti-open set such that A © G. Then G € X but X = aCl(A). Note 
that the assumption about pseudo-anti-openness of is superfluous. We left it just to compare the whole thing 
with Theorem 4.3. in [3] (check Remark 31 below). 


Remark 31. What about the converse of Theorem 30? In general, it is not true. Hence the situation is different 
than in case of minimal structures studied by Bhattacharya. Take X = {a, b,c, d,e},T = 
{{a, b}, {c}, {d}}and think about A = {e}. This singleton is beyond any pseudo-anti-open set. Hence, the 
implication “if G is pseudo-anti-open and A € G, then G © aCl(A)* is trivially satisfied. On the other hand, 


{e}is not anti-dense: in fact, it has empty intersection with any anti-open set. Thus, it is strongly anti-nowhere 
dense. 


However, we may prove the following statement: 


Theorem 32. Let (X, T) be an anti-topological space and A © X . Assume that for any pseudo-anti-open set 
G such that A © G , G € aCl(A). Suppose that the class of such pseudo-anti-open sets is non-empty. Then 


A is anti-dense. 


Proof. First, it is clear that U T, namely the union of all anti-open sets, is pseudo-anti-open. Let us take some 
pseudo-anti-open G such that A © G © aCl(A). If x € G, then x € alnt(G)which means that x belongs to 
some anti-open set contained in G . This implies that G GC UT. Hence A © UT and UT © aCl(A). Assume 
now that aCl(A) # X. Hence, if A © B such that B € Tc;, then UT © B. Then —B © — UT. But —Bis 
anti-open (because B is anti-closed) so it cannot be contained in the complement of the union of all anti-open 
sets. Contradiction. 


CONCLUSION AND FUTURE WORK 


In this chapter we have analyzed some properties of anti-topological spaces. One can gather them together with 
those lemmas and theorems which have been already proved in [12] and [23] to obtain some kind of general 
framework for anti-topological spaces. Clearly, some of these results are more general than it seems at first 
glance: they are true even for generalized weak structures. However, some of them require specific properties 
of anti-topology. The reader is encouraged to continue this line of research. We should study separation axioms, 
connectedness and compactness in the context of anti-topological spaces. Moreover, one can imagine that anti- 
topologies could serve as models of some very specific non-classical modal logics. In [23] we gave a short 
discussion of this issue. 
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ABSTRACT 


In this paper, first we define the notion neutrosophic h-ideal in INK-Algebra, neutrosophic union and 
intersection of neutrosophic h-ideals in INK-algebras. We prove some theorems which show that there is some 
relation between these notions. Finally, we define the INK-sub algebra, neutrosophic T-ideals and neutrosophic 
p-ideals of INK-algebra and then we give related theorem about complements of neutrosophic h-ideals. 


Keywords: INK-Algebra- Neutrosophic ideal, Neutrosophic h-ideals, T-ideal, p-ideal, Union, Intersection. 


I. INTRODUCTION 


In 1986, Atanassov Introduced the Intuitionistic fuzzy set and later intuitionistic fuzzy set was applied in 
BCI/BCK-algebra, Introduced by Imai and Iseki in the 1980s. Following this, various researchers published 
articles using the intuitionistic fuzzy set concept. In 2005, Smarandache invented the new notion of the 
neutrosophic set in 1998 and it is a common code from the intuitionistic fuzzy set [1-8] and [15-55]. This has 
been followed by a lot of researchers publishing various articles over the last few years. In 2018 [44] Establish 
the intuitionistic fuzzification of the concept of P-Ideals and H-Ideals In BCI-Algebras and investigate some 
of their properties In [9], [10], [11], [13], [14] and [12] Kaviyarasu et. al published an article using the fuzzy 
concept set in INK-algebra and later in solve they neutrosophic set in INKalgebra. In this paper we have 
introduced a neutrosophic h-ideal of INK-algebra. We are also examining the relationship between 
neutrosophic INK- sub algebra and neutrosophic h-ideal, T-ideal, p-ideal and its conditions. 

The chapter is organized as follows: In section 2 is devoted to basic definition of BCI.BCK, INK- 
Algebras, fuzzy h-ideal, fuzzy p-ideal and intuitionistic fuzzy h-ideal of INK-Algebra. 3, presents a 
neutrosophic h-ideal, T-ideal and p-ideal of INK-algebra and investigates their properties. Finally, conclusions 
are contained. 


II. PRELIMINARY 


Definition 1[9] An algebra (X,*, 0) is called a INK-algebra if you meet the ensuing conditions for every 
X, y, Z EX. 
1. ((x*y)*(x*z))*(z*y) = 0 
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2. ((x*z)*(y*z))*(x*y) = 0 
3.x *0=x 
4.x *y=0 and y*x = 0 imply x =y. 


Definition 2[9] Let (X,*, 0) be a INK-algebra. A nonempty subset I of X is called an ideal of X if it satisfies 
10€EI 
2.x * y €l and yel imply xeél for all x, ye X. 


Any ideal I has the property that yeI and x < y imply x EI. 


Definition 3[44] Let (X,*, 0) be a BCI-algebra. A nonempty subset I of X is called an h-ideal of X if it satisfies 
10€EI 
2.x * (y*z) El and yel imply xé€I for all x, y, z€ X. 


Definition 4 [45] Let (X,*, 0) be a TM-algebra. A nonempty subset I of X is called an T-ideal of X if it satisfies 
10eEI 
2. (x * y)*z EI and yel imply xéI for all x, y, z€ X. 

Definition 5 [9] Let (X,*, 0) be a INK-algebra. A nonempty subset I of X is called an p-ideal of X if it satisfies 
10eEI 
2. (x * z)*(y*z) EI and yel imply xeél for all x, y, z€ X. 


Definition 6 [9] Let I be a non-empty subset S algebra of a INK-algebra X. 
10eEI 
2. x*y EI and yel imply xeél for all x, y, z € X. 


Definition 7 [7] Let X be a non-empty set. A Fuzzy set can be defined as an object of the form p= {(X, 
(x)): x€ X }, where the function 9: X — [0, 1] is the degree of membership. 


Definition 8[7] A fuzzy set 1: in a BCK-algebra X is called fuzzy sub algebra of X if 
bt (x*y) > min {w(x), Cy) }, for all x, y € X. 


Definition 9 [22] Let X be a BCK-algebra. A fuzzy subset p in X is called a fuzzy ideal of X if it satisfies the 
following conditions: 

1. w(0) > p(x) 

2. w(x) = min {u(x*y)}, for all x, y € X. 


Definition 10 [22] Let p be a fuzzy set in BCI-algebra X. pu is called a fuzzy h-ideal if it satisfies: 
10eEI 
2. w(x) > min {H((x * (y * Z)), M(y)}, VX, y, ZEX. 


Definition 11 [25] Let p be a fuzzy set in BCI-algebra X. u is called a fuzzy T-ideal if it satisfies: 
10eEI 
2. w(x) 2 min {W(x * y) *Z)), W(y)}, VX, y, Z EX. 


Definition 12 [9] Let u be a fuzzy set in BCI-algebra X. p is called a fuzzy p-ideal if it satisfies: 
10eEI 
2. w(x) 2 min {H((x *Z) *(y* z)), Cy) }, VX y, Z EX. 


Definition 13 [1] An intuitionistic fuzzy set A in a non-empty set X is an object having a form A = {X, [a (x), 
Va (X): X € X}, where the function py: X — [0, 1] and vy: X — [0, 1] denote the degree of membership and 
the degree of non-membership of each element x € X to set A respectively, and 0 < LU, (x)+ Vg (x) < 1, for all 
x € X. For the sake of simplicity, symbol A = (X, Ug, Va) is used for the IFs A = {X, Ua (x), Va (x): x © X}. 


Definition 14 [1] An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy sub X if 


1. pa (x*y) = min{ita(X), Hayy} 
2. va(x*y) S max{v,(x), va(y)} for all x,y € X. 
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Definition 15 [1] An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy ideal of X if it satisfies 


for allx,y € X, 


1. a(0) > pa(X) and va (0) < vax) 
2. Wa (x) = min{ug(x * y), ta(y)} 
3. va (x) S max{va (x * y), va(y)} 


Definition 16 [44] An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy h- ideal of X if it satisfies 
for all x,y,z € X, 


1. [a(O) = a(x) and vg (0) S va(x) 
2. Ha (x) = min{Uy (x * (y * Z), Hay} 
3. va (x) S$ max{va(x * (y * z), vay}. 


Definition 17 [25] An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy T- ideal of X if it satisfies 
for all x,y,z € X, 


1. pa(O) = wa(x) and vy (0) S vax) 
2. Wa (x) = min{H, (x * y) * z), Ha(y)} 
3. va (x) S$ max{va(x * y) * z), vay) }. 


Definition 18[ 44] An intuitionistic fuzzy set A in X is called an intuitionistic fuzzy p- ideal of X if it satisfies 
for all x,y,z € X, 


1. pa(O) = wa(X) and vy (0) S vax) 
2. Ha (X) = min{p, (x * Zz) * (y *Z), Ha(Y)} 
3. va (x) S max{va (x * Z) * (y * Z), va(y)}. 


III. NEUTROSOPHIC h-IDEAL 


Definition 19 A neutrosophic set f in a nonempty set X is a structure of the form w= 
{X, lr CX), Hy CX), He (X)|X © X}, Where pr: X— [0,1] is a truth membership function, ur X- [0,1] is a 
indeterminacy membership function and ptr: X— [0,1] is a false membership function. 


Definition 20 A neutrosophic set in X is called a neutrosophic INK-subalgebra of X if it satisfies the 
following condition, for all x, y, z € X. 

1. pr(x*y) = min{ur (x), pr(y)} 

2. pu(x *y) = min{ju(x), ply) } 

3. pur(X * y) S max{pr(x), pr(y)}. 


Definition 21 A neutrosophic set 1 in X is called a neutrosophic ideal of X if it satisfies the following 
condition, for all x, y E X 

1. pr(O) = pr(x), W1(0)} = pr (x), and pr (0) < pr (x) 

2. p(x) 2 min{ur(x * y),p1(y)} 

3. p(x) 2 min{p(x * y),p(y)} 

4. r(x) S max {r(x * y),br(y) } 


Definition 22 A neutrosophic set pin X is called a neutrosophic INK-algebra of p-ideal X if it satisfies the 
following condition, for all x, y,z € X 

1. pr(O) = pr(x), (0)} = pr (x), and pr (0) < pe (x) 

2. pr(x) > min{ pr (x * z) * (y*z)), ur(y)} 

3. pur(x) 2 min {pr ((x* Z) * (y *Z)), pn (y)} 

4. r(x) S max { ji (x* z) * (y *Z)), Ur (y)} 
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Definition 23 A neutrosophic set 1 in X is called a neutrosophic INK-algebra of T-ideal X if it satisfies the 
following condition, for all x, y,z € X 

1. pr) = pr(x), W1(0)} = r(x), and pr (0) S pr (x) 

2. pr(x) > min{ pr (K* y) *Z)), pr(y)} 

3. pu(x) 2 min {pr ((x* y) *z), pn (y)} 

4. r(x) <max{ ur (x* y) *Z)), Ur (y)} 


Definition 24 A neutrosophic set in X is called a neutrosophic INK-algebra of h-ideal X if it satisfies the 
following condition, for all x, y,z € X 

1. pr) = pr(x), Wi(0)} = r(x), and pr (0) < pr (x) 

2. pr(x) > min{ pr (x * (y *Z)), pr(y)} 

3. pu(x) > min {yu ((x* (y *Z) , bu (y)} 

4. r(x) Smax{ pr (x* (y *Z)), br (y)} 


Example 25 Consider a set X= {0, 1, a, b} with the binary operation * which is given in Table 1. Then 


ola l/rR|o|] * 
S)/Ha]/R|olo 
aelx|/olo;e 


e|o;nm;a]/a2 
SCl/Oo;}e|/e1o 


(X,*, 0) is a INK-algebra. Let 1 be a neutrosophic set in X defined by Table 2. It is routine to verify that 
M is a neutrosophic h-ideal of X. 


x 0 1 a b 
u(x) 0.8 0.5 0.4 0.4 
11 (X) 0.3 0.5 0.6 0.8 
LuR(X) 0.2 0.3 0.4 0.7 


Theorem 26 Every neutrosophic h-ideal is a neutrosophic ideal in INK-Algebra. 


Proof. For all x,y,z éX 
We have tr (0) > pur (x), br (0) = p(X) and pr(O) < pr (x) 
jer(x) > min {p(x (y *z)), ery) 


Put z=0 
> min {r(x * (y *0)), ur(y)} 
Lr (x) > min{ u(x *y), ur(y)}, 
p(x) > min {p(x * (y *z)), ur(y)} 
Put z=0 
p(x) > min { p,(x * (y * 0)), w(y)} 
> min { u(x *y), w(y)} 
and 
pur(x) < max { [p(x * (y *z)), be (y)} 
Put z=0 


pur(x) < max { U(x * (y * 0)), we (y)} 
< max{ p(x * y), br (y)} 


Theorem 27 Every neutrosophic h-ideal is a neutrosophic T-ideal in INK-Algebra. 


Proof. We have tr (0) = tr (x), br (0) = pr (x) and wr(0) < w(x) 
ber (x) > min { pr (x*(y*Z)), Ler (y)} 
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= min{ pr ((x* 0) * (y * z)), ur(y)} 
ber (x * 0) > min { pr ((x* (Z * Z)) * (V *Z), Ur(y)} 
Put 0 =z 
ber (X * Z) > min{ ptr (x* (Zz * 0) * (y * 0)) , ur (y)} 
= min{ pr(x* Z) *y)), ur(y)} 
> min{ pr (x* (y *Z)), pr(y)} 
br (X * Z) > min {pr (x*y) * Z), Ltr (y)}, 


bu (x) = min {pu(x* 0) * (y*z)), bi (y)} 
wu (x* O)> min {pu (x* (Z * Zz) * (y *Z)), bu (y)} 
Put 0 =z 
bu (x*z) > min {pr (x* (z * 0) * (y *0)), by (y)} 
> min {pu (x*z) *y)), br (y)} 
= min {pu(x* (y *Z)), by (y)} 
wu (x*z) > min {pr ((x*y) *Z)) , bu (y)} 
and 
ur(x) < max { pr (x* (y *Z)), ur (y)} 
bur (x* 0) S max{ pr (x* (Z *Z) * (y *Z)), Lr (y)} 
Put 0 =z 
bur(x*z) S max { [ur (x* (Z * 0) * (y * 0)), br (y)} 
< max { pr ((x* Z) * y) , Ur (y)} 
< max { pr (x* (y * Z)) , ur (y)} 
br(X* Z) S max { pr ((x* y) * Z)) , Ur (y)} 


Theorem 28 Every neutrosophic h-ideal is a neutrosophic p-ideal in INK-Algebra. 


Proof. We have ptr (0) =yr (x), Hr (0) > pr (x) and Ur(0)< pr(x) 
ber (x) 2 min { ptr (x*(y*z)), Wr (y)} 
> min{ pr ((x*z)*y)), Wr (y)} 
2 min{ per ((x*z)* (y* 0)), ur(y)} 
br (x) > min{ pr ((x*z)* (y* z)), Ur(y)} 


br (X) = min {pr (x* (y *z)), by (y)} 
w(x) > min {pr ((x* Zz) * yy), bu (y)} 
bu (x) > min {pu ((x* Z) * (y *0)), u(y} 
> min {pr ((x * Z) * (y *Z)), wr(y)} 
Lr(X) <max{ Ur ((x* (y * Z)), br (y)} 
< max { Ur ((x* Z) * (y * 0)), Ur(y)} 
Lr(X) <max{ Ur ((x* Z) * (y *Z)), bry} 


Theorem 29 If is a neutrosophic h-ideal of INK-algebra X, Then y™ is a neutrosophic h-ideal of INK- 
Algebra of X. 


Proof. We have ur (0) > ur (x) 

{ per (0) }™ > {per (x) }™ 
pr(0)™ 2 br (x)™ 
pr"(O) >= br(x) 

pur (O) = bu (x) 

{pur (O)}™ > {pr Cx) }™ 
pu (O)™ = pu (x)™ 
pu’ (0) = pur (x) 
be (0) < pr (x) 

{pur (O)}" Sf we (x) }™ 

br (0) S pr (x) 
pe™ (0) < pe ™ (x) 
and 
ur (x )> min { pr (x* (y *Z)), ur(y)} 
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{yr (x )}™ 2 min { pr (x* (y *Z)), wr(y)}™ 
br (x )™ > min{ pr (x* (y *z))™, ur(y)™} 
wr'™(x) 2 min { pr™ (x* (y *Z)), pr (y)} 

p(x) > min {py ((x* (y *Z)), br (y)} 
{ur (x)}™ > min {pr ((x* (y *zZ), bu (y)}™ 
bar(x)™ > min {pr ((x* (y *z))™, wr (y)™} 
pu™ (x) > min {pur ((x* ((y *Z)), pr ™(y)} 
br(x)< max { [lr (x* (y * Z)), Ur (y)} 
{pur(x) }™S max { pur (x* (y *Z)) , pr (y)}™ 
per) S max { Up (x* (y *Z))™, Le (y)™} 
Lr (x) < max { pr” (x* (y *Z)), H™ (y)}. 


Theorem 30 Let 1: and [y are two neutrosophic h-ideal of INK-Algebra, Then 1, N [12.1 a neutrosophic h- 
ideal of INK-Algebra. 


Proof. Since p1:(0) > tri (x) and p12 (0) > Ur (x), for all x in X. 
We get, 
min{ Uri (0),p12(0)} = min {p71 (x), 12(x) } 
uriN12(0) = wriN 12(x) 
wri(x) > min {pri(x* (y * Z)), pri(x)} 
Mro(x) > min {p12(x* (y * Z)), r2(x)} 
min{ uri(x),per2(x)} 2{ min {pri(x* (y * Z)),pri(y)}, min {pro(x* (y * Z)),Mra(y)} } 
beriAr2(x) > {min {pri(x* (y * Z)) rox (y * Z))}, min{ pri(y),Hr2(y)}} 
beri A(x) 2 min { wriAr2 (x* (y * Z)), WriAn2(y)}, 
Since wni(O) > pn (x) and pp (0) 2 Er (x), 
We get, 
min {pn(0),-n(0)} > min {un (x),ur(x)} 
unAn(0) = wn v(x) 
n(x) = min {pn(x* (y * Z)),pn(x)} 
bn(x) = min {pn(x* (y * Z)),Mr(x)} 
min {pn (x),ur(x)}>{ min {wn (x* (y * Z)),pn(y)}, min {p(x (y * Z)),Mn(y)}} 
wuMn(x) 2 {min {pn (y * Z)), p(x (y * Z))}, min{ pn(y),ur(y)}} 
wi A(x) > min { wip Cx (y * Z)), WMp(y)}- 
Since pri(0) > wri (x) and pro (0) > pre (x), 
We get, 
max {ri (0),Hr2(0)} S max {max {[HF1(X),[F2(x) } } 
bri Nr2(0)< max {UFIN F2(x)} 
bri (X) < max {pri(x* (y * Z)),HFi(x)} 
bro(x) S max {[po(x* (y * Z)),be2(x)} 
max { ri(X),[r2(x) } S{ max {uri(x* (y * Z)),bei(y)}, max {pri (x* (y * Z)),Mr2(y) } } 
briMp2(x) S {max {pri (x* (y * Z)) ,Mro(x* (y * Z))}, max{ bri(y),Mr2(y) } } 
br p2(Xx) < max { MriMF2 (x* (y * Z)), UriINF2(Y)} 


Theorem 20 Let 1; and 2 are two neutrosophic h-ideal of INK-Algebra, Then [4, U 1, is a neutrosophic h- 
ideal of INK-Algebra. 


Proof. Since p1:(0) > pri (x) and ure (0) = Ur (x), 
We get, 
min {U1 (0), }t12(0) }> min {11(x), Wr2(x) } 
bn U72(0) = wriU 12(x) 
wri(x) 2 min {pri(x* (y * Z)),pri(y)} 
ber2(x) 2 min {p1r2(x* (y * Z)),-12(y)} 
min {[ri(X),pr2(x) }> max { min {pri (x* (y * Z)),pri(y)}, min { Wr2(x* (y * Z)),Hr2(y)} } 
eri Ur2 (x)= min { min {pri (x* (y * Z)) ,wre(x* (y * z))}, min{ wri(y),ur(y)}} 
wriUr2(x) 2 min { priUr2 (x* (y * Z)), WriUre(y)} 
since wn(0) => Wn (x) and tp (0) Sup (x), 
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We get, 
min { p11 (0),p2(0) } > min {pn (x),br(x)} 
nUn(0O) = unU v(x) 
p(x) min {pn (x* (y * Z)),un(y)} 
bua(x) > min {Hn(x* (y * Z)),H(y) } 
min {pn (x),Hio(x)} > min { min {pn (x* (y * Z)),p(y)}, min {p(x (y * Z)),Hn(y)} } 
WniUp(x) 2 min { min {pn (x* (y * Z)) ,W(x* (y * z))}, min {un(y),ur(y)} } 
HnUp(x) 2 min{ pnUrp (x* (y * Z)), WnUn(y)} 
Since |tr1(0) < wri (x) and [ro (0) < Ur? (x), 
We get, 
max { [uF (0),Mr2(0)} < max {p1r1(X),ur2(x) } 
[ri Ur2(0) < priU F(x) 
bri(x) < max {pF1(x* (y * Z)),pFi(y)} 
bro(x) 2 max {pr2(x* (y * Z)),[F2(y) } 
max { [Uri(X),Hr2(X) } S max { max {[lFi(x* (y * Z)),bri(y)}, max { [ro(x* (y * Z)),btro(y)} } 
bri Up2(X)< max { max {[lri(x* (y * Z)) ,pr2(x* (y * Z))}, max{ [ri(y),-Fo(y)}}. 
bri Ur2(X) S max { [ur1Ur2 (x* (y * Z)), HriUF2(y) } 


SUMMARY 


The chapter is organized as follows: In section 2, introduces some concepts and basic operations are reviewed. 
In section 3, presents a neutrosophic INK-sub algebra, neutrosophic h-ideal, neutrosophic T-ideal and 
neutrosophic p-ideal of INK-algebra and investigates their properties. Finally, conclusions are contained. 


CONCLUSION 


In this paper, we have introduced the notion of a neutrosophic h-ideal in INK-algebras, and investigated several 
properties. We have considered relations between a neutrosophic h-ideal and T-ideal, p-ideal and neutrosophic 
sub algebra. We have discussed characterizations of a neutrosophic h-ideal. Finaly we discussed some 
characterization of neutrosophic set in INK-algebra and union and intersection of neutrosophic h-ideal. These 
concepts are illustrated through example. 
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ABSTRACT 


Modules are one of fundamental and rich algebraic structure with respect to some binary operation in 
the study of algebra. The objective of this paper is to introduce the concept of Neutro R — module and 
NeutroOrdered R — module. Several interesting results and examples on Neutro R — module, 
NeutroOrdered R — module,NeutroOrdered Sub R — module, Neutro R — module Homomorphisms, 
the kernel, the image of Neutro R — Module Homomorphism and NeutroOrdered R — module 
Homomorphisms are presented. 


Keywords: Neutro-Group, Neutro-Ring, Neutro R— module , NeutroOrdered R—module , 
NeutroOrdered Sub R—module, Neutro R— module Homomorphism and NeutroOrdered R — 
module Homomorphisms. 


INTRODUCTION 


Vagueness or uncertainty is a critical issue in the representation of incomplete knowledge in the fields 
of Computer Science and artificial intelligence. To deal with the uncertainty, the fuzzy set introduced by Zadeh 
[20] allows the uncertainty of a set with a membership degree between 0 and 1. Then, Atanassov [1] introduced 
an intuitionistic Fuzzy set (IFS) as a generalization of the Fuzzy set. The IFS represents the uncertainty with 
respect to both membership and non-membership. However, it can only handle incomplete information but not 
the indeterminate and inconsistent information which exists commonly in real situations. Therefore, 
Smarandache [12] proposed a neutrosophic set. It can independently express truth-membership degree T, 
indeterminacy-membership degree J, and false membership degree F and deal with incomplete, indeterminate, 
and inconsistent information. The indeterminate element J is such that ordinary multiplication .J = I? =I, 
I~? the inverse of J is not defined and hence does not exist. Moreover J] + I + ++I = nI:n € N.Also, several 
generalizations of the set theories made such as fuzzy multi-set theory [15, 16], intuitionistic fuzzy multi-set 
theory [10, 11] and refined neutrosophic set theory [3, 4, 6, 8, 13, 18, 27, 28, 39- 41]. Many research treating 
imprecision and uncertainty have been developed and studied. Since then, it is applied to various areas, such 
as decision-making problems [2, 5, 7, 9, 14, 17, 19, 26, 29, 55-90] machine learning [30, 31], intelligent disease 
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diagnosis [32, 33] communication services [34] pattern recognition [35] social network analysis and e-learning 
systems [36] physics [37, 38], ... etc. 


Smarandache [22] recently introduced new fields of research in neutrosophy called Neutro-Structures 
and Anti-Structures respectively. In,[23] Smarandache introduced the concepts of Neutro-Algebras and Anti- 
Algebras and in,[21] he revisited the concept of Neutro-Algebras and Anti-Algebras where he studied Partial 
Algebras, Universal Algebras, Effect Algebras and Boole’s Partial Algebras and he showed that Neutro- 
Algebras are generalization of Partial Algebras. Sahin M et al. studied neutro-R module [44-54]; Agboola [21] 
introduced the concept of Neutro-Group. Inspired by NeutroAlgebra and ordered Algebra [43] Introduced 
NeutroOrdered Algebra and some related terms such as NeutroOrdered Sub Algebra and NeutroOrdered 
Homomorphism. 


In continuation of this work the present research is devoted to the presentation of the concept of 
Neutro R — module and NeutroOrdered R — module .Several interesting results and examples on Neutro R — 
modules , Neutro-Sub R— modules , NeutroOrdered R— module and NeutroOrdered R — module 
Homomorphisms are presented. 


BACKGROUND 


In this section, we will give some definitions, examples and results that will be useful in other sections 
of the research. 


2.1. Neutrosophic Sets [12] 
Let U be a universe. A neutrosophic sets A over U is defined by 
A = {< u, (Ty (u), Lg (u), Fa(u)) >:u € UY 


where, T.,(u), L,(u) and F,(w) are called truth-membership function, indeterminacy-membership function 
and falsity- membership function, respectively. They are respectively defined by 


Tg:U >]70,1*[, Ig:U>]°0,1*[, Fy:U>]70,11t[ 
such that 07 < T,(u)+1,(u)+F,(u) < 3°. 
2.2. Single Valued Neutrosophic Set [18] 


Let U be a universe. A single valued neutrosophic set (SVN-set) over U is a neutrosophic set over U, but the 
truth-membership function T, indeterminacy-membership function J and falsity- membership function F are 
respectively defined by 


Tg:U >]70,1*[, Iz:U>]70,1*[, Fy:U>]70,11t[ 
Such that 0 < T,(u)+1,(u)+Fy(u) < 3. 
2.3. Neutro-Axiom, Anti-Axiom [21] 


i- A classical axiom defined on a nonempty set is an axiom that is totally true (i.e., true for all set’s 
elements). 
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A Neutro-Axiom (or Neutrosophic Axiom) defined on a nonempty set is an axiom that is true 
for some set’s elements [degree of truth (T)], indeterminate for other set’s elements. [degree of 
indeterminacy (/)], or false for the other set’s elements [degree of falsehood (F)], where 
T,1I,F € [0,1], with (T,/,F) # (1,0,0) that represents the classical axiom, and (T,/,F) # 
(0, 0, 1) that represents the Anti-Axiom. 


An Anti-Axiom defined on a nonempty set is an axiom that is false for all set’s elements. 
Therefore, we have the neutrosophic triplet: 


< Axiom, Neutro — Axiom, Anti — Axiom >. 


2.4, Neutro-Group [22] 


Let G be a nonempty set and let +: G X G — G be a binary operation on G. The couple (G,*) is called a 
Neutro-Group if the following conditions are satisfied: 


|- 


II- 


ITI- 


* is Neutro-Associative that is there exists at least one triplet (a,b,c) € G such that 


a * (b * c) = (a * b) * c [degree of truth (T)], one triplet (d,e, f) € G such that 


d (ef) or (d*e) * f are indeterminate[degree of indeterminacy (/)] and there exists at 
least one triplet (x,y,z) € G such that x * (y * z) # (x * y) * z [degree of falsehood 
(F)]. with (T,/,F) # (1,0,0) that represents the classical axiom, and (T,/,F) # (0,0, 1) that 
represents the Anti-Axiom. 


There exists a Neutro-Neutral element in G that is there exists at least an element a € G that has 
a single neutral element that is we have e € G such thata * e = e * a = al[degree of truth 
(T)], for c € G that has a single neutral element that is we have e € G such thatc * eorc * 
a are indeterminate[degree of indeterminacy (/)] and for b € G there does not existe € G 
such that b * e = e * b = b or there exist e,,e, € G such that b * e, = e,,* b = b or 
b * €7 = e, * b = bwithe, # e, [degree of falsehood (F)]. 


There exists a Neutro-Inverse element that is there exists at least one element a € G that has an 
inverse b € G withrespect toaunitelement e € G thatisa * b=b * a = e [degree of truth 
(T)], there exists at least one element c € G thatisa * c or b * a areindeterminate[degree 
of indeterminacy (/)] and that has two or more inverses c,d € G with respect to some unit 
elementu € Gthatisb * c=c * b=u,b*d=d*b= u [degree of falsehood (F)]. 


In addition, if + is Neutro-Commutative that is there exists at least a duplet (a,b) € G such that 

a*b=b+*a, there exists at least a duplet (x,y) € G such that x * yor y *x are 
indeterminate and there exists at least a duplet (c,d) € G such thatc * d # d * c, then (G,* 
) is called a Neutro-Commutative Group or a Neutro-Abelian Group. 


If only condition I is satisfied, then (G,*) is called a Neutro-Semi Group and if only conditions I and II are 
satisfied, then (G,*) is called a Neutro-Monoid. 


2.5. Neutro-Ring [25] 


(a) A Neutro-Ring (R, +,.) is a ring structure that has at least one Neutro-Operation among 


"+" andor":" at least one Neutro-Axiom. 


(b) Let R be a nonempty set and let +,.: R x R — R be binary operations of ordinary addition and 


multiplication on R. The triple (R, +,.) is called a Neutro-Ring if the following conditions are satisfied: 
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I- (R, +) is a Neutro-Abelian Group. 
II- (R,.) is a Neutro-Semi Group. 


Il- "-" is both left and right Neutro-Distributive over "+ " that is there exists at least a triplet (a,b,c) € R 
and at least a triplet (d,e, f) © R such that 


a(b+c)=ab+a.c 

(b+ c)a=batca 

d(et+tf)#det+dafetf).dted+ f.d. 

If" - " is Neutro-Commutative, then (R, +,.) is called a Neutro-Commutative Ring. 
2.6. Neutro-R module [45] 


Let (G, #) be an abelian neutro-group, (R, +,,.; ) a commutative neutro-ring and let *: RxG — R bea binary 
operation. If at least one of the following conditions {i, ii, iii, iv, v} is satisfied, then (G, #) is called a neutro- 
R module. 


i) There exists a double (b,n) € (R,G) such that b * n € G (degree of truth T) and there exist two doubles 


(u,v) and (p,q) € (R,G) such that [p « q € R (degree of falsehood F) or u * v €% V (indeterminacy (I))]; 
where (T, I, F) is different from (1, 0, 0) and (0, 0, 1). 


ii) There exists a triplet (b,n,m) € (R,G,G) such that 


b * (n#m) =" (b «n)#(b * m) (degree of truth T) and there exist two triplets (p,q,7r) and (u,v,w) € 
(R,G,G) such that [p * (q#r) =" (p * q)#(p * 1) (degree of indeterminacy I) or [u* (v#W) # (u * 
v) # (u* w) (degree of falsehood F)]; where (T, I, F) is different from (1, 0, 0) and (0, 0, 1). 


iii) There exists a triplet (b,n,m) € (R,G,G) such that (b+, n) * m = (b *m) +, (n * m) (degree of 
truth T) and there exist two triplets (p, q,r) and (u, v,w) € (R,R,G) such that 


[p4+,q)* r=" (p * r) 4+, (q* 1) (degree of indeterminacy I) or [(u+,v) * w #(u * w) +, (Vv * 
w) (degree of falsehood F)]; where (T, I, F) is different from (1, 0, 0) and (0, 0, 1). 


iv) There exists a triplet (b,n,m) € (R,G,G) such that 


*(n., m) = (b * n)., m (degree of truth T) and there exist two triplets (p,q,r) and (u,v,w) € 
(R,R,G) such that [p * (q.. r) =" (p * q)., 7 (degree of indeterminacy I) or u * (v.. w) #(u * 
V) ., W (degree of falsehood F)]; where (T, I, F) is different from (1, 0, 0) and (0, 0, 1). 


v) For a double (a, e) (R, G), there exists ane € G such thata * e = a (degree of truth T) and (for two 
doubles (b,e),(c,e) € (R,G), there exists e €G such that b * e #b (degree of falsehood F) or c * 
e =" ¢ (degree of indeterminacy I)); where (T, I, F) is different from (1, 0, 0) and (0, 0, 1). 


2.7. Ordered Algebra [42] 


coy 99 


Let A be an Algebra with n operations “*;” and “<” be a partial order relation (reflexive, anti-symmetric, and 
transitive) on A. Then (A,*,,*2, ...,*, ,<) 1s an Ordered Algebra if the following conditions hold. 
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Ifx < y € Athenz +;x < z*;yandx *;z < y*; zforalli = 1,...,.nandz € A. 


2.8. Neutro Ordered Algebra [43] 


Let A be a Neutro Algebra with n (Neutro) operations “i” and “ <” be a partial order (reflexive, anti- 
symmetric, and transitive) on A. Then (A,*,,*2,...,%n »S) is a NeutroOrdered Algebra if the following 


conditions hold. 


(1) There existx < y € A withx # ysuch thatz+;x < z*;yandx+*,;z < y*; zfor alli = 1,...,n 
and z € A (This condition is called degree of truth, “T”). 


(2) There exist x < y € A and z € A such that z *;x & z*; yandx *;z & y*; z for some i = 
1,...,n. (This condition is called degree of falsity, “F”.) 


(3) There exist x < y € Aandz €A such thatz*;x or Z*;y or x *;Z or y *; Z are indeterminate, or 
the relation between that z *; x and z+; y, or the relation between x *; z and y *; Z are indeterminate for 
some i = 1,...,n.(This condition is called degree of indeterminacy, “!”.) Where (T, I, F) is different from 
(1,0,0) that represents the classical Ordered Algebra as well from (0,0,1) that represents the 
AntiOrderedAlgebra. 


2.9. NeutroTotalOrdered Algebra [43] 


Let (A,*1,*2,+.4n »S) be a NeutroOrdered Algebra. If “<” is a total order on A then A is called 
NeutroTotalOrdered Algebra. 


NeutroOrdered R — Module and their properties 


In this section, we use the defined notion of NeutroOrdered Algebra and apply it to NeutroOrdered 
R— Module. As a result, we define NeutroOrdered R — Module and other related concepts. 
Moreover, we study some properties of NeutroOrdered R — Module and, NeutroOrdered R — Module 
homomorphism. 


3.1. NeutroOrdered R — Module 


Let R be a Neutro-Ring and let (,M,+) be a Neutro abelian group and "-" be a binary operation 
such that 


-:R Xx M- M. Then (,M,+,°) is called a Neutro left R — Module on Neutro-Ring (R,+,.) if the 
following conditions are satisfied: 


1) "+"is left Neutro-Distributive over "-" that is there exists at least some rE R and mne 
RM such thatr:-(m + n) =r-:m+r-n_,there exists at leastq € R and t,v € pM such 
that q:(t+v)orq:t+q-v are indeterminate and there exists at least seER,x,ye 
rM such that s-(x+y) #s‘x4+ sy. 

2) "+"is right Neutro-Distributive over "-" that is there exists at leastsomer,s ER and me 
RM such that (r+ s)-m=r-m+s-m_,there exists at leastx,y€R and z€ pM such 
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3) 


4) 


that («+ y)-:z or x:z+y-zareindeterminate and there exists at least some t,q ER,ne€ 
RM such that 
(t+q):n#t:nt+q:n. 
"." ig Neutro-Associative that is there exists at least some r,s € Rand m € M such that 
(rs):m=r-(s:m), there exists at least some x,y €R,z€ pM such that (x: y)-z or x: 
(y +z) are indeterminate and there exists at least some t,q € R,n € pM such that (tq):n# 
t-(q:n). 
There is an element e (Neutro-Neutral element in R) that is there exists at least some meM 
such that 

e:m=m there exists at least some x € pM such that e-x is indeterminate and there 
exists at least some neé€ ,Msuchthat e-n#¥n. 


Similarly, the form (Mp,+,°) is known as Neutro right R — Module over a Neutro-Ring . 


Notes: 


1- 


If we have R as a commutative Neutro-Ring, then every Neutro left R — Module is a Neutro 
right R — Module. 

M is called a finite Neutro R — Module of order n if the number of elements in ™ is n that is 
o(M) = n. If no such n exists, then mM is called an infinite Neutro R — Module and we write 
o(M) = ~, 

An element x € M is called a NeutroIdempotent element if x? = x. 

An element x € M is called a NeutroINilpotent element if for the least positive integer n, we 
have 


x” = e where e is Neutro-Neutral element in M. 


3.2. Example: Let R be a commutative Neutro-Ring. A very important example of an Neutro R — 


Module is R Neutro-Ring itself: 


3.3. Example: Let X = {m,n, p,q,t} be a universe of discourse and let M = {m,n,p} be a subset of 


. let m and « be binary operation defined on M as shown in the Cayely tables below: 


* m n p 
al m n p 

m m m m 
m m n nor p 

n morn p m 
n porn|morn p 

p m p n 
p n p n 
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It is clear from the table that it (R, m,*) is a Neutro-Commutative Ring with Neutro-Unity and: 


1- m*(nep)=m*p=m 


(m*n)m(m* p) = mam =m (degree of truth (T)], 
p*(nmm)=porn 
(p *n)m(p *m) = norm are indeterminacy[degree of indeterminacy (/)] 
and n*(pmm)=n*n=p 
(n *p)m(n *m) = mmm = m{degree of falsehood (F)]. 
This shows that "m"is both left Neutro-Distributive over "+". 


2- (mmn)*p=n*p=m 
(m* p)m(n*p) =mmm=mM (degree of truth (T)], 
(ngm)*p=norm 
(n * p)m(m * p) = m[degree of indeterminacy (/)] 
and (pam) *n=n*n=p 


(p *n)m(m *n) = pam = n [degree of falsehood (F)]. 
This shows that "m"is both right Neutro-Distributive over" *". 


3- m*(n*p)=m*m=m 
(m«n)*p=m*p=m 
(n * m) * p = m[degree of truth (T)], 
n*(m* p) = nor m[degree of indeterminacy (/)] 
and px(n*n)=p*p=n 
(pxn)*n=p*n= p [degree of falsehood (F)]. 


This shows that "»" is a Neutro-Associative. 


4- pen=p,m*n=mM (degree of truth (T)], 
m*en=m,n*m=morn (degree of indeterminacy (/)] 


n*n=p #7 [degree of falsehood (F)]. 
It follows that (M, m,«) Neutro R — Module over Neutro-Ring (R, m,*). 
3.4. Neutro-Sub R — Module 


Let M bea Neutro R — Module. A nonempty subset N of M is called a Neutro-Sub R — Module of 
M if N is also a Neutro R — Module. 
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3.5. Example: Let M be a Neutro R— Module. M is a Neutro-Sub R — Module called a trivial 
Neutro-Sub R — Module. 


3.6. Theorem: Let M beaNeutro R — Module over a Neutro-Ring R and let N be a nonempty 
subset of M. 


N is a Neutro-Sub R — Module of M if the following conditions hold: 


(1) That is there exists at least some m,neN suchthat m+ nen. 
(2) That is there exists at least some meEN ,r€R suchthat rmenN. 


3.7. Corollary: Let M be a Neutro R — Module over a Neutro-Ring R and let N be a nonempty 
subset of M. 


N is a Neutro-Sub R — Module of M if the following conditions hold: 


That is there exists at least some m,n€EN ,r,sER suchthat rm+sneEN. 
3.8 Example: Let (/,m,«) be a the Neutro R — Module of 3.3. Example and let N = {p,n}: 


1- pneEN ,pen=peEN but nan=m 
2- pnEN peER,pxn=peEN but nxp=m 


It follows that N is Neutro-Sub R — Module of M. 


3.9. Theorem: Let M be a Neutro R — Module over a Neutro-Ring R and let {N,,},,<, be a family 
of Neutro-Sub R — Module of M .Then NN,, is a Neutro-Sub R — Module. 


3.10. Neutro R — Module Homomorphism 


Let (M,+,:) and (N,™,*) be any two Neutro R — Modules. The mapping pg: M > N is called a Neutro 
R — Module Homomorphism if the following conditions hold: 


for at least a pair (x,y) € M, we have: 
p(x + y) = ox) oe) 
p(x-y) = 9x) * 90) 


If in addition @ is a Neutro-Bijection, then @ is called a Neutro R — Module Isomorphism and we 
write M = N. Neutro R — Module Epimorphism, Neutro R — Module Monomorphism, Neutro R — 
Module Endomorphism and Neutro R — Module Automorphism are defined similarly. 


3.11. The kernel and the image of Neutro R — Module Homomorphism 
The kernel of g@ denoted by Ker@ is defined as 
Kerg = {x: p(x) = ey} where ey € N is Neutro-Neutral element in N. 


The image of g denoted by Im@ is defined as 
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Img = {y € N: y = (x) forat least oney € N}. 


3.12. Example: Let (/, m,«) be a the Neutro R — Module of 3.3. Example and let ¢: (WV, =,*) > 
(M, m,*) be 


a mapping defined by: 
g(m) =m*m 
It can be shown that @ is a Neutro R — Module Homomorphism such that 
form,n,p € M, we have: 
1- g(mam)=o(m=m*m=m 
go(m)m g(m) = (m*+m)e(m*m)=mem=m but 
p(mmn) = g(n) =n*n=p 


p(m)mg(n) = (m*m)a(n*n) =mep=n 


2- go(m*n)=og(m) =m*em=m 
gp(m) * p(n) = m*p =m but 


p(p*n)=9(P) =p*p=n 

pp) * p(n) =n*p=m 
The kernel of gy is Kerg = {x: p(x) = ey}= {m,p} where ey, € M is Neutro-Neutral element in M. 
The image of gisImp = {fy € N: y = g(x) forat least one y € N} = {m,n,p} 


3.13. Theorem: Let (M,-,+) and (N,m,*) be any two Neutro R — Modules. Suppose that ge: M > N is 
a Neutro R — Module Homomorphism. Then: 


I- (ey) is not necessarily equals ey. 

II- Kerg is a Neutro-Sub R — Module of M. 

Iil- Im@ is not necessarily a Neutro-Sub R — Module of N. 

IV- g is NeutroInjective if and only if Ker@ = {e,,} for at least one ey € M. 


3.14. The composition of Neutro R — Module Homomorphism: 
Let K,M and N be Neutro R — Modules over a Neutro-Ring R and let 
@:K>M,y:M>N 
be Neutro R — Module homomorphisms. The composition y¢: K > N is defined by 
yo(k) = w(@(k)) for all kek. 
3.15. Theorem: Let K,M and N be Neutro R — Modules over a Neutro-Ring R and let 


@:K>M,y:MON 
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be Neutro R — Module homomorphisms. Then the composition w¢: K > N is a Neutro R — Module 
homomorphisms. 


3.16. Theorem: Let K,M and N be Neutro R — Modules over a Neutro-Ring R and let 
@:K>M,y:MON 
be Neutro R — Module homomorphisms. Then 


1- If wéis Monomorphism Neutro R — Module, then ¢ Monomorphism Neutro R — Module. 

2- If wdis Neutro R — Module Epimorphism, then yis Neutro R — Module Epimorphism. 

3- If wand ¢are Monomorphism Neutro R — Module, then w¢is Monomorphism Neutro R — 
Module. 


3.17. Neutro Ordered R — Module 


Let M be a Neutro R — Module with n (Neutro) operations “i” and “ < ” be a partial order (reflexive, anti- 
symmetric, and transitive) on M. Then (M,*,,*2 , <<) is a NeutroOrdered R — Module if the following 
conditions hold. 


(1) There existx < y €Mwithx # ysuchthatz*,;x < z*;yandx*,;z < y*; zforalli = 1,2 and 
z € M (This condition is called degree of truth, “T”.) 


(2) There existx < y € Mandz € Asuch thatz *;x X z*;yandx *;z X y*; zfor somei = 1,2. 
(This condition is called degree of falsity, “F”.) 


(3) There existx < y €M andz € A such thatz*;x or z*;y or x *;Z or y *; Z are indeterminate, or 
the relation between that z *; x and z+; y, or the relation between x *; z and y *; Z are indeterminate for 
some i = 1,2. (This condition is called degree of indeterminacy, “I”.) 


Where (T,/,F) is different from (1, 0,0) that represents the classical Ordered R — Module as well from 
(0, 0, 1) that represents the AntiOrdered R — Module. 


3.18. Neutro Total Ordered R — Module 


Let (M,*,,*2,<) be a NeutroOrdered R — Module. If “<” is a total order on A then M is called 
NeutroTotalOrdered R — Module. 


3.19. Neutro Ordered Sub R — Module 


Let (M,*,,*2 ,<) be a Neutro Ordered R — Module and@ # SC M. Then S is a Neutro Ordered Sub R — 
Module of S if (S,*,,*2 ,<) is a Neutro Ordered R — Module and there exist. 


a. Example: Let M = {m,n, p} and (M, m,«, ) be defined by the following table. 
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* m n p 
= m n p 

m m m m 
m m n n 

n morn p m 
n porn|morn p 

p m p n 
p n p n 


As showed (M, g,*,) in 3.3. Example is a Neutro R — Module. 
By defining the total order 
<= {(m,m), (n,n), (p, p), (m,n), (m, p), (n, p)} 
on M, we get that (M, m,*,<) isa NeutroTotalOrdered R — Module. This is easily seen as: 
1- ms<p implies thatm*x <p*xandx*m<x*pforallx EM. 
And having n < p but pain £ pep. 
2- ms<nimplies thatm+x<n*x andx*m<x*nforallx EM. 
And having n < p butp*n ¢ p*p. 


3.21. Example: Let (MV, m,*,<) be a the Neutro R — Module of 3.3. Example and let N = {p,n} 


1- pneEN ,pen=peEN but nan=m 
2- pnEN peER,pxn=peEN but nxp=m 


By defining the total order 

<= {(m,m), (n,n), (p, p), (m,n), (m, p), (n, p)} 
It follows that (N, m,*,<) is Neutro-Sub R — Module of M. 
3.22. Neutro Ordered R — Module Homomorphism 


Let (M,*,,*.,<,) and (N, ™@,, M5 ,<,) be any two Neutro Ordered R — Modules. The mapping g : M > 
N is called a Neutro Ordered R — Module Homomorphism if the following conditions hold: 


for some (x,y) € M, we have: 
p(x #1 Y) = 9%) OO) 


p(x *. Y) = 9(X) m2 e(Y) 
“+ and there exista <, b ,a#b, o(a) < (db) 
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@ is called Neutro Ordered R — Module Isomorphism if ¢@ is a bijective NeutroOrdered R — Module 


Homomorphism. 


i)There exists a double (p,q) € M such that p(p *; q) = ~(p)m™,¢(q) (degree of truth T) and there exist 
two doubles (s, t), (K,m) (F,V) such that [p(s *, t) # p(s) m,@(t) (degree of falsehood F) or 

p(k *; M) =indeterminacy P(X) #1 Y(m) (degree of indeterminacy /)]; where (T, I, F) is different from 
(1, 0, 0) and (0, 0, 1). 


ii)There exists a double (p,q) € M such that p(p *, gq) = ~(p)™2~(q) (degree of truth T) and there exist 
two doubles (s, t), (k,m) (F,V) such that [p(s *, t) # p(s) §2¢(t) (degree of falsehood F) or 

p(k *2 M) =indeterminacy P(K) M2 P(m) (degree of indeterminacy /)]; where (T,/, F) is different from 
(1, 0, 0) and (0, 0, 1). 


3.23. Example: Let gy: (M, m,*,<) > (M, m,*,<) be a mapping defined by: 
gp(m) =m*m 

It can be shown that ~ is a Neutro Ordered R — Module Homomorphism such that 

form,n,p € M, we have: 

1- and 2- it proved in 3.12. Example 


3- there exist m < n sush that g(m) < g(n) 


Conclusions 


This paper contributed to the study of Neutro Algebra by introducing, for the first time, Neutro R — module 
and Neutro OrderedR — module. Many interesting properties were proved as well illustrative examples were 
given on Neutro R — module and Neutro OrderedR — module. 
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ABSTRACT 


In this manuscript, we introduce the new concept of Neutrosophic double controlled metric-like spaces that 
generalize the concept of Neutrosophic metric spaces. We prove and generalize the concept of Banach 
contraction principle and fuzzy contractive mappings in the sense of neutrosophic double controlled metric- 
like spaces. These results and illustrative examples generalize several comparable results from the current 


literature. 


Keywords: Fixed point, Controlled metric like space; Double controlled metric like space; Neutrosophic 


double controlled metric-like spaces; 
INTRODUCTION 


In the field of fixed point theory, the notion of metric spaces and the Banach contraction principle play crucial 
roles. Many researches are drawn to metric spaces because of its axiomatic clarity. There have been a lot of 
generalizations to the metric spaces so far. This demonstrates the allurement and scope of the definition of the 


metric spaces. 


The notion given by Zadeh [3] is known as fuzzy sets (FSs) acquire an ultra-attraction for researchers. This 
concept succeeded in shifting a lot of mathematical structures within itself. In this continuation, Kramosil and 
Michalek [9] originate the notion of fuzzy metric spaces and Garbiec [10] gave the fuzzy interpretation of 


Banach contraction principle in fuzzy metric spaces. Harandi [22] is credited with coining the term metric like 


es 
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spaces (MLS) which elegantly generalises the idea of metric spaces. [25] N. Mlaiki introduced the concept of 
controlled metric type spaces and controlled metric-like spaces [24]. Shukla and Abbas [23] reformulated 
definition (MLS) in this context, resulting in fuzzy metric like spaces (FMLS). Fuzzy metric spaces discuss 
only for memberships functions, so for dealing with membership and non-membership functions intuitionistic 
fuzzy metric spaces introduced by J. H. Park [11]. The neutrosophic set and theory are given by Smarandache. 
A lot of studies are given based on neutrosophic sets [28-32,40-76]. Also, a lot of studies are given based on 
some type of neutrosophic triplet metric space [33-39]. M. Kirisci, N. Simsek [20] tossed the approach of 
neutrosophic metric spaces (NMSs) that deals with membership, non-membership and naturalness functions. 
N. Simsek, M. Kirisci [19] and S. Sowndrarajan, M. Jeyarama, F. Smarandache [21] prove some fixed point 
(FP) results in the setting of NMSs. Recently N. Saleem [7] introduce the notion of fuzzy double controlled 
metric spaces (FDCMSs) and generalized the Banach contraction principle. For related articles see [1, 2, 4-6, 


8, 12-18, 26,27]. 


In this manuscript, our aim is to generalize the concept of NMSs by using the approach in [7] and toss the 
concept of neutrosophic double controlled metric-like spaces (NDCMLSs). Fixed point (FP) results and non- 


trivial examples are imparted in this work 


BACKGROUND 


Definition 1.1 [1] A binary operation +: [0, 1] * [0, 1] = [0, 1] is called a continuous triangle norm (briefly 
CTN) if: 


1 eep=pen,(v)x.pe [0,1]; 

2.  #1s continuous; 

3. wel=n,(¥) re [0,1]; 

4. G@rep)ep =e (psp), (v) zp pe (0,1); 

5. Ifm<pandp<o, witha,pp,o € [0,1], thon r+p=pc. 
Example 1.1 [1, 2] Some fundamental examples of CTNs are: F¥* f=", * = min fr, p} and 
m* p= max{x +p — 1,0}. 


Definition 1.2 [1] A binary operation © : [0, 1] * [0, 1] — [0, 1] is called a continuous triangle conorm (briefly 
CTCN) if it meets the below assertions: 


1. fOp=por, forall z,pe [0,1]; 
2. © is continuous; 
3. wo0=0, forall re [0,1]; 
4. Gopop=x0(uop), forall zp € [0,1]; 
5. Ifm<pandp<o, witha,pp.o € [0,1], thn rop< pos. 
Example 1.2 [1] 7 © = max{x,y} and x Op = minfr + p, 1} are examples of CTCNs. 


Definition 1.3 [3] Let a set D = ©, then a pair (D, P) is named to be fuzzy set, here P is a function from D to 
[0,1] ic. P:D — [0,1] for each @ € D, P(G) is called the grade of membership of D, in (D, P) and P is called 
a membership function of (, P). 
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Definition 1.4 [27] Let a set D+@ and @€D. A neutrosophic set G in D is categorized by a truth- 
membership function, T;(@), an indeterminacy-membership function UJ;(@) and a falsity -membership 
function ¥; (6). The functions T; (6), J;(@) and ¥;(@) are real standard or non-standard subsets of JO~,1*[. 
that is 7, (0): X -])0-,1*[, 0,6): -]0-,1*[ and ¥, (@):X +]0-,1°*[ So, 


O- = supT,(@) + sup U, (6) + sup i, (@) < 3°. 
Definition 1.5 [22] A mapping P:D x D = [1, 00), where D = @, fulfill the below circumstances: 


a. P(@,f) =0 implies d= g; 
b. PG,6) =P. 2); 
c. P@,p) <P@,5)+ PG. 8g); 
for all 4,8, € D. Then P is called a metric-like and (D, P) is named metric-like space. 


Definition 1.6 [24] Let a function w:D x D = [1, 00) and a mapping P:D x D = R*, where D = @, fulfill 
the below circumstances: 


a. P(@,8) =0 implies a = 8; 
b. P(@,p) = P(@.a); 
c. P@,p) <p(@.5)P@,5)+ p@.a)PG.p); 
for all ,,8,6 € D. Then P is called a controlled metric-like and (D,.P) is named controlled metric-like space. 


Definition 1.7 [8] Given functions ®, 4; £ x E = [1,00) are non-comparable. If @:E x LF — (0,00) fulfil: 


d. d(e, 6) = Oiffa = p; 

e. 8(a,p) = a@.a); 

f. da(e,8) = oe, d)dG, a) +n G60. B); 
for all @,8,4 € E. Then @ is called a double controlled metric and (£,@) is named double controlled metric 
space. 


Definition 1.8 [7] Let [ + @ and , y; E x FE = [1,2) given non-comparable functions, and * is a CTN. P 
be a FS on FE x EF x (0,00) is named fuzzy double controlled metric on £, if for all «, 8,4 € E, the below 
circumstances fulfil: 


i. P(a,f,0) =0; 

ii. P(q,8.7) =1 forall T > 0, if and only if a =f; 
iii. PG.f.7) =P(6.2,7); 
. t \ 3s . 
iv. P(@.4,7 +5) > P(a.f.5-5)*P(8.4.25): 
v. P(c,8, -): (0,00) — [0,1] is left continuous. 


Then (2, P,,.Q,*) be named a FDCMS. 


Definition 1.9 [4] Take F = @. Let * be a CTN, © be a CTCN, b = Land P,@ be FSs on Ex EF x (0,09). If 
(2, P..Q,*, ©) verifies the following for all a, 8 € Tand 5,7 > 0: 


lL P.p.7)+ Ql. p.T)< 1; 
I. P(e,g.7)>0; 
I. P@g.7)=1 &a=fZ; 
IV. P@,g,.7)=P(.a,7); 
Vv. P(aa.b@+5)) >PG.p.7"PG.A7); 
VI. P(a.B.-) is a non-decreasing function of R* and jim P(a.f,.T)=1, 
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VI. Qa, p,.T)> 0; 
VI. Qa. g,.7)=0@a =8; 
IX. @Q.8.7)= Q(@.a,T); 
xX. Q(a.2560 +5)) < QG,B,.T)0Q¢.1,7); 
XL = @@,, 8.) is a non-increasing function of R* and lim Q(a. 8.7) =0, 


then (2, P..Q,*, ©} is an Intuitionistic fuzzy b-metric space. 


Definition 1.10 [20] Let [= @ and * is a CTN and © be a CTICN. P.Q,5 are Neutrosophic sets on 
© x Ex (0,09) is named Neutrosophic metric on £, if for all ,,8,A € E, the below circumstances fulfil: 


1) P(a,.8.7)+ Qa. 8.7)+5(a, 8,7) <3 forall T € R*; 
2) P(a.8.7)>0 for all T > 0; 
3) P(q,8,.7) =1 forallT > 0, if and only ifa = 8; 
4) P(a.8.7)=P(8.a,T) for ll T > 0; 
5) P(a,A,J7 +5) > P(a. 8,7) + P(8,A,5) forall T,5 > 0; 
6) P(c,8, ~}:(@,00) = [0,1] is continuous and lim P(@, 8,7) =1 for allT > 0: 
7) Qla, 8.7) <1 forall T > 0; 
8) Q(a, 8.7) = 0 for all T > 0,if and only ifa= f; 
9) Qla, 8.7)= Q(8.a,T) forall T > 0; 
10) O(a,a,T +5) = Qa, 8,7) © Q,A,5) forall T,5 > 0; 
11) Q(a. 8. -): 0,00) — [0,1] is continuous and lim Q(@, 8.7) =0 forallT > 0, 
12) Sa, 8, T) < 1 for all T > 0; 
13) S(a, 8,7) = 0 for all J > 0, if and only if a= §; 
14) Sa, 8.7)= S(8.a,T) forall T > 0; 
15) Sa, 4,7 +5) <= Se, 8.7) S(8,A,5) for all T,5 > 0; 
16) Sle, 8, -): (0,00) = [0,1] is continuous and lim S(@, 8,7) = 0 forallT > 0; 
17) If FT < 0, then P(e, f,7) =0,Q(c, 8,7) = Land S(a, 8,7) =1. 
Then (2, P..Q,5,%,2) be called an NMS. 


NEUTROSOPHIC DOUBLE CONTROLLED METRIC-LIKE 
SPACE 


In this section, we introduce the concept of NDCMLSs and prove some FP results. 


Definition 2.1 Let f = @ and 6,y; F x FE = [1,09) given non-comparable functions, and * is a CTN and © be 
a CTCN. P,Q. are Neutrosophic sets on E x E x (0,00) is named Neutrosophic double controlled metric- 
like on £, if for all &, 8,4 € E, the below circumstances fulfil: 


(i) P(a,.f,.7)+ QG.8.7)+R(a, 8,7) < 3 for allT > 0; 
(ii) P(a,8,7)>0 forall T > 0; 
Git)  P«,.g,7)=1 forall T > 0,implies a = g; 
(iv) P@.g.7)=P(.a,T) for alT >0; 
I $ 
(V) P@.a7+5)>P(a, Bsa) ‘ P(s.4.=5) for all 7,5 > 0: 
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(vi) P(c,8, +): (0,00) — [0,1] is continuous and and lim P(@, 8,7 )=1 for all T > 0, 
(vii) Qe, f,.7)<1 forallT > 0; 
(viii) Qe, 8,.7)=0 for allT > 0,implies a =f; 
Gx) Q,p.7)=Q@.a,T) forall T > 0; 

rT 5 : 
« Q@AaT+S)< Q(«.8.525) 2Q (6.4.45) for all 7,5 > 0: 
(xi) Q(e,,8. -): (0,00) = [0,1] is continuous and lim Q(@, 8,7 )=0 forall T > 6, 
(xii) Re, p.7) <1 for allT > 0; 
(xiii) Re, 8,7) =0 for allT > 0,implies a = p: 
(xiv) RG, g,.7)= R(G.a,T) forall T > 0; 

I ry 
(xv) R@AT+5) <R(a,8.525)0 R(e.4.4,) forall 7.5 > 0; 
(xvi)  R(e,8, +): (0,00) = [0,1] is continuous and and lim R(@, 8,7) = 0 for all T > 0; 

Then (£,P,Q,.R,*,2) be called a NDCMLS. 


Example 2.1 Let f = {1,2,3} and 6, n; F x EF = [1,08) be two non-comparable functions given by 
o(c, 8) = a+ 8 + Land nla,f) = a* + B* — L. Define P,Q, R: E x F x (0,00) = [0,1] as 


T 
P(a.p.7)= 7 4 maxta.B} fa. 
max{a, 8} 


Qa, 8,.7)= F mele dT 


and 


RG. p.7) = = 


Then (2, P,Q,R,*,0) is an NDCMLS with CTN x + =p and CTCN f Op = maxf{n, ph. 
Proof: Conditions (i)-(iv), (vi)-(ix), (xi)-(xiv) and (xvi) are easy to examine, here we prove (v), (x) and (xv). 


Let e = 1,8 = Zand A= 3. Then 


Poas+s)=—— 
T +5 + max{1,3} 
_ F+8 
T+54+3 
On the other hand, 
T 
rhaghg)-—7 2 
Stay t maxtL.2} 
8 T 
t42 T+8 
and 
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s 
p(2.3. =a) = - 
. zy + maxf2,3} 

5 
= 12... * 
~ S.2 §+36 

DBt3 
That is, 
T+sS Tt S 


—————— > ————. x 
T+5+3 7F+8 5436 


Then it satisfies for all 7,5 = 0. Hence, 


P(a.4,.7+5)> P(.2.—>) —- (¢.475) 


> 
Now, 
(1 Tt 5) —-—_mami 
OUST + 5) = 575+ mati} 
_ 3 
 F+543 
On the other hand, 
e(.2—.)= max{1,2} 
ua 7 yt maxf.2} 
_ 2 _ 8 
T42 T+8 
and 
eca5)-=—= 
n(2,3) 3y + max {2,3} 
See 
S43 5436 
That is, 


3 7 {— 36 } 
74+54+3 00 tr +8'5S +36) 


Then it satisfies for all 7,5 = 0. Hence, 


Q@.a7 +8)<9( Pam) o(¢.1.7). 


Now, 
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RG.3.7 +5) = = 
oa ee 
_ 3 
F4+5 
On the other hand, 
(22, rg = 
y2 OT 
ni.2) 
7 2 _8 
SF F 
4 
and 
r(23 s == 
™ (2.3) s 
n2.3) 
_ 3 _ 36 
~s FF 
12 
That is, 
3 is 8 =) 
vis. ors 9 


Then it satisfies for all T,5 = 0. Hence, 


R(a,A,T +5) <R( Pam)? n(e.4=7). 


On the same lines, one can examine all other cases. Hence, (F..P, Q. R,*,2) is a NDCMLS. 
Remark 2.1 Above example also satisfied for CTN x * # = minfr,u} and CTCN 7 O° = maxf{r, ph. 


Example 2.2 Let f = (0,00) and $,y: E x E = [1,00) be two non-comparable functions given by 
o(c, 8) = 2+ 8 + Land nla, 8) = a? + p* -1L 


Define P,Q, R: I x FE x (, 00) — [0,1] as 


maxia, BY max{a, 8} 


P(s.p.7)= r T + maxta,fl?" RG,p,T) = T 


f 
= a, (c, T) = 
+ max{a, 8}* _— 
Then (£,P,Q,,*%0) isa NDCMLS with CIN e+ ¢ =p and CTCN g Op = maxf{n, p}. 
Remark 2.2 Above example also holds for 


1 if a= 8, 
(a, 8) = { + max{a, 8} 


minta, p} ifa+ Bp 


and 
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1 if a=, 
.B) = 411+ maxfa*, g7} 7 
=n mila ala 


Remark 2.3 Above example also satisfied for CTN x * ¢ = minfrr,u} and CTCN 7 Om = maxf{r, ph. 


Definition 2.2 Let (Z, P..Q,.R.*,0) is a NDCMLS, then we define an open ball Ble,r,7) with centre a, 
radius r,0 <7 <1 andJ = Oas follows: 


B(a,r,T)= {6 € I: PG, 8.7) > 1-17, QG, 8.7) <7, Ra, 8,7) <r}. 


Definition 2.3 Let (£,.P,Q,R.*,0) is an NDCMLS and {e,,} be a sequence in E.then {a,,} is named to be: 


(i) a convergent, if there exists @ € F such that 
lim P(c,,.2,7) = PG, 2,T), iim Qla,,.a,7)= Qla,a,T), and 


lim R(a,,.a.7) = R(a.a,T), for allt >0 
(ii) a Cauchy sequence (CS), if and only if for each J >, there exists mg © NM such that 
im P(a,. Oyaged ), Jim Ql eenrGnageT ) and lim Q(a,,, Gnaged ) exists and finite. 
(111) If every Cauchy sequence convergent in E, then (£,P,.Q,*,) is called complete NDCMLS. 
lim P(a,.tn4q-F) = limP(@,,a,T) = Pla, 2,7), 


lim Cen frgT) = lim Q(a,,,@,7) = Q(a,a,7), 
lim R(a,.t2.¢7) = limR(a,,a,7) = RG, a,7). 


Theorem 2.1 Suppose (£, P,Q, R.*,2) be a complete NDCMLS in the company of 

omrlxia [1.) with 0 < @ < 1 and suppose that 

Jim PG. p.7)=1, iim Qa, 8.7) = 0 and lim R(c,f,7)=0 @) 

for alla, 8 © TandT > 0. Let ¥:E — TF be a mapping satisfying 

PWa,¥B,0T)>PG.8.7), QWa,¥B,0T) <Q(a. 8,7) and RWa,¥8.6T)<R.B,.T) (2) 
for all «, @ & F and T > 0. Then ¥ has a unique FP. 


Proof: Let @ be a random integer of F and describe a sequence @, by &, = ¥" ay = Wa,_,, n © NM. By 
using (1) for all T > 0, we have 


t 
P(q,,.n43-07) = P(Va,,_5, Vay, eT)> P(a,_;. aT) = P(cp-2ttm1z) 
T Tt 
=P leita a zo > P (cxo.ct. =) 


Qa ngs 87) = QWag sy BT) S Qehg- ain T) < Q(cy-2-a-v-z) 


T I 


=@Q (en @y-25 =) == @(as. “e-) 


and 
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x 
Roy ings 8T) = RW tig, Ptiye BT) < Rhy liqT) SR (921 Ctn-se) 


T Tt 
silies Sat 


We obtain 
Xi 
PG,,.ty53-97 ) = P( ana), 


Qa, yn 43-OT) <Q (co. aos) and R(a,,t,,;,07) <R (co, fy. a) (3) 


for any q € N, using (v), (x) and (xv), we deduce 


P( 7)2P( = ) : 
CwtneeT) 2 Pewter ete a, D)) P| ad) 
. ( ol Pl Gngt-tq —_—___1_____. 
= eal oo 2)? (names neg) Gn s1-Ons2)) 
-r(« —_ ———— 
a" oy (n(cnss@neq)n(@ns2-Gneg)) 
a a 
wn 2 eatin) VE? 2 (cnc: tineg)Grnsarns2)) 
-r(« Cine oS ra aS 
= "2? (names neg) altner nag) O(Gner: 2) 
(cus SE ROPE © | 
ma" ya (nlanes Ong (ns2 Gneq (Ones -2)) 
Moe 2s ee 
ne Ene1° Ten Pa) iia 2)? (nares neg) Cin s1-ins2)) 
-+( a 
eine Q)? (n(enas-tneg (Gn 42-Onog) Planer: Gnz3)) 


cs 
* 1 Ce ne ae ee ee ~ 


- 
P fecsees oe 
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cy 
ie T 
Q(a,,.. — ¢ <=@Q («ner -—y) °Q Sie |< eS 
. ( FF )e ee 
ait a ae ryt $G.a,,.)) Q\ Goi Gnez (2)2 (nanes. On 2q)@(@ns1-n+2)) 
Deceit (nanas-Oneq)M(@ns2-lneq)) 
| = a: . 
<Q y-tinss- Awe oS) | ak Wasa mt2*0)2 (nana. nag) (cngs-Ons2)) 
° o( Oe 
ene (nlenes Gneg)A(Gns2-Oneg) (naz a) 
° o( Ce 
ome ON8 (n(anea-tinag)A@ns2-neg)AGneaZneg)) 
= ee et 
<Q ay tna Aen 5) oi callie” | nag) (ngs-Ons2)) 
ca( = 
mre O98 (al avg) Anz Gave) ®Gnes nes) 
a3 ( a oo 
ome N84 (nna neg) naz Ennq (Enea tn ag) Cinaz-Onea)) 


Tt 


¥ i 


og = So 


and 


a a a 
setae) SB tae Gaga) F885 lara) 
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T 
<8 (a ee COM Aeaca)?* # (sus = Wena Wane) 
; ?( a 
sna 2 +9093 (n(cnsa nag) Ans Inog)) 
<r( ———— ee es 
Seca) Mme O22 (aca Paaq)®asartnea)) 
ca care 
@n+2" nea @)? (nfenas-tn ee an.3)) 
° r( —— 
nea" ne" ya (nan. a) Cae Gneg)M(@nea-2n+q)) 
- 2( Wee) = ee, 
SO AA ys (alee tharg A Sesarttasa)) 
ca( ee 
Sne2e nea Q) (nfenas-tn Oe Se Gnsa)) 
eet) 
* (alens-tnva)Alna2-Gneg) MGs: Pnvg)(naaGnse)) 
—————————— 
eile (n(eines-noq)n(Gns2-neg) (Gneg-2Cnsg)®(Gnsg-z/Ansq-1)) 


hf 


Using (3) in the above inequalities, we deduce 


Tt T 
= P ie o_s73. .f.ar.. mh + P e J | 
(«. - 2(@) ™1(o(,, =o) (-. z (2)7(@)" (n(anes- —___. 
ePl a..—$__—__ >_> or 
@)?@)"" (nenesneg )nlansr- neg) (Gn.2/tin3)) 


T 
oP .2,.7.0 0  . eee OOEs  te 
(. “ @yeye2 (nlenss-tneq)n(aner- ee eel 
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(some ssa esse Maso) ce Wcoe 
fora" )a-a(g)™e-2 (n(enas-nag)M(Gns2-tneg Manes: Gneg) ~-N(Gneg1-ineg))) 
(coms ——y) °@ | 20: 
<@ eS Pa) td Witt CRS YC) 
-o( a 
“O93 (6) "4 (sa ttnag) nz Cn eg) (m2 nsa)) 


i 


T 
Q (-. Oe 


T 


and 


i 

£8 (oma meaca)* (GER WE) 
* cman 
ao (2)7@)™4 (n(en.s- Ong )MGns2 Oneg l(a, +21y, %)) 


Tt 


T 
R ra i. a 


T 
oR (-. es 
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Using (1), for m — 99, we deduce 


lim P(aqq4q-T)=1+12~-21=1 

lim Q(n.nq-T) =Oo000--00=-0 

and 

lim R(an.tin4q-T) =0c00--00=0 

i.e., {ar} is a CS. Since (£, P,Q, R,*,0) be a complete NDCMLS, there exists 
lim P(Gn-GnsqeT ) = limP(@,,,«,T )= P(, 2,7), 
lim Q(@n-in4@-T) = lim Q(a,,a,7) = Q(a,a,7), 
lim R(e,-Sng 7) = limR(a,,a,7) =R(a,a,7). 

Now investigate that & is a FP of ¥, using (v), Gx), (ov) and (1), we obtain 


Pla. 7)2P( a) P( . - ) 
Va,T)> @-@n+3° (46a. 2,1) +B | Ones 2 (n(an.1¥a)) 


—_— nzP( ao) (v ¥ T ) 
oat ) > Gaeta, Gnas) " al © 2(nlenss- Pad) 


P(a,W, 7)2P( eee! P( soe le1L=1 
»a,J )> ins" e(a,a,.,)) * On a(n as:'Pa)) >i1s*1=1 


as 7 — 00, 


Va,T)< ( Seo) ( ™ - ) 
Ql, a.J)<=9Q Seas (nm) ©Q\ ani © 2(nlan.-¥a)) 


00.390 (0.0m —y) 00 (Yan Paz ——) 
OG. ¥a.7)<@ Senet COS) ated Vleher COM) 


I 
)+oc0=0 


Wa,T)< ( so) ( 
OG. WaT) SOY anes 5G aaaad)) OM” 26( ana, Pad) 


asm — 09, and 


asm — 09, This implies that Ya = a, a FP. Now we show the uniqueness, suppose ¥p = p for some p€ £, 
then 
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1> PQ. aT) = Pp, ¥a,T)> P(p.2.-) = P (vp, Va.) 


> P( =)2 > P( =) 1 
=> Po Geos >= > Pr Oho on —~lasn-~®, 


0<= Q(.a,.7)= QW p.¥aT)=Q ) =Q (v=. Va,-) 


T Jt 
= @(o.2.=) == @(o.2.=) > Oasn— o, 
and 


0<R&.a,7)= Rp. ¥a,T)< R(p.2.2) =R (vp. va~) 


<R( )< <R( =) 0 
= Polls oe << = Potten —~Oasn— %, 


by using Gii), (viii) and (aii), a = p. 


Definition 2.4 Let (I, P,.Q,.R,*,2) be a NDCMLS. A map ¥:5 — EF is ND-controlled like contraction if there 
exists 0 < @ < 1, such that 


SCT Ep -1<8 Fea -1| (4) 
QWa,¥B.T) < 6Qla,B.T), (5) 

and 

RWa,¥p,.7) = 6Ra, 8.7), (6) 


foralla,@ € FandT > 0. 
Now we prove the theorem for ND-controlled like contraction. 
Theorem 2.2 Let (2, P,.Q,.2,*,2) be a complete NDCMLS with ®, 4; 2 x I — [1 00) and suppose that 


Jim P(a,f.T)= 1, lim Q(a,g.7)=0 and iim R(a, 8,7) =0 (7) 


for all «, @ © EF andT > 0. Let ¥:E — TF be a ND-controlled like contraction. Further, suppose that for an 
arbitrary @, € I,and n,q © N, wherea,, = Y" a, = Ya,_,. Then ¥ has a unique FP. 


Proof: Let @ be a random integer of F and describe a sequence @, by a, = ¥" ay = Wa,_y, n © N. By 
using (4),.(5) and (6) for all T > 0, m > gq, we have 


1 1 
——_—_—_—_.—-1=———_--1 
PGB n.1-F) P(¥a,,_ 5.07) 
=6 i| = : 6 
PG tte FT) 1 PGF) 


1 


ee ol 
*7G_e...7) Pa..2-7))* 
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+60 —6)+G-8) 


2 
< eT 
Playa -a-T ) 
Continuing in this way, we get 
1 a 


facaas) Pasi) Oe eee +(1-4) 


+G@—e6") 


6" 
——___— + (07 1 + 877 4-400 — ~9 350,73) 


gn 
= Play.,.7) 
We obtain 

1 


PacaaT) FF +G@—6") 
Qla,,. Buiaed ) = QWa,,_ 4.7) = @Q(a,_s. O_:7) _ QWa,_2:tn-1-7 ) 
< 67Q(a,,_2-ttn_1-T) < --- < 8" Q(ag. 2,7) (9) 

and 

RG Bigg aeT ) = RW a_4 ty T) < ORG 4:0 g: T) = RC ay _2:ty-3-7 ) 


< #7 RG, 2g) <--- <6" Rag. 2.7) (0) 


< P(q,,.tfy,3-7) (8) 


for any q € N, using (v), (x) and (xv) , we deduce 


(entnveT) ao a 
PlayttinsgT) =P (seem eeGracy)*? imam (n(insa neq) 
> ( in)? a, 
nv nate Aen &a1)) fmentns2 2 (n(aneas neg) (in 1-in42)) 
( es) 
fy 20fing gs Q) (nena. Gneg NM Gns2, Gnzq)) 
- = ee ee, en 
Sais We ened)” (8 )2 (n(nsa- neg) ®Cns2-ns2)) 
(cus a 
Oms2r™ 8 (aaa neg) ns2 nag) OUns2 ns) 
(cue ee 
Smeem? O92 (aaa tng) (Ens nag) (Chass neg) 


T 
=> P| 5 ei a 6hCOCUShlh ae hmlmtttt”t”~C SC ‘(Ci=S”*‘(OOCO*O*:;*;é‘«C‘SK 
(= ie CCe > a r(« os cL Cee] 


73 


Editors: Florentin Smarandache, Memet Sahin, Derya Bakbak, Vakkas Ulucay & Abdullah Kargin 


T 
‘ ( nee a 
imeem 96 (aC tharg) Mae inag) ava: Gneg) Para are)) 
-( a 
Smee aE 06-4 (nner tineg MU nszCneg) “Ming 2 neq) tneg-2/neg1)) 
-7( oo 
Soe me 6-8 al ecatneg ALC ara: Carq Cara nrg) RA Cargitare))/ 
- T 
Qen-Gnrg-T) <Q («00 atgtana)) Bes omen" (n(insa arg) 
. ( a ee )e a, oe 
21. a ae ryt $G.a,,.)) Q wmeae mt) (nf cnsas Cinq) Ctasarnsa)) 
SaHEEHE isin (n(ens1-tnsq)n(Gns2-tneq)) 
| zz )oe ee et 
SQ ay tna Tee Pa) os aie | nag)(ng1-On42)) 
ca( ee! 
— op (nlenes Gnegn(Gns2 Onsg) (Gn s2 Cnea)) 
2a( (a 
nea “mea (ya (nlanes neg Mens Ong )M(Gnaa Gneq)) 
a—z)ee rr 
£0 (ete TT aD) i eet 


T 
° Q a 
(-.- QF goo) 


T 
“" oo (n(enas-tineg)n(@nsr- — — 
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Ka 
Q (=ne-stsees 2 


f 
o@ (=n stune ee 


and 


R( T)<k : ) ; 
Gq Gny ge T) <R en OR| Gn Gneq 2 (n{ amas» tnsq)) 
ws ( ee ee ) en ee ere 
SR nets) EE 2 (Cans tinea) Cnas-na2)) 
| —— 
mez me" O)3 (n(cas-tneg) (nez- neg) 
< a( Teeay)?® Deca eadMeen) 
i Raia 2(la,.@n41)) en ae (nlan.s. neq) (ns1-0n42)) 
ca( oe 
n+2° “ne® Oya (nfanes By Ce neg )(Gns2 Gnsa)) 
aR RD) 
Snva neg nea" Coys (nlanes Ong) M(Gnsz-Fnsq) (Ons Gnsq)) 
- ( ——— —— 
ee Wes nad) VY )2 (naps tineg)OCinss-tns2)) 
oa( ——E 
— @} (n(ener-neq)A(@ns2Aneq)@lanez, 7s) 
° ( ee _ 
shia @)* (nenas-Onoq)M(Gns2-Oneg (Ones: neq) (nean24)) 
A 
aia de al Qj (nlones Ong) Onsz nse)” nang neg) ®(Gneg-2 neq) ) 


T 
oR = ree 
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P(ayettneg-T) > = 
= : +@—6") 


eg 
P(e at5G mo) 


: @gutt 


—= + fl — 4) 
P ye Oy z 
2)? (nfens1-tneg) (Ons tns2)) 


1 


* eo e 


gut 


eS.) en 
P| ay. ay - 
(2)? (n(enss-@naq)n(tna2- neg) (naz Gnsa)) 


1 
gn+q-2 


+(@—e+4-2) 
T 
-( ~"@)94 (nl ensrtneg i Gnsaensg) ee 
1 


@utq-t 


+(@—9ne41) 
r 

( et A @ns2-Gneg IN (Gnsz- Greg) Gnsansg) —) 
ee aia ee Cicerone Go a CR) 
core ee 

fo) (nna tneg)M(Gns2-Insq) (Gna nea) 
a 

PP Gy (Mens tree) Ener Gnag) “MU negea neg) O(Gneg-2-Eneg-s)) 


a a, 
- o(« "#4 (mens Gneg)A(Gnez neg) Gnsa Oneg) sy) 


and 


Tt T 
Ria, fuged J <= O'R go eye) "2 R| 29.2. > or 
(an — )s (« 7 - | («. ™ (2)? (nlanss- ——— 
og™2R lcccennmmamaeriaes Oo 
(2)? (eens s-ttneg (cins2 Gneg) (ans Anea)) 
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- ene ee 
_ (~ “YQ (a(eensas tins Al tnsz-nag) ~“M(Gneg-2- neg) (nsg-2:neg-1)) 


a 
i r(« * 2) (n(ensstneg (Gn s2-Onsq) (nea Ong) =) 


Therefore, 


Tim P(tqtq,g-T)=1+1+-~-2=1, 


lim Q(an.neq-T) =0000-00=0 

and 

lim R(aq.tin4q-T) =0000--00 =0 

i.e., {a} is a CS. Since (£, P,Q, R.*,2) be a complete NDCMLS, there exists 
lim Pan SnigeT ) = limP(@,,,@,T) = P(,a,T), 
lim Q( an. tneq-T) = lim Q(a,,.0,7) =Q(a,a,T), 
lim R(GpGns qT) = limR(a,,a,7) =R(a,a,7). 

Now investigate that «& is a FP of Y, using (v), Gx) and (Gov), we obtain 


1 1 | _ 6 
PWa,,¥a7) += ames “| fanedt 
> —— <= P(Wa,,.¥a.T) 

Pa,.a7)t G-@) 
Using above inequality, we obtain 
I T 
P(a,¥a,T)>P (c. n53° or *P ‘Com Wa, ialanwa) 
T i 

=P («. a «=P (¥a,,¥e, ata. Fal) 
> ( =e ee 1le1=1 
wo Ee (266, ins) u ~ 


| ft 
P On @ Fa... a) +0-8) 


asm — 00, 


Qa, ¥a,T)=Q («, Gns1 Se) °@ Co 7a, Fa) 


< @(«. ins Se og (Yan, Ya, nero) 


vad 
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= Qantas s5%e—)° 8g (e575) +-000=O0asn-+m 


and 


Ra, ¥a,T)=R (eens) oR fasce Va, eo) 


<R («. a a oR (van, Va, ea) 


= Bente) oOR (-=37-—g5) —-000=Oasn—- om, 


This implies that ¥a@ = @, a FP. Now we show the uniqueness, suppose ¥ = for some p € £, then 


1 1 
Plap.J) | PW@a.¥p7) + 


1 1 
=6 Farr _ i| < PG.p.7) —1 
a contradiction, 
Qla.p.7) = Qa, ¥p.T) = 6Qla,p.T) < Qla.p,T) 
a contradiction, and 
Ra, p,.T) = R@a,¥p,.T) = OR (a. p.T) < Rla,p.T) 
a contradiction. Therefore, we must have P(e, p,.7) = 1, Q(a,p,7) = Oand Rla,p,T) =0, hence a = p. 
Example 2.3 Let f = [0,1] and , 9; F x E = [1,09) be two non-comparable functions given by 

1 if a=, 

o(a, 8) = { +maxf{a,f} _ 


min{a, 8} a 


and 


1 if a= g, 
nlc, 8) = {us max{a?, 67} _ 


minta?.p7} ifat 

Define P,Q, R: I x E x ©, 00) — [0,1] as 
T max{a, 6}° {a, B}* 
PG.f.7)=>— oe a (a, BY?” QB.) = a. Qa, 8,5) = ee 


Then (2, P,.Q,8,*,2) is a complete NDCMS with CTN r+ w= and CTCN 0 = maxf{r, pw. 


Define ¥:F +I by Via) = 


+=" and take @ © [=,1), then 


1-2* 1-2# 
P(va.¥p.67) = P( ; "3 sr) 
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eT = i 
= aT a 
1—2-* 1- zy T + max{a, pF 


= P(a, B,T), 


67 + max 3 ° 3 


1-2 1-2 ) 


o(va,¥8.6r) = 9( = — 


(fi—2* 1-247 : 
| a 2 max{c, 8}* 
1—2-" 1- zy ~ F+ max{a, 8} 


= Q(a,f.T) 


oT + max| 3 : 3 


and 


® 


: 12" 1-7? 
R(Wa,¥B,8T)=R : ; .OT 


fl—2* 1-2*/ : 
a | a a a 7 max{a, BF 
7 eT 7 T 


= R(a, 8,7). 


Hence, all circumstances of theorem 2.1 are fulfilled and 0 is a unique fixed point for ¥. 


Conclusions 


Fixed point technique is used to solve many mathematical problems as it gets involved with differential and 
integral equations, integro-differential equation, game theory, economics and more disciplines. The intent of 
this manuscript is to present a new space neutrosophic double controlled metric like space. Ultimately, to 
illustrate the practical side of the theoretical results. Moreover, we provided a non-trivial example to 
demonstrate the viability of the proposed methods. We have supplemented this work with an application that 
demonstrates how the built method outperforms those found in the literature. Since our structure is more 
general than the class of fuzzy and double controlled metric like spaces, our results and notions expand and 


generalize a number of previously published results. 


Abbreviations 

FS: Fuzzy Set 

MLS: Metric-like space 

FMLS: Fuzzy metric-like space 

NMS: Neutrosophic metric space 

NDCMLS: Neutrosophic double controlled metric-like space 
FP: Fixed point 

CTN: Continuous triangle norm 


CTCN: Continuous triangle conorm 
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ABSTRACT 


Generalized set valued neutrosophic quadruple sets have an important role in neutrosophic quadruple theory 
and single valued neutrosophic theory. Thanks to generalized set valued neutrosophic quadruple sets, the 
solutions of decision-making problems in which single valued neutrosophic numbers are used can be obtained 
more objectively. Also, bipolar single valued neutrosophic sets are more useful in neutrosophic theory, 
especially at decision making problems. In this chapter, we obtain bipolar generalized set valued neutrosophic 
quadruple sets and numbers. We give some basic properties for bipolar generalized set valued neutrosophic 
quadruple sets and numbers. Also, we define some new operations for bipolar generalized set valued 
neutrosophic quadruple sets and numbers. Thus, we obtain a new structure based on generalized set valued 
neutrosophic quadruple sets and bipolar single valued neutrosophic numbers. In this way, we obtain new results 
for generalized set valued neutrosophic quadruple set and bipolar single valued neutrosophic set. Furthermore, 
thanks to this new structure; the solutions of decision-making problems in which bipolar neutrosophic numbers 


are used will be obtained more objectively. 


Keywords: bipolar single valued neutrosophic set, neutrosophic quadruple number, set valued neutrosophic 


quadruple set, bipolar generalized set valued neutrosophic quadruple set 
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INTRODUCTION 


Neutrosophic logic and the concept of neutrosophic set are defined in 1998 by Florentin Smarandache [1]. In 
the concept of neutrosophic logic and neutrosophic sets, there is the degree of membership T, degree of 
uncertainty I and degree of non-membership F. These degrees are defined independently from each other. It 
has the form of a neutrosophic value (T, I, F). In other words, a situation is handled in neutrosophy according 
to its accuracy, its falsehood, and its uncertainty. In addition, many researchers have conducted studies on 
neutrosophic set theory [2-8]. Recently, Sahin and Kargin obtained neutrosophic triplet normed ring space [9]; 
Zeng et al. studied a novel similarity measure of single-valued neutrosophic sets based on modified Manhattan 
distance [10]; Sahin et al. introduced neutrosophic triplet partial g — metric space [11]; Sahin and Kargin 
obtained a new similarity measure based on single valued neutrosophic sets and decision-making applications 
in professional proficiencies [12]; Alhasan et al. studied neutrosophic reliability theory [13]; Bordbar et al. 


introduced positive implicative ideals of BCK-algebras based on neutrosophic sets and falling shadows [14]. 


Deli et al. studied bipolar neutrosophic sets and logic in 2015 [15] and Broumi et al. obtained bipolar single 
valued neutrosophic set in 2016 [16]. The bipolar single valued neutrosophic sets have an important role in 
neutrosophic theory and decision making problems. The use of negative and positive integers (from [-1, 0] and 
[0, 1] intervals) as values in bipolar single valued neutrosophic sets makes this set superior to other sets in 
many problem situations. Because while it is often difficult to reach a definite judgment in a decision-making 
situation, a decision given as an negative and positive integers will be more useful. Hence, many researchers 
studied based on bipolar neutrosophic sets and logic [17-19]. Recently, Sugapriya et al. obtained two- 
warehouse system for trapezoidal bipolar neutrosophic disparate expeditious worsen items with power demand 
pattern [20]; Jamil et al. studied multicriteria decision-making methods using bipolar neutrosophic hamacher 
geometric aggregation operators [21]; Arulpandy and Pricilla introduced bipolar neutrosophic graded soft sets 


and their topological spaces [22]. 


Smarandache obtained neutrosophic quadruple set and numbers in 2015 [23]. While neutrosophic quadruple 
set have T, I and F components as in neutrosophic sets; unlike neutrosophic sets, there is a known part and an 
unknown part. Therefore, neutrosophic quadruple sets are a generalization of neutrosophic sets. For this reason, 
neutrosophic quadruple sets are widely used in the algebraic and application areas [24-29]. Recently, Li et al. 
introduced neutrosophic extended triplet group based on neutrosophic quadruple numbers [30]; Sahin et al. 
obtained neutrosophic triplet field and neutrosophic triplet vector space based on set valued neutrosophic 
quadruple number [31]; Borzooei et al. studied positive implicative neutrosophic quadruple BCK-algebras and 
ideals [32]; Sahin and Kargin introduced neutrosophic triplet metric space based on set valued neutrosophic 
quadruple number [33]; Smarandache et al. obtained neutrosophic quadruple groups [34]; Sahin et al. 
studied multi-criteri decision-making applications based on set valued generalized neutrosophic quadruple sets 
for law [35]. In recent years, the academic community has witnessed growing research interests in neutrosophic 


set theory [36-70]. 
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In this chapter, we obtain bipolar generalized set valued neutrosophic quadruple sets (BgsvNqs) and numbers 
(BgsvNgqsn) using generalized set valued neutrosophic quadruple sets and bipolar single valued neutrosophic 
sets. Thanks to BgsvNqs and BgsvNqsn, generalized set valued neutrosophic quadruple sets and bipolar single 
valued neutrosophic sets will more useful together. Also, we obtain some basic properties and some operations 
(Ug, Ug, Up,N4, 9, Mp,/4, /o, /p). In fact, we generalize the some operations in [24] for BgsvNqs. In 
Section 2, we introduced some basic definitions for bipolar single valued neutrosophic set [15], neutrosophic 


quadruple sets [24], [27]. 
BACKGROUND 
Definition 1. [15] Let A be a universal set. Bipolar set valued neutrosophic set N; is identified as 


N= {(a, Ty (a), In (a), Fit (a), Ty (a), Ty (a), Fy (a)): aé A}. 


Where the functions 
Ty, Ij, Fy :X — [0,1] are the positive degrees of truth functions, uncertainly functions and falsity 


functions; respectively. 


Ty, Ixy, Fy : X — [-1, 0] are the negative degrees of truth functions, uncertainly functions and falsity 


functions; respectively. 
Definition 2. [15] Let A be a universal set and 
N, = {(a, Ty, (a), In, (a), Fri, (a), Tr, (@), Irv, (a), Fv, (a)): a € A} 
and 
Nz = {(a, Ty, (a), In, (a), Fr, (a), Ty, (a), Iv, (a), Fr, (a)):a € A} 
be two bipolar single valued neutrosophic sets. 
i) Nz is subset of N, if and only if 
T*y,@ 2T*y,@)T vy@ 2T ma) 
I*y.a@ 2 u@ ma Sma 
F* yi) S Ft) F wa SF ya) 


ii) Nz is equal to N, if and only if 
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+ — T+ - _—T- ; 
T™ y,@ = Tn, Tuya) = Tm’ 
+ — jt - —]- 3 
PM y@) = m@> lm =! ua; 
+ ae — as — 
Fy) = ty@)> Fo ma = Fnac): 


iti) Ny U N, = {(a: max{T* y (ay! Tt (ab min{l* y (ay yeah 


ire a = _ ee = weeets = 
min{F nity No(a)} Max{T witay No(a)}> min{I nua No(ay}> min{F way No(a)})> AGA}. 


iv) Ny n Np = {(a: min{T* y (a? Tt y(@h max{l* y (ay! waa} 


+ + : - - - - - - 
max{F ny No(a)} min{T niay No(a)}> Max{I nia? No(a)}> » Max{F nay N>(a)})» AGA}. 


Definition 3: [27] Let N be a set and P(N) be power set of N. A set valued neutrosophic quadruple set is shown 
by the form 


(A,, AgT, A3I, AF). 


Where, T, I and F are degree of membership, degree of undeterminacy, degree of non-membership in 
neutrosophic theory, respectively. Also, A,, Az, A3, A, € P(N); A, is called the known part and (A,, A,T, As3l, 
A,F) is called the unknown part. 


Definition 4: [27] Let A = (A, AzT, A3I, A,F) and B = (B,, B,T, B31, B,F) be set valued neutrosophic 


quadruple set s. We define the following operations, well known operators in set theory, such that 
AUB=(A, UB,, (Az U B,)T, (Az U B3)I, (Aq U By)F) 

ANB=(A, By, (Az N B2)T, (Az N B3)I, (Aq N By)F) 

A\B=(A, \ By, (Az \ Ba)T, (Az \ Bs), (Aq \ Ba)F) 

A’ = (A‘,, A’2T, A's], A"4F) 


Definition 5: [27] Let A = (A,, AzT, A3I, A,F), B = (B,, BT, B3I, B,F) be set valued neutrosophic quadruple 
sets. If 


A,C B,, A,C B, and A3C Bs, A,c B,, 
then it is called that A is subset of B. It is shown by 


ACB. 
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Definition 6: [27] Let A = (A,, AgT, A3I, A,F), B= (B,, BT, B3I, B,F) be set valued neutrosophic quadruple 
sets. If 
Ac Band Bc A, 
then it is called that A is equal to B. It is shown by 


A=B. 


Definition 7: [24] Let A be a universal set and P(A) be power set of A. A generalized set valued neutrosophic 


quadruple set N; is identified as 
N= {<K*y,, Ty, a)" n> Ty, (a) M‘y,. Fn, (a) Pres 
KP we, Ty, (aL n> In (a) M*y,, Fn, (a) Pe es 
K'y,, Twat’; Ty (a) M'y;. Fryjca) Py; ze 
FO ia Eg Mes Pg EPA) wa 12,3, te gl be 
Where, 
Teta leas En ay = 1, 25 3y-5-<3 1) 


have their usual single valued neutrosophic logic means and a generalized set valued neutrosophic quadruple 


number N™,; is identified as 
N" = {<K*y,, Ty, (aL ny Ty, (a) M‘y,; Fy, (a) Pie >}. 
As in neutrosophic quadruple number, for a generalized set valued neutrosophic quadruple number 
K*y, 
is called known part and 
Ty (ayE* vy> Ivy(ay M*n > Frvycay P*, 
is called the unknown part. 


Also, we can show that 
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N={N*,:n=1, 2,3, ..., i}. 


BIPOLAR GENERALIZED SET VALUED NEUTROSOPHIC 
QUADRUPLE SETS AND NUMBERS 


Definition 8: Let A be a universal set and P(A) be power set of A. Bipolar generalized set valued neutrosophic 
quadruple set (BgsvNqs) N; is identified as 


N= {<Kty,. To yay T* aye ys Cony cay Enya) M ys Foy ayy Ft yay) Poy; 
K*y,. (Tonya T nya) L? no> Una cay E* ny(ay) M? ny» (Fo na cay F* nea) P? noi 
Kye To nya Tw cay ens Un ,cayl* nica) M's Fo nay Ft cay) Pin, >> 
Ky, Ly,» MT ype Py, € P(A) = 1, 2,3, ... 5 ib. 


Where, 


T™ y(a)> F na(a)> FO Wa(a)> Tn ad> (ay ANd F* yycay (X= 1, 2, 3, .-. 5 1) 
have their usual bipolar single valued neutrosophic logic means. 
Also, an bipolar generalized neutrosophic quadruple number (BgsvNqn) N”,; is identified as 
N™1= {<Kty,> To way Tt nya ys Cay yay) Ms (FO (ayy F* cay) P* ny, >} 
as in neutrosophic quadruple number, for a BgsvNgqn, 
K'y, 
is called known part and 
(To wycaye T* yay Lys OF ny caye t* vy (ay) Mw,» (FO yay F* (ay) Pw, 
is called the unknown part. 
Also, we can show that 
N={N*,:n=1, 2,3, ..., i}. 
Example 1: Let A = {k, 1, m, n, p, r} be a set. Then; 


N= {<{k,l, m,n}, (0, 0.7){k, 1}, (0.5, 0.6) {m}, (—0.4, 0.5) {n}: 


{k,l p, r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r} >} 
and 


R= {<{l,p,m,n, k}, (—0.4, 0.8){1, p}, —0, 0.3) {p, m}, (—0.2, 0.6) {n}; 
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{m, lL, p,7r}, (—0.3, 0.7){p}, (—0.2, 0.5) {m, 1}, (—0.1, 0.5) {r} >} 


are two BgsvNqgs. 
Also, 
N*,={{k, l,m, n}, (0, 0.7){k, 1, (0.5, 0.6) {m}, (—0.4, 0.5) {n}} 
and 
N*, = {{k,L p,r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r}} 
are two BgsvNgn of N such that 
N={N%,,NN}. 
Similarly, 
R®, ={{L, p, m,n, k}, (—0.4, 0.8){1, p}, —0, 0.3) {p,m}, (—0.2, 0.6) {n}}; 


and 


RN, = {{m,L p,r}, (—0.3, 0.7){p}, (—0.2, 0.5) {m, 1}, (—0.1, 0.5) {r}} 
are two BgsvNgn of R such that 


R={RN,,RN5}. 


Definition 9: Let 

N= {<K*y,, (T~ nya T* nay) L* ny,» (nya)! * ny ay) M‘y,> (F-yicay F* nya) Pes 
K*y,. (Tonya T nya EL? ny» CU np cay E* yy(ay) My» (FO ne cay F* ne cay) P? np 
K ys TO nya Tw cay Ens Un ,cayl* nica) M's Fo nay Ft cay) Pin, >> 
Ky, Lugs MT ype Py, € P(A); = 1, 2,3, «5 i}. 

and 

R= {<K*p,, Toray Tray Ry CU ryaye* ria) Me,» FO ray Ft, (ay) Pr, 3 
K? aos (T Ryayp T Rca ey» Fr, cay ta (ay) MR,» (Fray F *R,(a)) PR, 
Ki ps Tory cay Tra Lays Cray ry(ay) M' eye F rygays F* rycay) P'rj >> 
K%,, Lg, M%p,, P™p, € P(A):n=1, 2,3, ... si}. 

be two BgsvNgss. 

i) N is subset of R (NCR) if and only if 


n n n n n n n n . 
KN CK Rg eg Oe Ry MN, CMe Ry Pl Ny CP Ry 
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T™ wpa) ST Rpy(ay> Tyla) S T* eq (ay3 
FP ng(a) 2 Trg (ays Pata) 2 1 Ratay: 


Fo va(a) 2 F  ap(ayds F* Nala) 2 F* Ral) 


ii) N is equal to R if and only if 

Rye, 1 SP yy Sy PhS Ps 
To wala) = T Ry (ay? T* wala) = T* Raley? 

Fata) = T Raa} Inala) = 1 ante) 

Fr waa) = FR} F* wata) = Fala): 


Example 2: From Example 1, 


N= {<{k,l,m,n}, (0,0.7){k, }, (0.5, 0.6) {m}, (—0.4, 0.5) {n}; 


{k,l p,r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r} >} 
is a IgsvNgss. Also, it is clear that 


Y = {<{k,m,n}, (0, 0.5){k}, (—0.6, 0.7) {m}, (—0.6, 0.8) {n}; 


LL p,r}, (-0.3, 0.9){p}, (—0.4, 0.5) {0}, (—0.3, 0.8) {r} >} 
is a BgsvNgss. Thus, 


YCN. 


Definition 10: Let 

N= {<K*y,, (Tonya T* @ Lys Conyac) Mtns (Fon ay F tng ay) Pony 
K? yyy (To na ayy T* no cay Eng EO wycayet * y(ay) M? na» (Fo wocays F* wocay) P? wo 
Kt ys Tonya T nya Ens CF nicayel* nya) M's (F wicay F* nica) P'v; >> 
Ky, Lugs Mugs Py, € P(A) = 1, 2,3, «5 ib. 

and 

R= {<K*p,, Toray T Ray lay TF ryay l* ryay) MR,» FF ry (ay F* ay(ay) PR, 


K? aos (T Rgay T Rye Ey» Ur, (ay) MR,» (FO r,(ayy F* Ra (a)) PR, 
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Kgs Taye l* cay lin CI rycayt* ray) MR,» (Fo ricay F * yay) Pr, >, 


ET pee Mp Pi pee PUA) n= 123 elel ye 
be two BgsvNgss. 


i) We define the “average U” operations for N and R such that 


N Us Rey SS K* yr, ot T™ ary (ay T* yyRy(@) ) L yak, a TA ACM AC) ) M* yar, ? 
(FT nr, (ay FN Ry (a)) Pyar: 


K? yyRy> (T noRo(ayr D * Ny Rp (a) e? Noy» CU Ny Ro (aye! * NyRo(a)) M7 Noro? (Fwy Ro(a) Fy Ro(a)) P* wyRy’ 
K*yirie TO warily 7 npr) e nia UO niriay | wire) Miri Fw ir,(ay Fray) Pwr; >> 
K" yeas L’ nga» Mpeg» P™ npr, € P(A); n= 1,2, 3, -.. si}. 

Where, 


n —_Kn n n _jn n n — yn n n _— pn Tee? 
KN ARn =" Ny UE Rye EO NR =e Ng Ve Rye” Nay = Ig UM Ry: PY Na Ry = Ny UP Ry 


T- — 7 Nn@*T Rn@ p+ _ Tt Natt? * Rn), 
NnRn(a)— 2 ‘ NnRn(a)— 2 ? 
r = Nata) +! Rn(@) 7+ _ Nn @t! Rn@), 
NnRn(a)— 2 >" NnRn(a)— 2 i 
ts FT Nn@tF Rn@) pt F* a(aytF*Rn@, ~. _ ; 
F NnRy(a)— ——- A F NnRn(a)— a nr 5 (n = 1, 2 3, hale 1). 


ii) We define the “average N “ operations for N and R such that 


N Na R= {8 K* yar, > ( T™ nyry ay T* yyRy (a) ) Lyk, cae Tyr)! * wiry (@) ) M* yar, ? 
(FT wir, (ay FN Ry (a)) Pt iR3 


K? yRy> (T noRo(ayr D * Ny Rp (a) eu? Noo» UO Ny Ro (aye! * NyRo(a)) M7 norg> (Fwy Ro (a) F“ NyRo(a)) P* wyRy’ 
Ky irie TO nara 7 npr) wigs CO niricay * niricay) M wir; Fw ir,(ay Fira) Pn ir; >> 
KN ARn? LN ARn? MN ARn? Pe NARn € P(A); n= 1, 2, 3, ..., i}. 

Where, 


n —_ Kn n n _jn n n —yyn n n _— pn n. 
KN ARn = Ny OR Rye Ee Ng Ry =e Ng Oe Ry MN Ry = MN, OM Rs PO Na Ry =P Ny OP", 


T- — 7 Nn@*T Rn@ p+ _ T*nn@)tT*Rn@), 
NnRn(a)— 2 3 NnRn(a)— 2 E 
r —/wat@)*! Rn(@) 7+ _l*Nn@)t!*Rn@), 
NnRn(a)— 2 >" NnRn(a)— 2 ? 
= F"Nn@)+F Rn@ p+ F* n@*F*Rn(@, 7. _ 
F NnRy(a)— SS se 5 F NnRn(a)— = rons 5 (n = 1, 25 3, eer 1). 


Example 3: From Example 1, 
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N= {<{k,l,m,n}, (0, 0.7){k, }}, (0.5, 0.6) {m}, (—0.4, 0.5) {n}: 


{k,l p, r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r} >} 
and 


R= {<{l,p,m,n, k}, (—0.4, 0.8){1, p}, —0, 0.3) {p, m}, (—0.2, 0.6) {n}; 


{m, Ll, p,r}, (—0.3, 0.7){p}, (—0.2, 0.5) {m, I}, (—0.1, 0.5) {r} >} 
are two BgsvNgs. Thus, 


i) NU, R= {<{k,l, m,n, p}, (—0.2, 0.75)f{k, l, p}, (—0.25, 0.45) {p,m}, (—0.3, 0.6) {n}: 


{m, k, Lp, Tr}, (—0.2, 0.8){k, p}, (—0.2, 0.4) {m, I}, (—0.15, 0.6) {r} >} 


ii) NN, R= {<{k,L, m,n}, (—0.2, 0.75){D, (—0.25, 0.45){m}, (—0.3, 0.6) {n}: 


{1,p,r}, (—0.2, 0.8){p}, (—0.2, 0.4) {1}, (—0.15, 0.6) {r} >} 

Definition 11: Let 

N= {<K*y,, CF stay! nice Ee ngs via! yay) M‘y,; (F- ica F* nya) Py: 
K*y,> (Tonya Tt waa) L? nas np cay E* yy(ay) M? ny» (FO ne cay F* nea) P? np 
K'y To nay T nya Eng CO nyayt* nya) M's Fo nica F* yay) P’n; >> 
K"y, L®y., M™y,, Py, € P(A); = 1, 2,3, «.. 5 i}. 

and 

R= {<K*p,, (Toray Try @ hry Ir, * ryay) M* > (F- Ray F* Rr, a) ar oe 
K* pos (Tray T Rye ea» Ur, cay a (ay) MR,» (FO r,(ay» F*R,(a)) P* rR, 
K' a To Ray Tra linge CU ray lt ryay) Map Fo ryay F* ryay) P'r; >> 
K", , L"z,, M",,, P™p, € P(A); n= 1, 2,3, ... si}. 

be two BgsvNgss. 

i) We define the “optimistic U” operations for N and R such that 


N Uo R= {s K* yyy > ( T™ nyry(ay T* wyRy(a) ) Lyk, > ( ACM CS) ) M* yar, 2 
(Fo nyry (ayy FP“ yr (ay) P nary} 


K* nyRp> (T~ noRo(ayr 7” np Rp(a))L" NoRp> 7 woRo(a)e!” np Ro(a)) M* nory> CF wo Ro(ayr FE“ noRo(ay) P NoRy 
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K'yre Twa T* wirca ena CO mira t* niga) M nis (Fn r,(ay F“ wiry(ay) P'n,R; >> 
Ri Eee RP ne = PU 8 1 2, 3s 1 

Where, 

KO Ry? e NnRn? A" NypRy ANd P" vr, are same as in Definition 10s (4). 

T~ NpRn (a= MAX{T y, (ay T Rp(a)}> T* WpRa(@= MAX{T* yay T* Raa} 

I npRp(ay= MINT y, (yt Ra (ads WaRn(a= MINE y, (ay L* Ra (ays; 

Fy ARp(a)= min{F” y (ay Raab FN Rn (a)= min{F* y (ayF* aad (n= 1, 2,3, ..., 1). 

ii) We define the “optimistic N “ operations for N and R such that 


N No R= {< K* yyy » T™ nyry(ay T* nary (a) ) Lyk, iat ACMA ) M* yr, ? 
(FT nr, (ay FN Ry (a)) ee ae 


K? yRy> (T noro(ayr Twp Rp (ae? Noo» UO Ny Ro (aye! * NyRo(a)) M? noro> (F~ wy Ro (a) Fwy Ro(a)) P* wyRy’ 
Kyrie TO nara 7 wire e nays CO wiry * ira) M wire FO wir, Fray) Pwr; >> 
KN ARy? LN ARn? MN ARn? Pr" NaRn € P(A); n=1, 2, 3, ..., i}. 

Where, 

KN ARn? LN ARn? M" NaRn and Pr’ NaRn are same as in Definition 11’s (ii). 

TO NpRn (a= MAX{T y, (ayy T Rq(a)d> T* Wp Ra(ad= MAX{T* yay T* Rp(@}s 

I npRp(ay= MINT y, (ay Ra (ads WaRn(a= MINE y, (ay L* Ra (ays; 

FP" vahg(ay= Min{F™ y. toy Pagan F*natatay= MINE yoy F raat @= 1,2, 3, 052): 

Example 4 From Example 1, 


N= {<{k,l,m,n}, (0, 0.7){k, }}, (0.5, 0.6) {m}, (—0.4, 0.5) {n}: 


{k,l p, r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r} >} 
and 


R= {<{l,p,m,n, k}, (—0.4, 0.8){1, p}, —0, 0.3) {p, m}, (—0.2, 0.6) {n}; 


{m, L, P, r}, (0.3, 0.7){p}, (—0.2, 0.5) {m, 0, (—0.1, 0.5) {r} >} 
are two BgsvNgs. Thus, 


i) N Ug R= {<{k, m,n, p}, (—0.4, 0.8){k, L, p}, (0, 0.3) {p, m}, (—0.2, 0.5) {n}; 
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{m, k,l, p,r}, (—0.3, 0.9){k, p}, (—0.2, 0.3) {m, 1}, (—0.1, 0.5) {r} >} 


ii) N No R= {<{k, l,m, n}, (—0.4, 0.8){}, (0, 0.3) {m}, (—0.2, 0.5) {n}: 


{1, p, 7}, (—0.3, 0.9){p}, (—0.2, 0.3) {I}, (0.1, 0.5) {r} >} 

Definition 12: Let 

N= {<K*y,, (T~ nya T* ny ay)L* ny» (I ecayel” a tay) M‘y,; (Fs (aj F* itay) Py: 
K*y,> (Tonya Tt nya L? a> I np cay E* yy(ay) My» (FO ne cay F* nea) P? noi 
K'y To nyayT nya Ens CO nyayt* nya) M's Fo nica F* wiay) P'n; >> 
Ky, Lys MT ype Py, € P(A) = 1, 2,3, «5 ib. 

and 

R= {<K*p,, (Toray Try @ hry I ray! ryay) M* > (Fak ee) Pra 
K* poo T Ryay T Rca ea» Ur, cay ra (ay) MR,» (Fray F*R,(a)) PR, 
K ais CT aya T ryay eng CF pyayel* ry) Mays  Ryayy F* yay) Pa, >> 
K%,, Lg, M%g,, P™p, € P(A):n=1, 2,3, ... si}. 

be two BgsvNgss. 


i) We define the “pessimistic U” operations for N and R such that 


N Up R= {< K* yr, » ( T™ nyry (ay T* yyRy (a) ) Lyk, » AACE MAC) ) M* yar, ? 
(FT wR, (ay FN Ry (a)) P nary: 


K? args (T noro(ayr D * Ny Ro (a) Ee? Nop» CU Ny Ro (aye! * NyRo(a)) M7 nora? (F~ wy Ro (a) Fy Ra(a)) P* Nyy’ 
Kyrie TO wiry 7 npr) e nays UO wiriay * niece) M wir: FO nir,(ay Fray) Pwr; >> 
K" yeas L ngkgr Mpeg» P™ npr, € P(A); n= 1,2, 3, ... si}. 

Where, 

KO NR? ew NnRn? AN ,zRy ANd P"y,,R, are same as in Definition 10s (i). 

TO naRn(@= MIN{T™ py, (ay T Rac@d T* Wak @= MIM{T™ y, (ay T” Rn a3} 


- = - - a + + : 
TNR (@y= MAX y, cay ER (aso E aRn(ay= MAX” y, cay Rn(ayds 


Foy Rp(a)= max{Fr y, (4) F Ra(ay} FY Nn Rn(a)= max{F* y (a) F * Ra@h (n= 1, 2,3,..., i). 
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il) We define the “pessimistic N “ operations for N and R such that 


N Np R= {< K* yr, 5 At T™ nary ay T* wyRy (a) ) Lyk, vd ACMA AC ) M* yar, ? 
(FT nr, (ay FN Ry (a)) P nary: 


K? yRy> (T noro(ayr Twp Rp(a) eu? Noy» CU Ny Ro (aye! * NyRo(a)) M? nora? (F~ wyRo (a) Fwy Ro(a)) P* Nora’ 
K'yiry TO wirgay T* marae ming CO wry ay l* wizyay) M wire FO pricey F“ nricay) P' nia; >> 
Kh Ie) Mpa Pvc EPA na 1,2, 3, dst}: 

Where, 

KN ARn? LN ARn? M" NaRn and Po NARn are same as in Definition 10’s (ii). 

To Wak (a= MIN{T™ y, (ay T Ry(a)d> T* Np Rn(a= MIN{T™ yay T* Ra@} 

FT npRp(a)= MAX{T y, (ay Ra @ Se npn @= MAX” y, (ay! Ra(ayss 

F~ y,Rp(a)= max{Fry, (4) F Ra(ay} FY Ny Rn(a)= max{F* y (a) F * Ra@h (n= 1, 2,3,..., i). 

Example 5: From Example 1, 


N= {<{k,l,m,n}, (0, 0.7){k, 9, (—0.5, 0.6) {m}, (—0.4, 0.5) {n}; 


{k,l p, r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r} >} 
and 


R= {<{l,p,m,n, k}, (—0.4, 0.8){1, p}, —0, 0.3) {p, m}, (—0.2, 0.6) {n}; 


{m, L, Pp, r}, (-0.3, 0.7){p}, (—0.2, 0.5) {m, I, (—0.1, 0.5) {r} >} 
are two BgsvNgs. Thus, 


i) N Up R= {<{k,l, m,n, p}, (0, 0.7){k, L, p}, (—0.5, 0.6) {p, m}, (—0.4, 0.6) {n}: 


{m, k, Lp, T}, (0.1, 0.7){k, p}, (—0.2, 0.5) {m, 1}, (—0.2, 0.7) {r} >} 


ii) N Mp R= {<{k, Lm, n}, (0, 0.7){D}, (—0.5, 0.6) {m}, (—0.4, 0.6) {n}: 


{1, p,T}, (—0.1, 0.7){p}, (—0.2, 0.5) {1}, (—0.2, 0.7) {r} >} 
Definition 13: Let 
N= {<Kt yy To may Try @ lings Une nyc) Mons Fwy cay Fwy (ay) Pony 


K* ys (Tonya T nya Enos wg cay Ey y(ay) Mn,» (Fo ne cay F* no ay) P? no 
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Kye TO nyaye Tn cay ens Cn ,cayl* nya) M's Fo nay Ft w(ay) Pn, >> 
Ky, Lys Mugs Py, € P(A); = 1, 2,3, ... 5 i}. 

and 

R= {<K*p,, Tray Tray Ry Co ryay ria) Me» Fray Ft, (ay) Pr, 3 
K? poo (Tray T Rca ey» Fr, (ay (ay) MR,» (FO race» F*R,(a)) PR, 
K* ais Taya Tt yay lay CF ayayl* ray) Mays F pyaye Ft yay) Pa, >> 
K%_, Lg, M%g,, P®p, € P(A):n=1, 2,3, ... si}. 

be two BgsvNgss. 

i) We define the “average /” operations for N and R such that 


N la R= {s K* yr, 2 if T™ nary ay Tyra) ) L yak, » ( TA AOAC) ) M* yar, ? 
(Fo wR, (ay FN Ry (a)) Pyar: 


K? yyRy> (T noro(ayr Twp Ro(a) e? Noo» CU Ny Ro (aye! * NyRo(a)) M7 nora? (Fwy Ro (a) Fy Ro(a)) P* Nora’ 
K'yirys TO wiray T* marae ming CO wry ay E* wiry) M wire FO nyricay F“ ;ricay) P' nin; >> 
oR de ee MO es Pe, = PA BL 2,334 d hs 

Where, 

KN ARn = K"n, [tes LN ARn = tN, [LR M" NARn = M"y,,/M" p> Pr’ NARn = |g 8 ods 

T! NpRn(a)> EN Rp (a)? | Ny Ry (a)? tN Rn (a)? Fp Ry (a) ANd F“y,,R,(a) are same as in Definition 10” (i). 

il) We define the “optimistic / “ operations for N and R such that 


N /o RS as K* yy 2ut T™ nyry(ay T* nyRy(a) ) L yak, $f AACA AC) ) M* yr, ? 
(FT nr, (ay FN Ry (a)) P nary: 


K? yyRy> (T noro(ayr D * Ny Ro(a) e? Noo» CU Ny Ro (aye! * NyRo(a)) M? norg> (Fwy Ro(a)) Fwy Ro(a)) P* wyRy’ 
K yap To wray Trae wire CO vray !* wir) M npr FO wiry F“ vray) P' vir; >> 
Ky as E"ratty» Mighty P™ nye, € P(A); n= 1, 2,3, «.. ib. 

Where, 

KN ARn a K"n, ER as LN ARn = Le Ry? MN ARn = M™y,,/M" Ry Pr’ NARn 7 Po Nn ek oe 

T! NpRn(a)> Np Rp (a)? | Ny Ry (a)? tN Ry (a)? F NpRy(a) ANd F“y,,R,(a) are Same as in Definition 11’ (i). 


iil) We define the “pessimistic / “ operations for N and R such that 
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N /p R= {< K*yp, > © Tomre@yT maa ) mye > (ome! ura ) Mine, > 
(FT wir, (ay FN Ry (a)) P nary: 


K? yyRy> (T noro(ayr D * Ny Rp (a) eu? Noy» CU Ny Ro (aye! * NyRo(a)) M7 nora? (F~ nora (a) Fy Ro(a)) P* Nora’ 
K'yipp TO nia T* yr) Enis CO waryay teria) M' wiz F~ wiry(ay F“ rica) P'n;R; >> 
Kye eg Rn? M™ Naka» P™ iam, € P(A) n= 1, 2, 3, ..., i}. 

Where, 

KK  NaRn = KN, [K" gp. LL” NaRn = LP Ny | E” Ry? MN ARn = M" vy, /M™ ry» Po NARn 5 PON, pP lps 

T! NpRn(a)> E NpRp (a)? | Ny Ry (a)? tN Rn (a)? Naya) ANd F“y,,p,(a) are same as in Definition 12’ (i). 

Example 6: From Example 1, 


N= {<{k,l,m,n}, (0, 0.7){k, 9, (—0.5, 0.6) {m}, (—0.4, 0.5) {n}; 


{k,l p, r}, (—0.1, 0.9){k, p}, (—0.2, 0.3) {1}, (—0.2, 0.7) {r} >} 

and 
R= {<{l,p,m,n, k}, (—0.4, 0.8){1, p}, —0, 0.3) {p, m}, (—0.2, 0.6) {n}; 
{m, l, p,r}, (—0.3, 0.7){p}, (—0.2, 0.5) {m, 1}, (—0.1, 0.5) {r} >} 


are two BgsvNgs. Thus, 


i) N /4 R= {<@, (—0.2, 0.75) {1}, (—0.25, 0.45) @, (—0.3, 0.6) 0; 


{k}, (—0.2, 0.8){k}, (—0.2, 0.4) 0, (—0.15, 0.6) @ >}. 


ii) N /o R= {<@, (—0.4, 0.8){7}, (0, 0.3) @, (—0.2, 0.5) @: 


{k}, (—0.3, 0.9){k}, (—0.2, 0.3)0, (—0.1, 0.5)0 >}. 


iii) N /p R= {<@, (—0.2, 0.75){1}, (—0.25, 0.45) @, (—0.3, 0.6) @: 


{k}, (—0.2, 0.8){k}, (—0.2, 0.4) @, (—0.15, 0.6) @ >}. 
Properties 1: Let 
N= {<K*y,, (T~ nya T* ny ay)L* ny» via! yay) M'y,; Foy yi l* me) Pty: 
K* ys (Tonya Tt nya) L? ny» CF np cay E* yy(ay) Mn,» (Fo necay F* nea) P? no 
K' ys TO nyaye Tn cay ens Un ,cayl* nica) M's Fo nay Ft cay) Pin, >> 


Ki gy TPs Mon Poy se PAE, Becca}: 
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and 
R= {<K*p,, CF Ritairl Raye Rs I r,t * ryay) M* > Fo pyr E pitas) Pres 
K* as (Taya T Rye ea» Ur, (ay (ay) MR,» (FO race» F* Ra (a)) PR, 
K' a Co Rye Taya ays CF ayayl* Ray) Map Fray F* ryay) Pa, >> 
K", , L"z,, M",,, P™p, € P(A); n= 1, 2,3, ... si}. 
and 
Y= {<Kty,, Ty aT ty @ ly (yl yay) My, Fy Fy, (a) P*y; 
K*y,. (Ty,cay T yay Ly. Uyycayel* y,(a)) My,» (F y,cay F ty (ay) P* v3 
K' as Toya Ty, l'y;> Uy, yay) My. F vay F ty) Py, > 
K", , Lz, M",,, P™p, € P(A); n= 1, 2,3, ... si}. 
be three BgsvNass. 
From Definition 8, Definition 9, Definition 10, Definition 11, Definition 12 and Definition 13; it is clear that 
i) NU, R=RU,N; NU, R=RU, N:NUp R=RUPN. 
ii) NA, R=RN,N; NN R=RNgN:NNp R=RMPN. 
iii) NU, (RU, Y)=(NU,R)U,Y, 
N Uo (R Up Y) =(N Uy R) Up Y, 
N Up (RUp Y)=(NUpR) UpY. 
iv) NN4g (RAZY)= (NAAR) NAY, 
No (Rg Y) =(NNo R) No Y, 
N Mp (Rp Y) = (NMp R) MY. 
v) N M4 (RU, Y) = (NNR) UN YY), 
N Ng (RUg Y)= (NN R) Uo (N DY), 
N Mp (RUp Y) = (Np R) Up (N Mp Y). 
vi) N Uy (RN, Y)= (NU, R) My (N UAY), 
N Ug (RN Y) = (N Up R) No (N Ua Y ), 
N Up (RMp Y) =(NUp R) Mp (N Up Y). 


v) If N=R, then 
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NU, R=N Uy R=NUp R=R 


and 


Nna,R=Nn, R=NnpRE=R. 


Theorem 1: Let 

N= {<K*y,. (T~ nya T* ny ay)L* ny» Ewe cal was) M‘y,; (F-yicay F* na) Poe 
K*y,. (Tonya Tt nya EL? nas CF wp cay E* yy(ay) Mn» (FO no cay F* no (ay) P? np} 
K yy To nyayT nya Eng CO nyayt* nya) M's Fo nya F* niay) P’n, >> 
K"y, Ly, M™y,, Py, € P(A); = 1, 2,3, «5 i}. 

and 

R= {<K*p,, (Toya Tt Ry@ hry I r,ay!* rycay) M*z,> (F~ Ray F* Ra) Pra 
K* as (T Rycayp TR (ae Ra» Cry cay tr, (ay) MR,» (FO race F *R,(a)) PR, 
K a Taal aya nye CT ayayl* rye) Map F ryay F* nyay) P’ a, > 
K", , L"g,, M"p,, P™p, € P(A); n= 1, 2,3, ... if. 

be two BgsvNass. Then, 

i) (NMp R) C (NN, R)E (NN QR) 

ii) (N Up R) C (NU, R) C (NUg R) 

iii) (NM, R) C (NU, R), (N Ng R) € (N Ug R) and (N Mp R) C (N UpR). 

Proof: 


i) From Definition 10, Definition 11 and Definition 12; we obtain that 


i _ ‘S T  Np(a)tT Rn(a) a = 
min{T Na(ay’ Rn(a)s < ev 3 < max{T Netagee Rn(a)} 
(1) 
infT+ Tt < T* p(@tt* nla) < Tt Tt 2 
min{ Nn(a)’ Rn(a)s = 2 => maxf{ Ny (a)’ Rn(a)s (2) 
I- I- > Lan@t! Rn@™ Sy: r r 3 
max{ Ny (a)’ Rn(a)} = 2 = minf{ Nn(a)’ Rn(a)s (3) 
It It > I yn@t! Rn@) > minfIt It 4 
max{l* yy! teat} 2 A ® > mint yc late} (4) 
- 2 F  Nn(atF Rn(a) : - _ 
max{F yay rns BT mint yay Rncays 
(5) 
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max{F* y cqyeF tag} = AMO Bu) > min{Fty cs F tence} (©) 
Also, 
for Np, Ng and Ng, 
RO Rn Os OO NR FE Ng Oe gs MR = MO I OM Rs PO ay = Py OP Ry 
(7) 
is hold. Thus, from 1-7 and Definition 9; we obtain that 


(N Np R) C (NN, R) C (NMo R). 


Theorem 2: Let 

N= {<K*y,, (T~ nya T* ny ay)L* ny» x Gayl Nsiay) M‘y,; (F-yicay F* nya) Pes 
K*y,. (Tonya T nya Ena» I wp cayy E* yy(ay) M? ny» (Fo ne cay F* no cay) P? no} 
K'y To nyayT nya ngs CO nyayt* nya) M's Fo nya F* yay) P'n, >> 
K"y , Ly My,» P™y, € P(A); n= 1, 2,3, ... i}. 

and 

R= {<K*p,, (To ryayT Ry @ ley» Ir, ay! * ryay) M* > (Fray F* Ra) Peps 
K? pos (Tray T Rca ea» Ur, g(a) MR,» (FO race)» F* Ra (a)) PR, 
K as Co aya Tray ay C ayayl* rye) Map Frye F* nya) P'a, > 
K"_ , I®p,, M™g,, P™p, € P(A); n= 1, 2, 3, ... i}. 

be two BgsvNgss. We assume that N C R. Then, 

i)NC(Nn,R)CR,NC(NNQ R)CRandN=(NNpRNER. 

ii) NC (NU,R)CR,NC(NU,R)=RandNC(NUPR)ER. 

ili) (N/,R)C R,(R/4,N)C R,N/o R)C R,(R/o N)C R,(N/p R)C Rand (R/pN)C R. 

Proof: 

i) From Definition 9; we obtain that 

Ky, CK" RL, Co Rr MN, CM" RP N, CP" R,: 


T™ nna) ST Ry(ay> Twyla) S T* eq (ay3 
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Fata) =F Rp@} nay 2 I Rp@) 
Fr waa) 2 Fo Raa} F* waa) 2 F* Ra lay: 
(8) 
Thus, we obtain that 
KN Ry = KN, VK R, = KR, oO NgRy =U Ny OLR, = LU Ry? 
M NaRn = Mn nN M” R= M” Rn» PO NARn = as n PY Rae tals 
(9) 
Also, from Proof of (i) of Theorem 1; conditions 1-7 are hold. Hence, thanks to Definition 10, Definition 11, 


Definition 12, 1-7 and 9; we obtain that 


Nc(NnN,R)CR,NC(NNQg R) CRandN=(NNp> R) CR. 


Conclusions 


In this chapter, we obtain BgsvNqs and BgsvNgqsn using generalized set valued neutrosophic 
quadruple sets with bipolar single valued neutrosophic sets. Thanks to BgsvNqs and BgsvNgsn, generalized 
set valued neutrosophic quadruple sets and bipolar single valued neutrosophic sets will more useful together. 
Also, we obtain some basic properties and some operations (Uy, Ug, Up,N4,No9,Mp,/4, /o, /p). Especially, 
for decision making problems; these operations will more useful. Furthermore, thanks to definitions of 
BgsvNqs, BgsvNqsn and operations (U4, Ug, Up,N4,N9,Mp,/4, /o, /p ); researchers can define similarity 
measures, some specific decision making methods (TOPSIS, VIKOR, DEMATEL, AHP, ...), arithmetic 
operations, aggregation operations based on BgsvNgqs and BgsvNggsn for decision making problems. 


Abbreviations 
BgsvNgs: Bipolar generalized set valued neutrosophic quadruple set 


BgsvNgsn: Bipolar generalized set valued neutrosophic quadruple number 
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ABSTRACT 


Interval neutrosophic sets are more useful in neutrosophic theory, especially at decision making problems. 
Also, generalized set valued neutrosophic quadruple sets have an important role in neutrosophic quadruple 
theory and single valued neutrosophic theory. Thanks to generalized set valued neutrosophic quadruple sets, 
the solutions of decision-making problems in which single-valued neutrosophic numbers are used can be 
obtained more objectively. In this chapter, we obtain interval generalized set valued neutrosophic quadruple 
sets and numbers. We give some basic properties for interval generalized set valued neutrosophic quadruple 
sets and numbers. Also, we define some new operations for interval generalized set valued neutrosophic 
quadruple sets and numbers. Thus, we obtain a new structure based on generalized set valued neutrosophic 
quadruple sets and interval neutrosophic numbers. In this way, we obtain new results for generalized set valued 
neutrosophic quadruple set and interval neutrosophic set. Furthermore, thanks to this new structure; the 
solutions of decision-making problems in which interval neutrosophic numbers are used will be obtained more 


objectively. 


Keywords: interval neutrosophic set, neutrosophic quadruple number, set valued neutrosophic quadruple set, 


interval generalized set valued neutrosophic quadruple set 
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INTRODUCTION 


Neutrosophic logic and the concept of neutrosophic set are defined in 1998 by Florentin Smarandache [1]. In 
the concept of neutrosophic logic and neutrosophic sets, there is the degree of membership T, degree of 
uncertainty I and degree of non-membership F. These degrees are defined independently from each other. It 
has the form of a neutrosophic value (T, I, F). In other words, a situation is handled in neutrosophy according 
to its accuracy, its falsehood, and its uncertainty. In addition, many researchers have conducted studies on 
neutrosophic set theory [2-4]. Recently, Hamidi and Smarandache studied single-valued neutro Hyper BCK- 
subalgebras [5]; Mohana and Mohanasundari introduced on some similarity measures of single valued 
neutrosophic rough sets [6]; Ali et al. obtained neutrosophic triplet ring and neutrosophic triplet field [7]; Sahin 
et al. studied generalized Euclid measures on generalized neutrosophic quadruple numbers [8]; Aslan et al. 
obtained neutrosophic modeling of Talcott Parsons’s action [9]; Kargin et al. introduced Hamming similarity 
measure on generalized neutrosophic quadruple numbers [10]; Sahin and Dayan studied generalized 
neutrosophic quadruple numbers based on Hamming measure for law [11]; Alhasan et al. obtained 
neutrosophic reliability theory [12]; Sahin and Uz introduced multi-criteria decision-making applications 


based neutrosophic quadruple sets for law [13]. 


Wang et al. studied interval neutrosophic sets and logic in 2005 [14]. The interval neutrosophic sets have an 
important role in neutrosophic theory and decision making problems. The use of intervals as values in interval 
neutrosophic sets makes this set superior to other sets in many problem situations. Because while it is often 
difficult to reach a definite judgment in a decision-making situation, a decision given as an interval will be 
more useful. Hence, many researchers studied based on interval neutrosophic sets and logic [15-17]. Recently, 
Chi and Liu studied TOPSIS method based on interval neutrosophic set [18]; Liu and Tang obtained some 
power generalized aggregation operators based on the interval neutrosophic sets [19]; Hashim et al. introduced 
entropy measures for interval neutrosophic vague sets [20]; Pai and Gaonkar studied the safety assessment in 
dynamic conditions using interval neutrosophic sets [21]; Karthikeyan and Karuppaiya obtained reverse 


subsystems of interval neutrosophic automata [22]. 


Smarandache obtained neutrosophic quadruple set and numbers in 2015 [23]. While neutrosophic quadruple 
set have T, I and F components as in neutrosophic sets; unlike neutrosophic sets, there is a known part and an 
unknown part. Therefore, neutrosophic quadruple sets are a generalization of neutrosophic sets. For this reason, 
neutrosophic quadruple sets are widely used in the algebraic and application areas [24-27]. Recently, 
Muhiuddin et al. studied implicative neutrosophic quadruple BCK-algebras and ideals [28]; Sahin et al. 
obtained generalized set valued neutrosophic quadruple sets and numbers [29]; Li et al. introduced 
neutrosophic extended triplet group based on neutrosophic quadruple numbers [30]; Sahin and Kargin obtained 
neutrosophic triplet groups based on set valued neutrosophic quadruple numbers [31]; Borzooei et al. studied 
positive implicative neutrosophic quadruple BCK-algebras and ideals [32]; Sahin and Kargin introduced single 


valued neutrosophic quadruple graphs [33]; Smarandache et al. obtained neutrosophic quadruple groups [33]; 
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Sahin et al. studied generalized set valued neutrosophic quadruple numbers and decision making applications 


[34]. 


In this chapter, we obtain interval generalized set valued neutrosophic quadruple sets (IgsvNqs) and numbers 
(IgsvNqsn) using generalized set valued neutrosophic quadruple sets and interval neutrosophic sets. Thanks to 
IgsvNqs and IgsvNgqsn, generalized set valued neutrosophic quadruple sets and interval neutrosophic sets will 
more useful together. Also, we obtain some basic properties and some operations (U4, Ug, Up,N4, No, 
p,/4, /o, /p). In fact, we generalize the some operations in [29] for IgsvNqs. In Section 2, we introduced 
some basic definitions for interval neutrosophic set [14], neutrosophic quadruple sets [31], [29]. In recent years, 


the academic community has witnessed growing research interests in neutrosophic set theory [36-72]. 
BACKGROUND 
Definition 1. [14] Let A be a universal set. Interval neutrosophic set N; is identified as 
N = {<a: [T yay T“ nal, Unga lca) FF nay F“ neal, >» AGA}. 

Where the functions 
Ty :A- [0,1], Ty :A > [0,1] is truth functions; 
I’, :A— [0,1], “y :A— [0,1] is uncertainly functions; 
and F', :A > [0,1] and F“y :A > [0,1] is falsity functions. 
Definition 2. [14] Let 

Ny = {<a: [T'y, (aT ny (ayl Un (ay vy (ay) FF ny cay F“ yay], >, AGA} 

and 

No = {<a: [T yay T™ vycayl> Un (ay E ng(ayl> LF 'np(ays F“ wp(ayl, >» AGA} 
be two interval neutrosophic sets. 
1) Nz is subset of N, if and only if 

l l 

T’wi@) 2 T ng(a)> T™ ya) 2 Twa) 


Ll Ll 
Pmy@ SP p@> ln SI na) 
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Fly ay SF 'y,cay> F" nica) S F" neta) 
ii) Nz is equal to N, if and only if 

T nya) = T no (a)> TY nya) = T" ngcay} 
Duy) =P nge@ T y@ = Macys 
Fy) = Fly (a) FY yaa) 7 F™ yo (a): 


iii) N, U N> = {<a: [ max{T'y (ay: T'y, (ay) max{T™y (a T* no (ays ], 


[min{l'y, (a I'yacayh min{I™ yay? I“ vocay dls [min{F'y (ay Fly ah min{F™ (ay F™y,ca}] >, aA}. 


iv) N, n N, = {<a: [ min{?" y, (a)? Tih min{T"y @T*n@} |, 


[max{l’y, ay f'n, (ay) max{I" y (ay! na(ay3l> [max{F'y, (ay F'nacah max{F™y (ay FY na(ay3 >, a€A}. 


Definition 3: [31] Let N be a set and P(N) be power set of N. A set valued neutrosophic quadruple set is shown 
by the form 


(A,, AgT, A3I, AF). 


Where, T, I and F are degree of membership, degree of undeterminacy, degree of non-membership in 
neutrosophic theory, respectively. Also, A,, Az, A3, A, € P(N); A, is called the known part and (A,, A,T, A3l, 
A,F) is called the unknown part. 


Definition 4: [31] Let A = (A, AzT, A3I, A,F) and B = (B,, B,T, B31, B,F) be set valued neutrosophic 


quadruple set s. We define the following operations, well known operators in set theory, such that 
AUB=(A, UB,, (Az U B,)T, (Az U B3)I, (Aq U By)F) 

ANB=(A, By, (Az N Bz)T, (Az N B3)I, (Aq N By)F) 

A\B=(A, \ By, (Az \ B2)T, (Az \ B3)I, (Aq \ By)F) 

A’ = (A‘,, A’2T, A’3I, A"4F) 


Definition 5: [31] Let A = (A,, AT, A3I, A,F), B = (B,, BT, B3I, B,F) be set valued neutrosophic quadruple 
sets. If 
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A,C B,, A,C B, and A3C B3, A,c B,, 


then it is called that A is subset of B. It is shown by 
ACB. 


Definition 6: [31] Let A = (A,, AgT, A3I, A,F), B = (B,, BT, B3I, B,F) be set valued neutrosophic quadruple 


sets. If 
Ac Band Bc A, 
then it is called that A is equal to B. It is shown by 
A=B. 


Definition 7: [29] Let A be a universal set and P(A) be power set of A. A generalized set valued neutrosophic 


quadruple set N; is identified as 
N= {<K*y,, Ty, (a)L" ny> Ty, (a) M'y,. Fn, (a) Peed 
1 Gree Ty, (ayL" np» Ty (a) M*y,, Fry, (a) ar 
K'yi. Twit nj: Ty ;(a) M'y;. Frvja) Pn; m 
FO i es Poe PCA 1S 2, ea 
Where, 
Lycian lear tay O12 23.435 D 


have their usual single valued neutrosophic logic means and a generalized set valued neutrosophic quadruple 


number N™,; is identified as 
NN = {<Kty,s Tyycayht nye Inycay Mn,» Fivycay P*, >}: 
As in neutrosophic quadruple number, for a generalized set valued neutrosophic quadruple number 
K'y, 


is called known part and 
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Ty, (ayL* vy> Ty, (a) M*y,; Fy, (a) Pn, 
is called the unknown part. 
Also, we can show that 


N={N*,:n=1, 2, 3, ..., i}. 


INTERVAL GENERALIZED SET VALUED NEUTROSOPHIC 
QUADRUPLE SETS AND NUMBERS 


Definition 8: Let A be a universal set and P(A) be power set of A. Interval generalized set valued neutrosophic 
quadruple set (IgsvNqs) N; is identified as 


N = {<K1y,. (Twi caye Ty cay ley» Uy cape ty cay] My FF ny (ays Fay] P* wy, 3 
K? yo [T wocay T no (aye? ys Un (aye En (ay) M? n> [F'n (ay Fn (ay] P? 3 
Kyi [T yay T* yay le ns Ung eays twice] M's FF cay F“ wicay] Pin; >> 
Ky, Lys MT ype Py, € P(A) = 1, 2,3, «5 i}. 
Where, 
Tyna)? EN (a)> F'ng(a)> TY gays EN (ay ANA FY, (ay (A= 1, 2, 3, ... 5 i) 


have their usual interval neutrosophic logic means and an interval generalized neutrosophic quadruple number 
(IgsvNqn) N”,; is identified as 


N= {<K1y,5 (Ty, cay TY nay lL ys Un, cay lw, cay] M4,» LF cay Fv (ay] én, >} 
As in neutrosophic quadruple number, for a IgsvNqn, 
K*y, 
is called known part and 
[T wi caye Ty (ay et > Ung aye Ey (ay) M4 > [Fwy (ay F“ (ay) P* wy, 
is called the unknown part. 
Also, we can show that 
N={N*,:n=1, 2,3, ..., i}. 
Example 1: Let A = {k, 1, m, n, p, r} be a set. Then; 


N= {<{k,l, m,n}, [0, 0.7]{k, [}, [0.5, 0.6] {m}, [0.4, 0.5] {n}: 
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{k,l p, r}, (0.1, 0.9]{k, p}, [0.2, 0.3] {0}, [0.2, 0.7] {r} >} 


and 


R= {<{l,p,m,n, k}, [0.4, 0.8] {1, p}, [0, 0.3] {p, m}, [0.2, 0.6] {n}; 


{m, l, pr}, [0.3, 0.7]{p}, [0.2, 0.5] {m, I}, [0.1, 0.5] {r} >} 

are two IgsvNqs. 
Also, 

N".={{k, l,m, n}, [0, 0.7]{k, J}, [0.5, 0.6] {m}, [0.4, 0.5] {n}} 
and 

N%, = {{k,L p,7}, [0.3, 0.7]{k, p}, (0.2, 0.5] {1}, [0.1, 0.5] {r}} 
are two IgsvNgn of N such that 

N={N,,NN5}. 
Similarly, 
R™, ={{l, p,m,n, k}, [0.4, 0.8]{1, p}, [0, 0.3] {p, m}, [0.2, 0.6] {n} 


and 


RY, = {{m,Lp,7}, (0.1, 0.9]{p}, (0.2, 0.3] £m, 1}, (0.2, 0.7] {7} 
are two IgsvNqn of R such that 
R={R",,R%5}. 

Definition 9: Let 

N= {<K*y,, [T vaca Ty (ay lly,» Uy, (ay tw, cay] M‘y,; [F'yicay Fwy] Pye 
K? yo [T wocayy 7 nya)? ys Ung (aye En (ay) M? ngs [F'n (ay Fn (ay] P? v3 
K yp Typ T* yall ngs Una l ny@yl Mn FF nica FY nica] P'v, > 
Ky, Ly,, My,» Py, € P(A); = 1, 2,3, ... si} 

and 

R= {<K*p,, [Tray TR alle,» Wray laa] M*z,> [F'R, (ay “Ry ay! Ptr 
I ll eal Bele ay Re al eel Rey Rel ee 
K as Tapa Tale ays Ul eitaye l pyay) My FF yay F“ aay] P*R; > 


Ry pis pe POE PA STs Bye} 
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be two IgsvNqss. 

i) N is subset of R (NCR) if and only if 

A OR eg CE My CMT Ph COP RS 
T'na(a) ST’ Ry(ay> TY Nya) S TY Raa) 

Png) 2 UR @} Twat) 2 TRaCay’ 

F'n) 2 F'ey(ay}> PY nga) 2 FY Raa): 

ii) N is equal to R if and only if 

I Ke Me ae Pe Spe 
Ping (a) = Tey aye TY vy a) = TY Rncay’ 

Png) = Pep cayhs T nn(a) = Pena 


Fiy (a) = Fray FY Nata) = FY Rp (a): 


Example 2: From Example 1, 


N= {<{k,l,m,n}, [0,0.7]{k, 3, [0.5, 0.6] {m}, [0.4, 0.5] {n}: 


{k,l p,r}, [0.1, 0.9]{k, p}, [0.2, 0.3] {1}, [0.2, 0.7] {r} >} 
is a IgsvNgss. Also, it is clear that 


Y = {<{k,m,n}, [0, 0.5]{k}, [0.6, 0.7] {m}, [0.6, 0.8] {n}: 


1, p, 7}, [0.3, 0.9]{p}, [0.4, 0.5] {1}, [0.3, 0.8] {r} >} 
is a IgsvNqss. Thus, 
YON. 

Definition 10: Let 
N= {<K*y,, [T yc T “ny (ay lL wy,» Uy, cay tw, cay] M‘y,; [Fy cay Fwy ay! es ee 

K? ys [T wocaye Two (ay Le? ys Ung (aye EN (ay) M? ngs [F'n (ay Fn (ay] P? v3 

K ys TT nay Tn, lL ns Un cay tn cay] M's Fw, F“ cay] Pin, >> 

K"y , Ly, M™y,, Py, € P(A);n= 1, 2,3, ... i} 


and 
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R= {(<K*g,, [TR ay TY Ryall ry» UR, @ le, @] MR, FF Ry (ayy F Ry(ay] PR, 3 


Koll pay lpn ns UR tay Ries Ml a tap Pel Pres 
Ke TE pita all gall mayday as VP Rael Ral Pe, 
K%,, Lg, Mg, P®p, € P(A):n = 1, 2,3, ...,i} 
be two IgsvNass. 
i) We define the “average U” operations for N and R such that 
N Uy R= {<K1 yy py (TT ny ry (ay Try @ll wy rye UW yey ay lyr a] Mt yy> FF yey (ayy Pwr, (ay! Ptr, 3 
K? nopys (Tory aye Ny Ro(a) Le? Noy U Wyo (aye t Ny Rp (a)! M7 nor» LF pry (aye FP“ Nyro (a)! P? nore 
Ky rg npr) Tirta) eis U wiricay Ew R,(ay] M wiry FF viricay Fw ;R;(ay] P’vir; >> 
K" yeas L’ nga» M™ peg» P™ npr, € P(A); n= 1,2, 3, ... 5 i}. 
Where, 


n —_ Kn n n _jn n n — yn n n _— pn n. 
Ke NRn =" Ny VR Rye ENR =e Ng Ve Rye Np Ry = I UM Ry: PP Na Ry =P" Ny UP Ry 


ql _ Typ (aytT Rn) Tu _ TY nn@*T" Rn@), 

NnRn(a)— 2 2 NnRn(a)— 2 ° 
I! _ Nn (a) tl Rn) re _ a@t Rn), 

NnRn(a)— 2 >“ NnRn(a)— 2 2 

l l U U 
F +F F +F 

1 _ F'n) tF Rn) _ FY nn@tF"Rn@, : 

F NnRy(a)— = 2 . FY Ny Rn(a)= ————ss XOX 2 5 (n a 1, 25 3, er 1). 


il) We define the “average N “ operations for N and R such that 

NN, R={<K*y,p,5 (Twp TR (aE Ry Un Ry (aye ER, (ay) Mtr,» LF ir, (ay FR, (ay) Pt wR, 
K? nopys (Tory aye Ny Ro(a) Le? Noy U Wyo (aye t Ny Ro (a)! M7 nor» LF pry (aye FP“ NpRo (a)! P? nore} 
K' yipp (T niryay Tray lL nays Uv pray t™ wiryay] M wip [Fina cay F“ niricay! P' vir; >> 
Re Lee AE eR Ne = PUN BL 2 ae 

Where, 


n —Kn n n _jn n n —yyn n n _ pn n. 
NAR = Ny OR Rye ENR =e Ng Oe Ry My Ry = MN, OM Rs PO Nay = Oy OP R, 


ql _ Tn (aytT Rn) Tu _ TY vn@tT Rn), 

NnRn(a)— 2 2 NnRn(a)— 2 2 
I! _ Nn (a) tl Rn (a) re — Na@t Rn), 

NnRn(a)— 2 >" NnRn(a)— 2 2 

l l U U 
F +F F +F 

1 _ F’'nn@)tF Rnfa) _ FY nn@tF"Rn@, : 

F NnRy(a)— ———— a 2 5 FN Rn (a= ——s$ XOX 2 (n oe 1, 2, 3, a ixen's 1). 
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Example 3: From Example 1, 


N= {<{k,l,m,n}, [0, 0.7]{k, 1}, [0.5, 0.6] {m}, [0.4, 0.5] {n}: 


{k,l p, r}, [0.1, 0.9]{k, p}, [0.2, 0.3] {1}, [0.2, 0.7] {r} >} 
and 


R= {<{l,p,m,n, k}, [0.4, 0.8] {1, p}, [0, 0.3] {p, m}, [0.2, 0.6] {1}; 


{m, Ll, p,r}, [0.3, 0.7]{p}, [0.2, 0.5] {m, 1}, [0.1, 0.5] {r} >} 
are two IgsvNqs. Thus, 


i) NU, R= {<{k,l, m,n, p}, [0.2, 0.75] fk, l, p}, [0.25, 0.45] {p, m}, [0.3, 0.6] {n}; 


{m, k, Lp, T}, (0.2, 0.8]{k, p}, [0.2, 0.4] {m, 1}, [0.15, 0.6] {r} >} 


ii) NN, R= {<{k,L m,n}, [0.2, 0.75]{, [0.25, 0.45] {m}, [0.3, 0.6] {n}; 


{1,p,r}, [0.2, 0.8]{p}, (0.2, 0.4] {1}, (0.15, 0.6] {r} >} 

Definition 11: Let 

N= {<K*y,. [T yc Ty (all wy,» Uy, cay tw, cay] M‘y,; [Fy cay Fwy ay! es ee 
K? ys [T wocaye Two (ay Le? ys Ung ¢aye tN (ay) M? n> [F'n (ay Fn (ay] P? v3 
K ys (TT nay T yall ng U nial nica] M ny [FF inyay F“ nay P’, >> 
K"y , Ly, M™y,, Py, € P(A); = 1, 2,3, «.. i} 

and 

R= {<K*p,, [Tray TR alle,» Wasa ta ay] M* [F eta PR] Res 
Ks Tasca Trg ay ll pgs Ue cay cay] Ma, [Facey FY ea) P78, 
KP cal pap le ays Ua Tata as FP ear atl Py 
K", , Lz, M",,, P™p, € P(A); n= 1, 2,3, ...5i} 

be two IgsvNass. 

i) We define the “optimistic U” operations for N and R such that 

N Ug R={<Kt yy rye (Ty ry (ayy TR, (aE yey Uy, (aye Evy Ry (ay) M* yey FF vy ey (ayy Fy Ry (ay] P* wR} 


K* nyRp> [T yy Ro (aye T" NpRo(ay lL pro» UU oro(ayrt npRo (a)! M* nory> [F'n Ro (a) F“ woRo(ay] P* nop} 
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K' yirp (T niryay Tray le wiry Uv jryay wiry] Mir (Fina cay F“ niricay! P' vir; >> 
Rie Een eI RP eae = Pn Lh 2,3 y sg TP 

Where, 

KN ARy? NA Rn? M" NaRn and Pr’ NARn are same as in Definition 10’s (1). 

T Ny Rp(a)= MAX{T y, (ay Tp (a) ds TY Na Rn(a)= MAX{T™ py, (ay T Rp (ays 

P vgRn a= MMT y (ay Leg (ay he Eg Rn (@= MUN yay Tp (ays 

Fly R,(ay= min{F'y, (ay F'Rn(ad> FN Rn (a)= min{F™ yay PRs (n= 1, 2,3, ..., 1). 

il) We define the “optimistic N “ operations for N and R such that 

No R={<Kt yy rye TT vy ry (ay Tey (aE yey Uy, (ay Evy Ry (ay) M* yey FF vy ey (ayy Fy Ry (ay] P* wR} 
K? NoRp> [T oro (ay T NoRo(ay lL? nory> [Toro (ay Noro (a) M? opps [F woRo(ay F“NoRo(a)! Pee: 
K ype (Tray Tray E wpre Urey l ry(ay] Meo FF pry F“ nprycayl P’n;r, >> 
Kye Nas MO nas Po nan, & PA 1, 2, 3, 2225 i}. 

Where, 

KO Rn? eo NnRn? A" N_pRy ANd P"v,»R, are same as in Definition 11’s (ii). 

TNR (a= MAX{T y, (ay T Rp (ay ds TY Na Rn(a)= MAX{T™ y, (ay Tp ays 

Pye a= MMT y (ay Leg (ay he TR (@= MUN y (ay Ten (ays 

Fy Rn(a)= min{F'y, (ay Fen (a)> FN Rn (a)= min{F™ yay FP Rn(ayds (n= 1, 2,3,..., 1). 

Example 4: From Example 1, 


N= {<{k,l,m,n}, [0, 0.7]{k, J}, [0.5, 0.6] {m}, [0.4, 0.5] {n}: 


{k,l p, r}, [0.1, 0.9]{k, p}, [0.2, 0.3] {1}, [0.2, 0.7] {r} >} 
and 


R= {<{l,p,m,n, k}, [0.4, 0.8] {1, p}, [0, 0.3] {p, m}, [0.2, 0.6] {n}; 


{m, lL, p,r}, [0.3, 0.7]{p}, [0.2, 0.5] {m, 1}, [0.1, 0.5] {r} >} 
are two IgsvNqs. Thus, 


i) NU, R= {<{k, 1, m,n, p}, [0.4, 0.8] {k, l, p}, [0, 0.3] {p, m}, [0.2, 0.5] {n}; 


{m, k, Lp, T}, (0.3, 0.9]{k, p}, [0.2, 0.3] {m, }}, [0.1, 0.5] {r} >} 
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ii) N No R= {<{k, l,m, n}, [0.4, 0.8]{1}, [0, 0.3] {m}, [0.2, 0.5] {n}: 


{1,p,r}, [0.3, 0.9]{}, [0.2, 0.3] {1}, (0.1, 0.5] {r} >} 
Definition 12: Let 
N= {<K*y,. [Ty cay Tw, (ayll yy» Uy, cay way] M'y,; [Fy @y Fwy] Pty: 
K? ys [T wocaye T no (aye? ys Ung (aye En (ay) M? n> [F'n (ay Fe (ay] P? 3 
K' ys TT nay Tn alls Un aye ln ,cay] M's F'n cay F“ cay] Pin, >> 
K"y , Ly, M™y,, Py, € P(A); n= 1, 2,3, «.. i} 
and 
R= {<K*p,, [Tray TR alla,» Wasa tay ay] M* [Fe (ay PR, a] PR 
Kas TT pay Tae eps Ret es] ns FF cays Peg Pe 
K ao (Taga TR @ ll Rp U Ray E Ryay] May» [Fey Fray] P'R; >> 
K", , L"g,, M"p,, P™p, € P(A); n= 1, 2,3, ...5i} 
be two IgsvNqss. 
i) We define the “pessimistic U” operations for N and R such that 
NU, R= {SK yy eye (T ny ry (ay Try aE yey UW yey ay lyr @)] Mt Ry> FF yey (ay PNR, (a) PgR, 3 
K? noRys (Tory (aye Np Ro(a) Le? Noy» U Nyro (aye t Ny Rp (a)! M? wor» LF Ry (ayy FE“ NpRo (a)! P? nore 
K yey T niriayy Tira) nae U wiricay Ow iR(ay] M wiry FF viricay Fw ;r,(ay] P’vir; >> 
Rs Ee nares: Powe SPA nL, 2, 3, 25. 51}: 
Where, 
KO Ry? ew NnRn? A" NyRy ANd P"v,,R, are same as in Definition 10’s (i). 
P vpRn(ay= MIN{T y, (ay TR a} TY vyRn@= MIM{T y, cay TY Ry (ass 
P vg hn(a)= MAX{L"y, (ayy UR a> Tgp = MAX y, (ayy Rn @}s 
Fy pn(a)= max{Fty, (ay Feg(ayh FY yn Rn(a)= max{FY (ay FY Raat (n= 1, 2,3,..., i). 
il) We define the “pessimistic N “ operations for N and R such that 


N Np R= {<K*y Ry [Tyrie T wyry (all nyR,> U vray ny R, (a)! M*y,Ry> [F'yyr, (a) FP“ wir, (ay P  yyR,3 
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K? nopys (Tory (ayr Ny Ro(a) Le? Noy U Nyro (aye t Ny Rp (a)! M? wor» LF pry (ayy F “Noro (a)! P? nero} 
Ky rg nip ayy T wir(ay Eig WU wiricay lw R,(ay) M wiry FF vieja Fw ,R;(ay] P’vir; >> 
Ky ge L" Npkne M™ pty» P™ gry © P(A); = 1, 2,3, «5 i}. 

where, 

KO Na Rn? eo Nyy? A N_pRy Ad P"v,»R, are same as in Definition 10’s (ii). 

TNR (ay= MUN{T  y, (qy2T Ry (ado TY Np Rn(ay= MIN{T™ yy (ayy T Rp (ays 

Dg Ry (a= MAX y (ay Leg (ay be Pp Rn(ay= MAX{!™ y, (aye ancy} 

Fy Rea)= max{F'y, (ay Fag (ah Fy Rn(a)= max{FY y (a) FY Raat (n= 1, 2,3,..., i). 

Example 5: From Example 1, 


N= {<{k,l,m,n}, [0, 0.7]{k, J}, [0.5, 0.6] {m}, [0.4, 0.5] {n}: 


{k,l p, r}, [0.1, 0.9]{k, p}, [0.2, 0.3] {1}, [0.2, 0.7] {r} >} 
and 


R= {<{l,p,m,n, k}, [0.4, 0.8] {1, p}, [0, 0.3] {p, m}, [0.2, 0.6] {1}; 


{m, Ll, p,r}, [0.3, 0.7]{p}, [0.2, 0.5] {m, 1}, [0.1, 0.5] {r} >} 
are two IgsvNqs. Thus, 


i) N Up R= {<{k, 1, m,n, p}. [0, 0.7]{k, L, 7}, [0.5, 0.6] {p, m}, [0.4, 0.6] {n}: 


{m, k, Lp, T}, (0.1, 0.7]{k, p}, [0.2, 0.5] {m, 1}, [0.2, 0.7] {r} >} 


ii) N Mp R= {<{k, l,m, n}, [0, 0.7]{D}, [0.5, 0.6] {m}, [0.4, 0.6] {7}; 


{L, p,r}, [0.1, 0.7]{p}, [0.2, 0.5] {1}, [0.2, 0.7] {r} >} 


Definition 13: Let 

N= {<K+y,5 (Tw, cayT wy cay lL ys Un, cay lca] My,» LF cay Fy cay] Pony 
K? ys (Toca) 1 nya)? ys Un (aye En (ay) M? n> [F'n (ay Fe (ay] P? wv, 
K' ys TT nay Tn aE ns Un cay tn ,cay] M's F'n cay F“ way] Pin, >> 


Ke gs hes MO Phe P(A = 152, 3, i} 
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and 
R= {<K*,,, [Tray TR alle,» Wray lt Ray] M* [F' aca PR] Ptr 
K? p(T Rg (ayy 7 Ry(ay We? Ro» LR, (ayy leo (ay] M7 Ro» [FR (ayy FY Rp (ay) P? Rs + 
K as Taal ap Una t aay May LF aay F“ ety] Pe, > 
Res Da; My cP, CP a 1, 23, 35.53) 
be two IgsvNgqss. 
i) We define the “average /” operations for N and R such that 
N/,R= {<K*y Ry [T yr (ay Tw Ry (all yy Ry UW vaRi(ay dirs (ay! M* wiry [F'nyR, (a) FP“ vyry (ay Pi yyRy' 
K? nopy> (Tory ayr | Ny Ro(a) Le? Noy» U Nyro (aye t Ny Rp (a)! M7 wor» LF pro (ayy F “Nyro (a)! P? nore} 
Ky rye npr ayy Tira) nape U viricay lw iR,(ay] M ninje FF viricay Fw ,R,(ay] P’vir; >> 
FO ce OG MO eg Pop Je PCA) WE yD, Se), 62 24), 
Where, 
Ke NARn >= KN, /K" p> LL” NnRn = LN [oR MN ARn = M"y,,/M" pr,» PO NARn = PY x [Pe Ra 
T! NpRn(a)> EN Rp (a)? | Ny Ry (a)? EN Rn (a)? NpRy(a) ANd F“y,,p,(a) are Same as in Definition 10” (i). 
il) We define the “optimistic / “ operations for N and R such that 
N /o R= {<K*y, p15 (Ty yry(ayy Dry (@) ery Un ey (aye ney (ay) Mey FF yey (ay FR, (ay) Pow R, 3 
K? nopy> (Tory (aye Ny Ro(a) Le? Noy» U Wyo (a)rt Ny Ro (a)! M7 wor» LF pro (ayy F “Noro (a)! P? wore} 
Ky rg Tira Tira) nape U wiricay lw jR(ay) M ninje FF vieja Fw ,R;(ay] P’vir; >> 
Reg fets TP ci Mg po Pig eG PCA) ih 9, 8k a); 
Where, 
Ke NARn = Kn, /K" n> LL" NnRn = LP Ny | E” Ry? MN ARn = M"y,/M"r,> Po NARn = ik [P"R,3 
TNR (a)? NpRp (a)? | Ny Rn (a)? EN Rn (a)? F NpRy(a) ANd F“y,,R,(a) are same as in Definition 11’ (i). 
ili) We define the “pessimistic / “ operations for N and R such that 
N/pR= {<K*y Ry [T vir (ay Tw Rally Ry U vaRi(ay dirs (ay! M* wiry [F'nyp, (a) FP“ wiry (ay Pi yyRy' 
K? nopys (Toro (aye |” Ny Ro(a) Le? Noy» U woo (aye t Ny Rp (a)! M7 nor» LF nro (ayy FN pRo(a)) P? nore} 


K vin [T wiry(ay T wiray ll vir UU viryay l winicay] M' vin [F'viriayy Fria)! P vin; 7 
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KT NA Ra? Le NaRn? Me NARy? PON ARn EPA) n= 1,2, 33 2091} 


Where, 

K  NnRn = K Ny /K” n> LD Ny Rn = D/L Ry M” NnRn = My /M" Ry» Pe NnRn = Pe Nn [PY en’ 

T! NpRn(a)? E NpRp (a)? | Ny Ry (a)? tN Rn (a)? NpRy(a) ANd F“y,,p,(a) are Same as in Definition 12’ (i). 
Example 6: From Example 1, 


N= {<{k,l,m, n}, [0, 0.7]{k, B, [0.5, 0.6] {m}, [0.4, 0.5] {n}: 


{k,l p, r}, [0.1, 0.9]{k, p}, [0.2, 0.3] {1}, [0.2, 0.7] {r} >} 
and 


R= {<{l,p,m,n, k}, [0.4, 0.8] {1, p}, [0, 0.3] {p, m}, [0.2, 0.6] {1}; 


{m, Ll, p,r}, [0.3, 0.7]{p}, [0.2, 0.5] {m, 1}, [0.1, 0.5] {r} >} 
are two IgsvNqs. Thus, 


i) N /, R= {<@, [0.2, 0.75]{1}, [0.25, 0.45] @, [0.3, 0.6] @; 


{k}, [0.2, 0.8]{k}, [0.2, 0.4] @, [0.15, 0.6] @ >}. 


ii) N /o R= {<@, [0.4, 0.8]{1}, [0, 0.3] @, [0.2, 0.5] O; 


{k}, [0.3, 0.9]{k}, [0.2, 0.3], [0.1,0.5]0 >}. 


iii) N /p R= {<@, [0.2, 0.75] {J}, [0.25, 0.45] @, [0.3, 0.6] @; 


{k}, (0.2, 0.81{k}, [0.2, 0.4] @, [0.15, 0.6] 0 >}. 

Properties 1: Let 

N= {<K*y,, (Ty, cay Ty (all wy,» Uy, cay tw, cay] M‘y,; LF y, ay F“ way] age 
K? ys (Tyo cayy Teta et ys Un (aye weap) M7 ys FF nea Fwy] P23 
K's TT nay Tn, lL ns Un cay ln ,cay] M's Ew cay F“ way] Pin, >> 
Ky, Lys MT ype Py, € P(A) = 1, 2,3, «5 ids 

R= {<K*p,, [Tria TR alle,» Wray tray M* > [Fea F“ Ra) Pies 
Kas esta Tals LE an aay) Mas [Fay F" ay] P7 es 
K' ais (Tray Tray LR UR aE Ray] M's FF Ray F“R,cay] P'r, >> 


Kips Ege MY ps Ph gg € P(A) m= 1,2;3; 2254) 
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and 

Y= {<K'y,, IT yay T “yc ll’y,» Uy, cal“ y, ca] M*y,, [Fy cay FM vay] Bry s 
K?y,. [Ty TY yay? v9» Uva I ¥9(ay] My, FF yay» F“ yay] P?y,3 «- 
Ky. Ty, T ya lly,» Uva Iya] My,» [Fv ,cay F“y ay] Py, >> 
KY, Ly, M"y,, P*y, € P(A); n= 1, 2,3, ... ,i} 


be three IgsvNqss. From Definition 8, Definition 9, Definition 10, Definition 11, Definition 12 and Definition 
13; it is clear that 


i) NU, R=RU,N;NU, R=RU, N:NUp R=RUPN, 
ii) NA, R=RN,N;NNg R=RNgN:NNp R=RMPN. 
iii) NU, (RU, Y)=(NU,R) UY, 

N Uo (R Ug Y) =(N Uy R) Uo Y, 

N Up (RUp Y)=(NUpR) UpY. 
iv) NN4g (RAAY)= (NAAR) NAY, 

No (Rg Y) =(NNo R) No Y, 

N Mp (R Mp Y) = (N Mp R) MY. 
v) NM,4 (RU, Y) = (NNR) UN YY), 

N No (RU Y)= (N90 R) Uo (N NG Y ), 

N Mp (RUp Y) =(NMp R) Up (N Mp Y). 
vi) N Uy (RN4 Y)= (NU, R) M4 (N UAY), 

N Ug (RN Y) = (N Up R) No (N Ua Y ), 

N Up (RMp Y) =(NUp R) Mp (N Up Y). 
v) If N=R, then 

Nu,R=NU, R=Nu,R=R 

and 


Nna,R=Nn, R=NnpRE=R. 


Theorem 1: Let 


N= {<Kty,, (Tw, cay Tn, (aye yy» Ung (ayy Ey cay] Mv,» LF ny (ay FY ny cay] Pty, 3 


144 


Neutrosophic Algebraic Structures and Their Applications 


K? ys [T wycay 1 ny (ay? ys Ung (aye En (ay) M? n> [F'n (ay Fe (ay] P? wv, 
K' ys TT nay Ty alls Un cay tn ,cay] M's F'n cay F“ cay] Pin, >> 
Ky, Ly,, My,» Py, € P(A); = 1, 2,3, ... i} 

and 

R= {<K*p,, [Tray Tralee,» Wray tray M* > [FR (ay F“ ria) Pops 
Ke pc Tse a ele" neo UE retort” tay Mas (FE eae Fee ess 
Kaas (Tray Tray lh Ry» UR aE Ray] M's FF Riay F“R,cay] P'r, >> 
K%,, Lg, M%g,, P®p, € P(A):n=1,2,3,...,i} 

be two IgsvNqss. Then, 

i) (Np R) C (NN, RB) C (Ng R) 

ii) (N Up R) C (NU, R) C (NU R) 

iii) (N My R) C (NU, R), (Ng R) C (N Ug R) and (N Mp R) C (N UDR). 

Proof: 


i) From Definition 10, Definition 11 and Definition 12; we obtain that 
Tt +7! 
F l l Nn(a)T* Rn(a) l l 
min{T Nata Rn(@t S— 5 S max{T Nee Rn(a)} 


TY na) tT" Rn(a) 
min{T™ y, (yt Rn@} S— 5 S max{T" yay TY nay} 


r +1! 
l 1 Nn(a)T* Rn(a) . l l 
max{I Nata Rn(ays = aS > min{I neta Rn(a)} 
pe ru > Nn @ tt Raa) > inf ]@ he 
max{l™ yay tRn@t} 2 — a mindy Gayl R@s 
Fl +F, 
l 1 Nn(a)t* Rn(a) . l l 
max{F Natay Rn(as = eee > min{F aoe Rn(a)s 


FY n(a)tF"Rn(a) 
max{F"y (a) By her Ge min{F"y (a) FY as 
Also, 
for Np, Ng and Ng, 


Ke Ry = KR Ng OR RO Ny He Ng OE Ry MO Ng Ry = MN, AM" RP Nak = ON, PR, 
(7) 


is hold. Thus, from 1-7 and Definition 9; we obtain that 
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(N Np R) C (NN, R) C (NMo R). 


Theorem 2: Let 
N= {<K*y,. [T yay Ty (ay lly,» Uy, cay tw, cay] M‘y,. LF yi cayy Fwy (ay! Pegs: 
K? ys Tyo cay Twp cay Ee? ys Un cay E ecay) M7 ns FF nay Fwy] P23 
K yp (Typ T* wall ngs Una yay] Mn FF nicay FY wycay] Pi, >» 
K"y, L®y,, M™y,, Py, € P(A); = 1, 2,3, «.. 5 i} 
and 
R= {<K*p,, [Tria TR alle,» Wray lia) M* > [Fea “Ray Pips 
Kas Reta Flees LE an eae) Ms FF pea F" ay] Pos 
KE pis (T py(ay TY ica lh js U Ryaye Mr y(ay] M' py» LF 'eicayy F“ aya] P'e;, > 
K", , L"z,, M"p,, P™p, € P(A); n= 1, 2,3, ...5i} 
be two IgsvNqss. We assume that N C R. Then, 
i)NC(NN,R)CR,NC(NN,R)CRandN=(NNpR)CR. 
ii) NC (NU,R)CR,NC(NU,R)=RandNC(NU,R)ER. 
ili) (N/4 R)C R,(R/,N)C R,(N/o RVC R,(R/o N)C R,(N/p RYE Rand (R/pN)C R. 
Proof: 
i) From Definition 9; we obtain that 
Ry OR Ey ee a, SM Pn CP RS 
T'wa(a) ST Racy T nna) S TY RyCas 
Dyn) 2 FP Rn ah way 2 Pane 


Ll Ll 
F'n (a) 2 Fry(ayh> FY nna) 2 F™ Rye): 


(8) 
Thus, we obtain that 
KN Ry = KN, VK R, = KR, oO NaRy =U Ny OLR, = LU Ry? 


My ce Mom MyM Ply ge Phe Ph SPT cs 


(9) 
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Also, from Proof of (i) of Theorem 1; conditions 1-7 are hold. Hence, thanks to Definition 10, Definition 11, 


Definition 12, 1-7 and 9; we obtain that 


Nc(NnN,R)CR,NC(NNg R) CRandN=(NNp> R) CR. 


Conclusions 


In this chapter, we define IgsvNqs, IgsvNqsn using generalized set valued neutrosophic quadruple sets 
and interval neutrosophic sets. Thanks to IgsvNqs and IgsvNqsn, generalized set valued neutrosophic 
quadruple sets and interval neutrosophic sets will more useful together. Also, we obtain some basic properties 
and some operations (U4, Ug, Up,N4, 9, Np,/4, /o, /p). Especially, for decision making problems; these 
operations will more useful. Furthermore, thanks to definitions of IgsvNqs, IgsvNqsn and operations 
(Uy, Ug, Up,Ayg, Ne; Np./4, /o, /p ); researchers can define similarity measures, some specific decision 
making methods (TOPSIS, VIKOR, DEMATEL, AHP, ...), arithmetic operations, aggregation operations 
based on IgsvNgqs and IgsvNqsn for decision making problems. 


Abbreviations 
IgsvNqs: Interval generalized set valued neutrosophic quadruple set 


IgsvNqsn: Interval generalized set valued neutrosophic quadruple number 
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ABSTRACT 


In this study, we first tried to study the impact of the concept of human rights from a historical perspective 
totally to explain the creation of national institutions and organizations. We then tried to explain in detail the 
human rights documents and human rights systems found at universal and regional level to complete this 
integrity. Finally, in order to explain how important the existence of human rights institutions and organizations 
to achieve human rights and freedoms, we analyzed their benefits for states and individuals. In addition, we 
created an artificial intelligence application to determine the impact of national human rights in the protection 
and promotion of human rights. Thus, we obtained a fuzzy application method in which more objective results 


can be obtained compared to previous methods in determining this effect. 


Keywords: Human Rights and freedom, National Human Rights, Fuzzy logic, Artificial Intelligence 


Application 
INTRODUCTION 


Human rights has tried to take part in international law from the first era to the present. In this process, many 
studies have been done at the universal and national level. The issue of human rights was formally established 
by the United Nations on 24 October 1945. The UN requirement and human rights that have been officially 
introduced to the international field have been discussed in detail with the Universal Declaration of Human 


Rights. [HEB has been a guide in internal law practices and has contributed to the embodiment of abstract 
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rules. Although human rights have been subject to studies at a universal level, they are also discussed in 
different forms of practice at a regional level. The American Human Rights System, the African Human Rights 
System, the European Human Rights System are examples of this. And so, as a result of all these studies, the 
topic of human rights has developed extendedly. 

International documents have been issued so that individuals can reach their rights and freedoms fairly; national 
human rights institutions or equality institutions have been established to ensure that the articles in these 
documents are best implemented by the states. These institutions and organizations are very important for the 
effective implementation of human rights. We tried to reach certain conclusions by trying to study the 
beneficial consequences of human rights institutions and equality institutions in artificial intelligence with our 
own interests. 

There are many uncertainties in our daily life. Many times, classical logic is insufficient to describe these 
uncertainties. Because in classical logic, an element is either an element of a set or it is not. That is, the 
membership value of an element belongs to the set {0, 1}. For example, according to classical logic, the color 
of an apple is either red or not. But it cannot explain the tones of red in classical logic. Due to such situations, 
classical logic is insufficient to explain the uncertainties. Fuzzy set and logic are defined by Zadeh in 1965 to 
explain uncertainties more precisely mathematically [1]. In fuzzy logic, the membership degree of each element 
of a set takes a value in the range of [0, 1]. Thus, unlike classical logic, the membership of each element is 
graded. For example, the speed of a vehicle is too fast, too fast, too slow, too slow, etc. It can be specified with 
expressions such as and with different membership degrees. Thus, a more sensitive type of logic including 
classical logic has been obtained in explaining uncertainties. Fuzzy logic is one of the most used logic types in 
almost every field of science, especially in artificial intelligence applications and decision-making applications, 


from the date it was defined to the present. 


In this study, we obtained eight criteria determine the impact of national human rights in the protection and 
promotion of human rights. We have gathered these eight items under three headings as International Human 
Rights Influence, Government Influence and Legislative-Judicial Influence. With these three criteria, we 
obtained a fuzzy matlab algorithm to calculate the rate of this effect for countries. Thus, we have obtained a 
decision-making algorithm using artificial intelligence, which can be applied and objective results can be 
obtained. For researchers who want to use or improve this algorithm, we have created an example of decision 


making with imaginary data. 


BACKGROUND 


Although human rights do not change and have no common definition, it encompasses all human rights, in a 
broad sense resulting from being an individual. These rights are universal libertarian, peaceful, responsible and 
based on ethical foundations aiming material and spiritual development of human being. they are fundamental 
rights. In the historical process, human rights were considered as human rights in an abstract foundation before 
the establishment of states, and accepted as the rights and freedoms that man have had from the birth. And then 


because of the individual’ living in society, it is based on positive law and bounding certain legal assurances it 
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became materialized [2]. From here, it would be beneficial to briefly mention the development of human rights 
from an abstract concept to concrete one and what stages have passed in the historical process to understand 


the effects of human rights on international and national levels. 


In the first era, the idea of the rights and freedoms of individual were firstly mentioned in Greek and Roman 
civilization The first examples of human rights implementation were seen in these civilizations. The "citizens" 
,which are actually a minority group, participated in state government and made laws and decided to war and 
peace. The rest of the site were created by slaves, who had no rights, who were considered property or an 
animal legally , who manufactured tools. The important point here in terms of human rights is that the minority 
group of the people was involved in the management of the site. In the ancient Roman law system, they could 
only bring government art and management further than the old Greek [3]. Unlike the ancient Greek, the 
concept of citizenship was expanded. The people in the Roman Empire were given citizenship right except 


women, children, and slaves [4]. 


In Indian civilization, individual with his birth lived according to the rules of certain caste . The persons were 
subjected to a standard system, depending on the status of the class within the caste. In this civilization, no one 
had ever embraced the notion that they had certain rights because they were just human. The word right 
corresponded to the person's status within the class in this system. The individual must have done his/her duty 
in order to claim and use a right and. For example, in the case of old or disability, individual had the right to 
get support, if only he fulfilled his duty [3]. Chinese civilization contributed to the development of human 
rights through the teaching of limiting political power. All these minor developments in the early ages were 
too inadequate to fill the legal concept of human rights, but they were still the first steps toward embodying 


human rights. 


In Middle Ages the struggle between the ruled and the rulers, had provided important step toward the 
development of human rights. In this age, Magna Carta Libertatum which was the legal development of human 
rights in England was signed in 1215 by preventing the king's keyship and indicating people’s having the 
security of their property and life. The limitation of the king's keyness and the extension of the rights and 


freedoms of the people made it the first and most important document in the field of human rights [5]. 


Thanks to the natural law which was reshaped in the New Age in the 15st century although human rights were 
not discussed as an independent topic, the issues that human rights could not be transferred and were inborn 
right were moved to the political area. Human rights began to take part in positive law in this era with the 
weakening of the understanding of absolute sovereignty. In the 16 st century, philosophers such as John Locke, 
Jean-Jacques Rousseau and Montesquieu, who argued that the individual should be protected from the 
pressures of the ruling class, were the pioneers of this argument. Locke, a human rights activist, argued that 
people who based the basis of political thought on a human being equipped with natural rights had equal and 
same rights because they were born as human beings. Montesquie argued that the only freedom of the state is 


the freedom of individuals [6]. 
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During World War I. the idea of the League of Nations was suggested by US President Woodrow Wilson in 


1917, within the framework of Wilson principles. The idea was brought to life with the support of the Allied 
States at the Paris Peace Conference that ended World War I. But among the aims of the society, which was 
established for world peace and security, protecting human rights and the human value associated with it were 
not included , not even the word human rights had expressed. But some articles have been linked to human 
rights rules. The fair and humane operating conditions set out in Article 22. article 5. this is an example of the 
idea of prohibiting slave trade, guaranteeing the freedom of conscience and religion of people under the 


administration of buffalo, including the people of Central Africa [7]. 


The League of Nations did not provide the peace and trust and did not prevent World War II. After World War 
II, Germany and Japan were defeated and the victorious states organized conferences to establish an 
organization in order to ensure their own security, international stability against other states. One of them is 
the San Francisco Conference, which had the signatures of 50 states. The United Nations clout was signed on 
October 24, 1945, with the signatures of the states participating in this conference. Under the UN requirement, 
human rights have gained an international identity and has become a matter that must be protected 


internationally [8]. 


In general, there is a significant link between the protection of international peace and security and trust which 
is the main purpose of the UN and human rights. In order to prevent any disrespect or violation of human rights, 
no matter where it is in the world, and to ensure World peace, the UN has encouraged and supported the states 
to develop and respect human rights. Although the provisions of human rights were not systematically regulated 
under the circumstances, the initial chapter emphasized fundamental human rights, the honor and value of 
human personality, the belief in men and women and equality the rights of big and small nations, and stated 
creation of conditions for respecting the obligations arising from the agreement. It also included six specific 


points of human rights. These are; (md. 1/3), (md. 13/1), (md. 55c), (md. 62/2), (md. 68) and (md. 76c) [3]. 


Although there were many regulations on human rights under the UN requirement, there were no regulations 
related to the content of these rights. Therefore, a human rights catalog had to be created to protect human 
rights. The Economic and Social Council had been appointed to work in this area; Human Rights Commission 
formed by this council were tasked with preparing a human rights declaration. In response to this, the Universal 
Declaration of Human Rights (IHEB) was prepared and the vote submitted to the General Assembly was 
adopted. This declaration provided the recognition of the rights within the IHEB of member states in the world 
and It was the first step in promoting and raising respect for the fundamental freedoms and human rights of the 
UN. Although there had been no binding document since it was published, it had been a fundamental document 
in the development and spread of human rights thought and had received the approval of the international 
community. The IHEB is the abstract principle of it has been a guide in transforming concrete rules and 


transferring human rights to internal law [9]. 


In the post-Magna Carta UK, documents such as 1628 Petiton of Rights, 1679 Habeas corpus Act, 1689 Bill 


of Rights and 1701 Act of settlement hav tried to expand individual rights and freedoms. These documents 
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have affected human rights developments in the United States and later France. On June 12, 1776, in the process 
of independence for the United States, in the beginning of Virginia Constitution, The Amendment of Rights 
(Bill of Rights) stated that the people had equal, irreversible and indispensable rights due to creation, these 
fundamental rights were determined as happiness, security rights, life and freedom, property rights. Later, 
classical political rights and freedoms, such as freedom of speech, conscience right, freedom of press, freedom 
of assembly, individual security, were included in the American Declaration of independence and other state 


constitutional [4]. 


The regional human rights agreements in American States Human Rights Systems were the terms of the United 
States organizations (1951), the Declaration on American Human Rights and duties (1948), the Announcement 
of American Human Rights (1969/1978). Although the American Declaration of Human Rights and duties is 
considered a similar arrangement to the UN Universal Declaration, it has covered different details in terms of 
its assignments, including statements, definitions. For example, 26. it contains both the execution of the 
sentence and the sentence given in its article, out of cruel, insulting or unusual. In 1969, the American 
Convention on Human Rights was accepted and put into force in 1978. The Convention includes a broad range 
of rights including legal personality, legislative, human conundrum, nonslave, freedom of thought and 
conscience, equality in front of the law, right to sue; these rights have been imposed assignments to the States 


in order to take economic, cultural, social measures and are supported by the ban on discrimination [10]. 


At this point, the French Declaration of Human and citizen Rights, affected by the American Declaration of 
independence, will be appropriate to be stated Based on the American Declaration of Rights and the modern 
legal concept expressed by 18thcentury philosophers, The French Declaration of Human and citizen Rights 
which was written. For a self-sufficient and self-confident person, this document, created by the destruction of 
the old regime, had made up of seventeen substances and had been written in French language which makes 
human rights and freedoms known by large audiences. It was emphasized that human rights should first be 
based on clear and simple principles. According to the introduction text, this declaration would remind them 
of the rights that all members of society have. As the title of the declaration states, man won citizenship status 
because he had natural rights, preserved them, and behaved with the rights that existed in his nature. The role 
of the citizen was to protect the rights making man's development and existence. Although many more 
documents were published after this declaration, none were as effective as FIYHB. All the laws adopted in 
France have been referred to the FIYHB and have formally accepted all the rights and freedoms listed in the 
declaration and declared that they will be bound to them. Universal statements in the declaration have been 


effective in legal documents of other countries [11]. 


The right to live in daily life in Africa during the pre-colonial period, self-defense, the man of sacrifice, freedom 
of expression, freedom of religion, rights such as freedom of organization, freedom of travel were recognized 
and used by orf and customs. But in the colonial period, the African people were subjected to discrimination, 
intense pressure, human rights violations, and slave trade. These events showed their results in 20.th century 


and accelerated the independence process. After 1960 focusing on the achievement of political independence, 
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African states established the Organization of the African Union in 1963 for the purpose of establishing 


regional unity. One of the objectives of the establishment of this union was to improve international co- 
operation in accordance with the UN Convention and the Universal Declaration of Human Rights. The African 
states submitted human rights to the UN Universal Declaration on Human Rights and the UN requirement. 
However, although they were a party to various regional or international documents and were stated a 
comprehensive part for list of rights in their constitution, they were divided by ethnic, religious, racial reasons, 
the failure of national integrity, the military's frequent involvement in politics, economic incompetence in the 
hands of the minority class, Human rights violations could not be terminated in practice because they moved 


on with a Western imitation system instead of a traditional system [3]. 


Four years after the UN in 1949. The Council of Europe was established in London to prevent the World War 
II ruins from being repeated. One of the main areas of this council's work had been human rights. In the First 
article 1 of the status it was stated that The article also stipulates that contracts would be made and joint action 
would be taken to protect and carried human rights and their main freedoms to a further level. Again in article 
8 It has been stated that in case of human rights and fundamental freedoms not being observed ,membership 
would be suspended and the right to representation of the member country might be terminated. The European 
Council's most important regulation on human rights has been the European Court of Human Rights and the 


European Court of Human Rights [12]. 


The European Convention on Human Rights was signed in Rome on November 4, 1950, inspired by the EHIB 
but kept in a narrower scope. The AIHS, which envisions a powerful mechanism for legal protection of human 
rights, had established a highly developed legal basis with its terms and expressions. With the ATHS, each 
member state and a signatory state had the obligation to comply with the human rights and fundamental 
freedoms listed in the contract. The obligation to grant rights and freedoms to all individuals in the entity states 
to the contract is governed by the first article. These obligations have been met in their own method, but they 


have been granted the freedom to comply with the agreement [11]. 


In the historical process, on the definition of national human rights institutions with the framework of 
Principles on the Status of National Human Rights institutions(Principles of Paris), at the end of the 1991 
seminar realized in UN , minimal definition for national human rights institutions was made [13]. At this point, 
it is appropriate to address the points that the Principles of Paris address about human rights institutions. The 
Parisian Principle lists various responsibilities for national human rights institutions. Firstly, these institutions 
will review every situation in the face of human rights violations and will have enough personnel to monitor 
developments anywhere in the country. Secondly, human rights institutions will be able to advise governments, 
parliament and other authorized bodies on the implementation of and compliance with international human 
rights documents in the event of human rights violations. Therefore, some communication channels officially 
and informally between the state bodies concerned with the institution will be formed. Third, these institutions 
will be in contact with regional and international organizations, and contribute to reports submitted by the states 
to regional or international institutions. Fourth, it will support human rights research and educational human 


rights programs and will be involved in the implementation of them in universities, schools and professionally. 
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Finally, some human rights institutions will be granted semi-judicial powers. If it doesn't fulfill even one of 
them, Principles of Paris are consired not being implemented. In addition, it may be authorized to listen to 


individual complaints and evaluate petitions outside of its authority [14]. 


The UN handbook, published in 1995, it is stated that these institutions are structures established by states ,by 
constitution, law or regulatory procedures, and its mandate is to improve and protect human rights in particular. 
Also, a book belonging to the UNHCR stated that it is a state body, having constitutional or legal basis, and is 
part of a state-funded device, and is established to improve and protect human rights rights for human rights 


institutions [13]. 


National human rights institutions act as a bridge between local practices and international norms. In order to 
carry out its organizational functions in terms of preventing rights violations and the development of the human 
rights and to make international human right rules more functional in local level , international human rights 


rules must be placed in public institutions [15]. 


The national human rights institutions are defined as responsible structures for the development of human 
rights, which are autonomous and independent, created by public authorities. The sole purpose of these 
institutions is to gather information/data about the human rights practices of states and to report them to the 
public. At this point, human rights activists have embarked on a search for the standards of institutional 
structures that can be considered as human rights institutions, which is reflected up to the Paris Principles. The 
Parisian Principles have stated that the authority of national human rights institutions for the protection and 
development of the rights of the human should be broad, but have not given any insight into the number of 
these institutions. However, the Global Elevation of the National Human Rights institutions has indicated that 
only one national human rights institution should be available from each state. EU equal treatment Directives 
have established the framework of the minimum standards of all equity institutions, and two approaches have 
been taken accordingly. Some EU member states have specialized equity institutions in line with obligations 
arising from the EU equality directive and are focused solely on discrimination and equality. Other member 
states have human rights institutions based on the Parisian Principles, focusing on equality. In some other EU 
member states, the Equality institutions and national human rights institutions have established a single 


institutional model to fulfill their functions. For example, England, Belgium, France, the Netherlands [15]. 


Definition 1: [1] Let B be the universal set. A fuzzy set A on B is defined by 


A = {(a,U4(a)): a € B}. 


Here, f44(a) is membership function such that u,:B — [0,1]. 


Definition 2: [16] A triangular fuzzy number fi = [k,, 1,, m,] is a special fuzzy set on the real number set 


IR, whose membership function is defined as follows 
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(a-k4)/(4-k1), if (kisx<l) 
1, if (@=11) 
(m,-a)/(m1-l1), if (<asmy) 
0 if otherwise 


Hy(a) = 


Figure 1. # =[k,, l,, m,] triangular fuzzy membership function 


NATIONAL HUMAN RIGHTS IN THE PROTECTION 
AND PROMOTION OF HUMAN RIGHTS 
INFLUENCE OF INSTITUTIONS: FUZZY METHOD 


Human rights have a place in the field of international law from the First Age to the present. tried to do. In this 


process, many studies have been carried out at the global and national level. This As a result of the studies, the 
subject of human rights has developed considerably. rights of individuals and international documents have 
been drawn up in order for them to reach their freedoms in a just way; In order for the articles in these 
documents to be implemented by the states in the best way, national human rights institutions or equality bodies 


have been established. We listed these useful results as follows: 


1) Exhibiting a holistic collection of human rights 

2) Ensure compliance with international human rights standards 

3) Ensuring access and improvement to education, health and housing 

4) Making a positive contribution to the regulations on personal integrity Rights 

5) Contributing to an inclusive democratic and political regime 

6) Facilitating changes in human rights regulations at the local level 

7) Collaboration with judicial authorities in the prevention of human rights Violations 

8) Establishing principles regarding process of Impersonal general assemblies and general functioning of 
intergovernmental human rights 


(i) 


key, 
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Fuzzy Method 


In this section, we will collect the eight criteria in (i) under three headings. These headings: International 
Human Rights Influence (1, 2, 3 and 4 in (1)), Government Influence (5 and 8 in (i)) and Legislative-Judicial 
Influence (6 and 7 in (i)). 


Now we give a fuzzy matlab application for determine the impact of national human rights in the protection 
and promotion of human rights. In the fuzzy matlab application, the process is given at Figure 1. 


Figure 2. Fuzzy Matlab Algorithm 


We give the inputs for this fuzzy matlab application in Table 1 and output for this fuzzy matlab application in 
Table 2. 


Table 1. Inputs for this fuzzy matlab application 


“Input ———<“i~is—sSCCC—_ A breviattion 
International Human Rights Influence THRI 
Government Influence GI 
Legislative-Judicial Influence LII 


Table 2. Output for this fuzzy matlab application 


Output Abbreviation 


National Institutions Influence NI 
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'@ Fuzzy Logic Designer: Untitled - o x 


File Edit View 


Untitled 


(mamdani) 


Figure 3. Fuzzy Matlab’s input (IHRI, GI, LJI) and output (NID), 


We give the fuzzy membership functions of these inputs and the representation of these functions as 


triangular fuzzy numbers in Table 3. 


Table 3. Fuzzy Membership Functions of IHR, GI and LII. 


Fuzzy Membership Functions Abbreviation Fuzzy Number 
Little L [0, 25, 50] 
Medium M [30, 50, 70] 
High H [60, 75, 90] 
Very High V.H [80, 100, 100] 
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Figure 4. Fuzzy Membership Functions of Fuzzy Matlab for IHR, GI and LJI 


We give the fuzzy membership functions of output and the representation of these functions as triangular fuzzy 


numbers in Table 4. 


Table 4: Fuzzy Membership Functions of NII 


Triangular Fuzzy Membership Functions Abbreviation Triangular Fuzzy Number 
‘VeryLitle = © WL [0, 0, 25] 

Little L [20, 40, 60] 
Medium M [40, 60, 80] 

High H [60, 80, 90] 

Very High VH [85, 100, 100] 
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Figure 5. Fuzzy Membership Functions of Fuzzy Matlab for output 


55. If (IHRI is VH) and (Glis M) and (LJIis H) then (Nil is H) (1) 
56. If (IHRI is VH) and (Glis M) and (LJIis VH) then (Nil is H) (1) 
57. If (HRI is VH) and (Gl is H) and (LJlis L) then (Nil is M) (1) 
8. If (IHRI is VH) and (Glis H) and (LJlis M) then (Nil is H) (1) 
9. If (IHRI is VH) and (Glis H) and (LJlis H) then (Nilis H) (1) 
60. If (IHRI is VH) and (Gl is H) and (LJI is VH) then (Nil is VH) (1) 
61. If (HRI is VH) and (Gl is VH) and (Lulis L) then (Nil is H) (1) 
62. If (IHRI is VH) and (Gl is VH) and (Lil is M) then (Nil is H) (1) 
: and and (Lulis H) then (Nil is VH) (1 


Figure 6. Representation of Fuzzy Rules in Fuzzy Matlab 
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#) Rule Viewer: Untitled — Oo x 
File Edit View Options 
IHRI = 80 Gl=65 LJI= 90 Nil =76 


BRBSstaatSstseevomson= 


Figure 7. Getting Results with Fuzzy Matlab Rules 


Now, let's give the imaginary three inputs ( IHRI, GI and LJI) values for imaginary five countries (S;, Sz, S3, 
S, and S; ) in Table 5. 


Table 5: Input values for countries (Sy, Sy, S3, Sq and Ss ) 


States THRI GI LJI 
Si 75 65 55 
S; 85 70 45 
Ss 50 65 90 
S4 70 70 715 
Ss 80 65 90 


If the data in Table 5 is calculated in the fuzzy matlab algorithm we obtained for each country, Table 6 is 
obtained. 
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Table 6: Output values for countries (S1, Sz, S3, S4 and Ss ) 


States NII 
Sy 53 
So 58 
S3 68 
S4 77 
Ss 76 


Therefore, according to Table 6, the countries with the highest impact of national human rights in the protection 
and promotion of human rights are S,, S;, S3, S; and S,, respectively. 


Conclusions 


Human rights have grown to an important position in international law since first ages. The progress 
of human rights in the historical process has come to this point today due to the efforts of individuals, 
communities, states. In this study, as detailed in this process, the human rights steps in the first Age, Middle 
Ages and New Age have gradually started to sound, and this voice has become the basis for international law. 
We have covered international studies, human rights has become defined phenomenon that should be accepted 
by all, and this led to a number of studies to reach individuals. These studies, which are the basis of our work, 
have focused on the benefits of human rights institutions and equality institutions established by states for 
better application of human rights. From this framework the effectiveness of these institution was determined 
by using artificial intelligent method. Thanks to this method, we determine the impact of national human rights 
in the protection and promotion of human rights. Also, using (or improving) the data and decision-making 


method in this study, researchers can conduct new studies on international human rights and law. 
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ABSTRACT 


VIKOR is a popular strategy for multi-criteria decision making. As an extension of the neutrosophic 
trapezoidal numbers, the N-valued neutrosophic trapezoidal numbers, which are special neutrosophic multi- 
sets on real number, are used to effectively solve the repetitive uncertainty of decision-makers in multi-criteria 
decision-making problems. The aim of the this chapter the VIKOR strategy for MCDM problems in N-valued 
neutrosophic trapezoidal numbers. In decision making situation, N-valued neutrosophic trapezoidal numbers 
are employed to express the criteria values. Then we develop an extended VIKOR strategy to deal with MCDM 
in N-valued neutrosophic trapezoidal numbers environment. To show the advantages of our proposed VIKOR 
strategy, a decision-making problem of architecture to illustrate the effectiveness of the developed method is 
solved in N-valued neutrosophic trapezoidal numbers environment. 


Keywords: Neutrosophic sets, neutrosophic multi-sets, N-valued neutrosophic trapezoidal number, 


generalized distance measure, entropy measure, VIKOR method, multi-criteria decision-making. 


1. Introduction 


Production materials; metal, ceramic and organic materials are divided into three main groups. Each of these 
materials has their own advantages and disadvantages. The new material obtained as a result of the process of 
combining the superior properties of two or more of them in one material is composite. 


The reason why the composite is preferred is; This is because it is resistant to heat and moisture, is lighter than 
metal, and has high strength. In addition, it is an economical alternative for every sector with its low cost. Wear 
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resistance, thermal expansion feature, stylish appearance are also advantages. For such reasons, composite 
material has become more preferred in recent years. Composite materials have found the opportunity to be 
used in a wide area. We aim to solve the uncertainty arising from these possibilities by using the decision- 
making method. Since decision making problems which contain uncertain are difficult to model and solve, and 
it is a need for us to develop some mathematical theories. Recent years, fuzzy set theory by using only one 
degree of membership proposed by Zadeh [64] and intuitionistic fuzzy set theory by using two degrees of 
membership introduced by Atanassov [2] have been received great attention in solving various decision- 
making problems. These theories can better solve the fuzziness of the uncertain decision making therefore the 
theories are all very successfully studied in Hu et al. [18], Liu et al. [19], Narayanamoorthy et al. [20] and [32- 
44]. 


By using truth-membership function, indeterminacy-membership function and falsity-membership functions, 
in 1998, Smarandache [51] proposed the concept of neutrosophic sets (N-sets). In 2013, Smarandache [52] 
generalized the classical neutrosophic logic to neutrosophic refined logic which have more than one with the 
possibility of the same or the different membership functions. Moreover, Ye and Ye [62], Chatterjee et al. [11] 
and Ye and Smarandache [63] introduced the concept single valued neutrosophic multi sets as a further 
generalization of that of neutrosophic sets based on both the neutrosophic refined logic and multi sets of Yager 
[61]. The multisets and single valued neutrosophic multisets has received more and more attention since its 
appearance in [1,3-10,12,14-17,21-31,45-50,53-59,61,63-72] 


In order to use the concept of single valued neutrosophic multi sets to define an uncertain quantity or a quantity 
difficult to quantify, in Deli et al. [13] the authors put forward the concept of continuous N-valued neutrosophic 
trapezoidal numbers (NVNT-numbers). They developed a TOPSIS method by giving some operational laws 
of NVNT-numbers and some aggregation operators of NVNT-numbers. 


Distance measure is an important information measure in the study of single valued neutrosophic multi sets 
but there are few distance formulas for NVNT-numbers proposed in studies. There, this paper will first propose 
some new generalized distance measures for NVNT-numbers then use it to develop a decision-making method 
based on a entropy measure which find weight of criterias. 


The remainder of this paper is arranged as follows. The “Preliminaries” section gives a brief introduction to 
single valued neutrosophic sets, single valued neutrosophic multi sets, N-valued neutrosophic trapezoidal 
number. In the “NVNT-numbers VIKOR method” section, a NVNT-numbers -based decision-making 
approach is proposed, and in the “Illustrative example” section, an illustrative example is provided to 
demonstrate the effectiveness of the above method. Later, we compare the proposed example with different 
distance measures and existing methods. 


2. Preliminary 


This section firstly introduces several the known definitions and propositions that would be helpful for better 
study of this paper. 


Definition 2.1 [60] Assume that E is the universe. Then, a single valued neutrosophic set (N-set) A in E defined 
as 


A= i< x, Ta (x) , I, (x) , Fa (x) Pix e€ EB} (1) 
where Ty(x), I4(x), F(x) € [0,1] for each point x in such that 0 < Ty(x) + I,(x) + Fa(x) $3. 
Definition 2.2 [52] Let E be a universe. A, neutrosophic multi-set set A, on E can be defined as follows: 


Ay={<x,( Ta, (), Ta, (9), -- TA, (3), TA, ©, TA, @), »-- TA, OD), (Fa, @), FA, (8), »--» Fa, (K)) >: x € Ej, 


where 


TA, @), Ta, @), TA, @), TA, ©, TK, OO, Th, @), Fa, &), FA, &), Fa, &): E> [0,1] 
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such that 0 < sup TA, (x) + sup], (x) + sup FA, (x) S 3 (i=1,2....,P) for any x € E is the truth-membership 
sequence, indeterminacy-membership sequence and falsity-membership sequence of the element x, 
respectively. 

Definition 2.3 [13] Let n4,,94,,0s, € [0,1] (i € {1,2,...,p}) and a,b,c,d € R such thatasb<c<d. 
Then, an N-valued neutrosophic trapezoidal number (NVNT-number) 

4 = ([a,b,c, d]; (ANA, : Naas Cn Ox Ga (81, Oni eesr 94,)) is a neutrosophic multi-set on the 
real number set IRR, whose truth-membership functions, indeterminacy-membership functions and falsity- 


membership functions are defined as, respectively. 


(xa); (b-x) +94, (x-a ) 2 
(bay te ASx<b fa 
TK) Nw bsxsc Ik@ = 8 BESS 
Qa = a z a i 
Sony e<xsd ee c<x<d 
0, otherwise, 1, otherwise, 
and 
b—x)+6\(x-a 
Alas Bak NG Si <x<b 
(b-a) 
. L <x< 
FRX) = %w nee 
(x —c) + 04(d —x) 
— —, crxd 
(d —c) 
1, otherwise, 


Note that the set of all NVNT-numbers on R will be denoted by A. 


Definition 2.4 [13] Let Ay = ((a,,b1,C1,d,); (MA, MA,» MA, )» (9A, 94, ++ A, )» (0A, O4,>---1 8, )) € 
A. If A, is not normalized NVTN-number(a,,b,,c,,d, ¢ [0,1]), the normalized NVTN-number of A,, 
denoted by A, is given by; 

A, = ( ay b, Cy d, | 


a, +b, +c, +d,’a, +b, +c, +d,’a, +b, +c, +d,'a, +b, +c, +d, (5) 


1 2 P 1 2 P 1 2 P 
(ni_nZ.,...onE,), (64 ,82.,...96, ), (@4,02,,...,68)). 


Definition 2.5 [65] Let A = 
[ag bys Cy, dy 1? (nin), (05,95, 585), (05,05, ..,05)) and B= 
([az,b2,Co,dg]; (nd, nd, ... ne), (05, 83, ..., 86), (04, 02, ..., 0£)) be two normalized NVNT-numbers then, 


respectively, the weighted Hamming and Euclidean distance measures between A and B are given below; 


1 
16p 


Pp 
d¥ (A,B) = CY [(wa( + nip — 08g — 0 ay — wa(1 + nf — 08; — Ob Jaa)” + 
i=1 


(Iwa(1 + ni, — of — ob )b, — wa(1 + ni — 94 —0L)b,1)" + 
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(Iwa(1 + ni - 95 - eb )e, —wa(1 + ni - 9 - 4)ca|)' + 


(Iwg(1 + ni - 8; - 7)d, — wa(1 +n, - 0 — @4)d21)" |) * GB) 


For r=1, the equation 3 is given as; 


p 
ean 1 , . , . , . 
dv (A,B) = Tap: D_lma( + ny — 85 — Oba — we (1 + ng — 0 ~ 8)ael + 
t=1. 


lwz(1 + ni, -— 94, — 04)b, — we(1 +n — 96 — 04)b,| + 


Iwz(1 + ni, — 9, - OL), — we(1 +n, — 96 — 0b )c,| + 


Iwy(1 + ni — 8, — 04)d, — wg (1 + ni — 85 — 05) d,|] (4) 


For r=2, the equation 3 is given as; 


dW (A,B) = —.) [wa ni si — eLja, — wg(1 + ni — ot — eL)a,)° + 


(wai + nb — 0b — ob, — wg(1 t+ nb — 04 — oL)b,)” + 


(wa(1 + ni, — 9b — ete, —wa(1 +i — 0b —@b)c,) + 


1 
(wa + ny - 0b — ob )d, — wg (1 +n — 94, — 04)d,)’ | (5) 


Theorem 2.6 [65] Let A = 
A Cag biyieg dg (ys nang ies), (OO Sians OS), (0 B29 02))) 
B = ((a3,b5, Cz, do); (ne, nZ, .... NE), (9}, 94, ..., 9£), (OF, 03, ...,0£)) and 


Cashes ds) (nd, ne, sy ne): (94, 93, a 08), (64, 62, ee 02) be three normalized NVNT- numbers. 


Then, d“ (A,B) satisfies the following properties: 
i. O<d¥(A,B) <1, 
iii A=B>d¥(A,B)=0, 
iii. d”(A,B) = d’”(B,A), 
iv. dW(A,B) < d¥(A,C) + d¥(C,B). 


Definition 2.7 [65] A real-valued function €,: 4 > [0,1] is called an entropy on NVNT-numbers if it satisfies 


the following properties: 


([a,b, c, d]; (1,1,...,1), (0,0,...,0), (0,0,...,0)) 
([a,b, c, d]; (0,0,...,0), (0,0,...,0), (1,1,...,1)) 


EP2. E,(A) = E,.(A*) for all A € NVNT-numbers, where 
AS = (a,b,c, d]; (64, 0%, ..., 0%), (1 — 94,1 — 94, ....1 — 9%), (m4, 12, 1). 


EP1.A =| => €,(A) = 0; 
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EP3.d,(A, A~) = d,.(A, At) © €,(A) = 1 for all A € NVNT-numbers, where d,(A,At) is a distance 
from A to At and d,(A, A“) is a distance from A to A7; 
EPA. For all A,B € NVNT-numbers, if 


d,(B,B-) if 


d,-(A,A7) 1 
E d,(B,B*) +d,(B,B-) 2 (6) 


IIA AY HA(AA-) 2 


then E(A) < E(B), where d,(B, B*) is a distance from B to Bt and d.(B,B7) is a distance from B to B™, 
where 


At = ([a,b,c, d]; (1,1,...,1), (0,0,...,0), (0,0,...,0)) 
and 


A- = (a,b,c, d]; (0,0, ...,0), (11, ...,1), (1,1, «..,1)). 


Theorem 2.8 [65] Assume that d, is an distance measure for NVNT-numbers. Then, for any A € NVNT- 
numbers, 


dG A>) 1 


ena ee d.(A,A*)+d,(A,A-) 2 Se) 


is entropy of NVNT-numbers based on TOPSIS. 


3. NVNT-numbers VIKOR method 


In this section, we proposed a normalized NVNT-numbers VIKOR method with entropy-based weights for 


solving multi-criteria decision-making problems. 


Definition 3.1 Assume that F = {F,, F.,...,F,,} be the set of altenatives and Z = {z,, Zp, ...,Z,} be the set of 


criterias. In Deli et al. [13], the normalized NVNT-numbers decision matrix is given as; 


Fuy Fi2 ae Fin 

Foi Fo. ne Fon 
(Fig )mxn =~ : 

Fina Fin2 os Finn 


such that 
Fig = [aug Digs Cig dag] (iby. m3 ndy, 8, ) (8h), 92),88),.-.. 8B), (02, 0%), 08)...» 88, )), (K=1,2,...m) and 
G=1,2,...,n). 


It is carried out the following algorithm to get best choice: 
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Algorithm: 
Step 1: Create an evaluation matrix (Fj )mxn> (k=1,2,...,.m; j=1,2,...,.m) 
Step 2: Find of the weights of the criteria vector w = {w,,W9, ..., W,} by using equation in Theorem 2.6 as; 
m= Dies Ex; 
Wi > ym yn c? 
m.n — Dey din Et 


where the entropy matrix (€)j)mxn (k=1,2,...,m; j=1,2,....n) of the decision matrix (F)j)mxn and where 


ee ee 
d. (Fry, Kig*) + dr(Fijs Fig”) 2 


(k = 1,2,...,m; j = 1,2,...,n). 


Note that if the entropy matrix (Ej )mxn (k=1,2,...,m; j=1,2,...,n) is not normalized then, the entropy matrix 


must be normalized as; 


Ex 
 ——————————————— 
S max{E\g: Ej € (Eig )man K = 1,2,...,mandj = 1,2,...,n} 


Step 3: Determine the positive ideal solution r* and negative ideal solution r~, respectively as; 


1+ g2+ 93+ 1+ 92+ g3t 


Hes, [ag Birceeda lah, ai tig eaea ety 0m oO at (Ob, Gee Oe Ge) 


([maxfa,,} : max{b,;} ; max{cj} ; max{d,}] : (max{nj}, max{nij} : max{ni} + Max {nb t) 


(min{oi,} ; min{ 9%} ; min{9jj}, min {or t) / (min{64)} ; min{6%} ; min{0j}, min {o?,})) 


and 


= (lag. bg, 5, dgh (nk Mig Mig oo Nig )» (8% 96 1 Oj 1 By ) (8% Of OR» 8 )) 
7 ([minfa,,} , min{by,} , min{ey} , min{dy}] ; (minfni} , min{ng} , min{ng}, min {nb t). 


(max{94,} ‘ max{ 9} ; max{9j}, -- max {or t) , (max{ox}, max{ 9%} : max{0j}, -. max {oR,})) 


for all (k=1,2,...,m) and G=1,2,...,n). 
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Step 4: According to Equation (9) positive value of V*(F,;) based on positive ideal solution r* and negative 


value of V— (Fig) based on negative ideal solution r~ of alternative F,, (k=1,2,...,m) calculated as follows: 


n 
1 
Vy) = =) apr) 
j= 


Pp 
[(wiyg (1 + mij — fy — Objarg — wrt (1 + nfy* — 94)" — 04," y 
, Weyg 1 + Nig — Dig — Og any — Wet 1 + Nh kj Ij JAK 


n 
j=l k=1 


1 
16.n.p 
i i i i + a+ a+ i 
+ (war, (1+ Tig — Big — 81g) big —Wrt A + ig — Big — Oy by) + 


(Wry (1+ nky — 8 — Bay — wr+(1 + nf" — of," - aay) 
Wryg 1 + Mig — Sig — Oigj Cj — Wet 1 + ij kg ~ 98g Jeg) + 


1 
F F F i+ + + Mr 
(war, (1+ Tig — Dig — ig dig — Wet + ig — Dig — Oi dys) | 


and 


n 
1 
VF) = =) ag) 
j=1 
Dp 
5 F p wg as Pee niece Tr 
> (Gane oB Nj x ce = Oi aK —w,-(1+ Nj me Oi =A Oi; Jay) 


n 
jJ=1k=1 


1 
16.n.p 


. : , a) “= ates ey Tr 
Wry (1 + mig — Sig — Big)Pig —Wr- A + Nig — Dig — OF by) + 


1 
Y 6 


5 E 2 as oh occa ys eel Tr 
(war, (1+ Tig — Big — Og )eig —Wr- A + nig — 9g — Og ew) ay 


: 2 F ets on as ae Tr 
Wry (1+ Nig — Big — Dig) dig —Wr- A + ig — Big — Og dij) | 


where w,;+ = max{w;: j = 1,2, sot and w,- = min{w;: j = 1,2, sag Hf 


Step 5: Compute the group utility 6, values for the maximum and individual regret o;, values for the opponent 


n 


= Yuos ) 


dy’(r-,r*) 
jJ=1 
dy" (Fi) 
Oo, = max ary) 
Step 6: Compute the index values 0; as follows; 
bp — 5 O, —O- (14) 
0 =n( BE) ra-m(S2) 
ome 6+ +67 ae p) ot +o7 
where 6* = miné;,, 5” = max6;,0+ = mino, and o = maxo,. Here p denotes decision-making 


mechanism coefficient. 
a. 9, is the minimal if p < 0.5, 


b. 6, is the maximum if p > 0.5, 
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c. 6, 1s both minimal and maximum if p = 0.5. 


Step 7: Rank the all alternatives by sorting 6,0,@ values in decreasing order. Thus the result is a set of three 
ranking list denoted by 6{;], Ox, 9x}: 

Consider the alternative k, corresponding to @;,) (smallest among 6; values) as a compromise solution if the 
following two conditions are satisfied. 

(A1) Feasible benefit: 


If top most two alternatives in 61; are [F,] and [F,] then 


O([F2]) — O([F,)) = 


m-—-1 
where m stands for the cardinality of the set of attributes. 
(A2) Acceptable stability: 
The choice [F;,] must be top ranked by at least one of dj, and oj,). If one of the condition is not satisfied then 
a set of compromise solution is proposed, which consist of, 
a. Ifonly (A1) is met then both alternatives F,,, and Fj will serve as the compromise solution. 
b. If (A1) is not met then there will be a series of compromise solutions, which are alternatives 


may be located by making use of 


(Fa) - 0((F,) = — 
m— 

for the maximum m. 
The minimal value of 6 determines the best alternative. 
Example 3.2. In engineering calculations, it is very important to use the material according to its purpose and 
according to its properties. As a composite word, it means a material consisting of two or more 
parts. Composite materials have found use in every field in parallel with today's technological developments 
and are among the indispensable materials of modern technology. Such materials are widely and effectively 
used in aerospace, medicine, automobile industry and sports equipment due to their high strength and lightness. 
Being light is a great advantage in terms of saving energy and fuel. Therefore, we want to choose the best and 
economical composite for the company that prefers composite. That is, the company, using which is the set of 
altenatives as 
K = {k, = particulate composite, k, = Discontinuous fiber composite, k, = Particle — 
reinforced metal matrix composites, k, = short fiber reinforcement metal matrix composites, k,; = 
polymer matrix Composite} and according to _ three criteria determined G=({g,= 
Combining at least two materials separated by specific interfaces with different chemical 
compositions, g, = Combining different materials in three dimensions, g, = 
having features that none of the components have on their own. Then, we try to choose and rank all 


alternatives F,, for all k=1, 2, ... ,5 by using the following algorithm. 
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Algorithm: 


Step 1: The evaluation matrix(F)j)5x3 is given by an expert as; 


k, /{[0.32,0.44,0.51,0.69]; (0.3,0.5,0.7,0.8), (0.1,0.3,0.2,0.3), (0.6,0.3,0.5,0.6)) 
k, { ([0.23,0.25,0.41,0.45]; (0.4,0.2,0.3,0.5), (0.2,0.5,0.7,0.6), (0.7,0.5,0.6,0.8)) 
(Fig)sx3 = K3 | ({0.66,0.72,0.79,0.83]; (0.7,0.6,0.4,0.8), (0.5,0.5,0.5,0.6), (0.4,0.3,0.4,0.5)) 
4\ ({0.52,0.63,0.76,0.91]; (0.8,0.7,0.5,0.6), (0.4,0.3,0.7,0.5), (0.1,0.5,0.7,0.7)) 
ks \([0.13,0.35,0.41,0.58]; (0.7,0.8,0.9,0.9), (0.2,0.7,0.5,0.6), (0.1,0.7,0.8,0.4)) 


([0.28,0.32,0.38,0.43]; (0.5,0.3,0.4,0.6), (0.2,0.1,0.5,0.4), (0.4,0.6,0.5,0.7)) 
([0.12,0.15,0.18,0.23]; (0.3,0.7,0.9,0.9), (0.1,0.2,0.3,0.7), (0.3,0.4,0.7,0.5)) 
([0.65,0.66,0.72,0.75]; (0.6,0.8,0.9,0.8), (0.2,0.5,0.4,0.3), (0.2,0.3,0.6,0.6)) 
([0.08,0.15,0.27,0.37]; (0.3,0.9,0.8,0.4), (0.8,0.7,0.6,0.5), (0.1,0.1,0.4,0.3)) 
{[0.09,0.13,0.19,0.69]; (0.2,0.5,0.7,0.9), (0.1,0.3,0.5,0.4), (0.6,0.7,0.8,0.8)) 


([0.12,0.27,0.60,0.65]; (0.2,0.7,0.8,0.9), (0.4,0.3,0.8,0.5), (0.2,0.5,0.6,0.4)) 
([0.22,0.48,0.43,0.73]; (0.3,0.8,0.9,0.7), (0.5,0.7,0.7,0.6), (0.1,0.4,0.8,0.6)) 
([0.14,0.33,0.43,0.83]; (0.1,0.6,0.9,0.5), (0.8,0.5,0.6,0.7), (0.1,0.3,0.5,0.8)) 
([0.63,0.73,0.83,0.93]; (0.4,0.5,0.7,0.6), (0.2,0.6,0.8,0.3), (0.3,0.6,0.7,0.2)) 
([0.41,0.43,0.68,0.74]; (0.5,0.7,0.8,0.3), (0.1,0.2,0.6,0.4), (0.4,0.2,0.9,0.7)) 


= 


Step 2: Since the normalized entropy matrix is 


0.561587 0.869281 0.848676 
0.621053 0.506173 0.900990 
(Ex), = | 0:739696 0.403579 0.936975 
0.789368 0.714889 0.394178 
0.609610 0.966851 0.760479/ ..., 


we have calculated the weights of the criteria w= (W 1, W2,W3) as; 


ee 5 = (Ey, + &o1 + E31) + Eq, + E51) 
1 15 ~~ (Ey + Ey + E13 + En + En + E43 + €31 + €39 tet Egy + Ey3 + E51 + Es + E53) 


7 5 — (0.561587 + 0.621053 + 0.739696 + 0.789368 + 0.609610) 
~ 15 — (0.561587 + 0.869281 + 0.848676 + 0.621053 + +--+ 0.60961 + 0.966851 + 0.760479) 


= 0.383558117 
similarly, we have wz = 0.35169353, and wz = 0.264748353. 
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Figure 1: Weights of the criteria by normalized NVNT- numbers 
Step 3: The positive ideal solution rt and negative ideal solution r~, respectively calculated as; 
rt = ([0.66,0.73,0.83,0.93]; (0.8,0.9,0.9,0.9), (0.1,0.1,0.2,0.3), (0.1,0.1,0.4,0.2)) 
and 


r~ = {[0.08,0.13,0.18,0.23]; (0.1,0.2,0.3,0.3), (0.8,0.7,0.8,0.7), (0.7,0.7,0.9,0.8)). 


Step 4: According to Equation (9) positive value of V*(F,j) based on positive ideal solution r* and negative 


value of V~ (Fig) based on negative ideal solution r~ of alternative k;, (k=1, 2, ..., 5) calculated as follows: 
V+ (F,,) = 0.0118, V*(F,,) = 0.0144, Vt (F,3) = 0.0131, V*(F,,) = 0.0165, Vt (F,,) = 0.0153 
V+ (F23) = 0.0136, V*(F3,) = 0.0312, V* (F3,) = 0.0327, V*(F33) = 0.0441, V*(F,,) = 0.011 
V+ (F,2) = 0.0151, V*(F,3) = 0.0112, V* (F;,) = 0.0132, V* (F,,) = 0.0153, V*(F;3) = 0.011. 
dW (r-, rt) = 0.0745 
Step 5: Computed the group utility 6, (k=1, 2, ... ,5) values for the maximum and individual regret 0, values 


for the opponent 


V* (Fi) + VP Fiz) + V* (Fis) 
dy’(r-,r*) 


= (w;+) 


0.0118 + 0.0144 + 0.0131 


= (0.383558117) Rane 


= 0.2026 
Similar to 
6, = 0.2334,63 = 0.5560, 6, = 0.1918, 6, = 0.2077. 
d¥ (Fig) 
n= morlaeger| 
0, = max{0.0118, 0.0144, 0.0131 } = 0.0144 
0, = max{0.0165, 0.0153, 0.0136 } = 0.0165 
03 = max{0.0312, 0.0327, 0.0441 } = 0.0441 
0, = max{0.011 , 0.0151, 0.0112 } = 0.0151 
o, = max{0.0132, 0.0153, 0.011 } = 0.0153. 


Step 6: Let p = 0.5, compute the index values 6, as follows; 
Ox a &” OK o om 
0 =0(BSE)+0-m(252) 
k =P 6+ + 67 + ¢ p) ot +07 


Sonora ae ad 05).( 
pia): 0.5560 + 0.1918 ees 


= 0.01489 


0.0144 — or) 
0.441 + 0.0144 
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6, = 0.0922, 6, = 1,0, = 0.0122, 6, = 0.03697 


Step 7: Based on the index values CC, (k = 1,2,...,5) the ranking of alternatives k,(k = 1,2,...,5) are shown 


in Figure 2 and given as; 


k, > ky > ke > ky > ku. 


Finally the best alternative is k3. 


Values 


0.4 


0.2 


KI K2 K3 K4 KS 


—O=— alternatives 


Figure 2 The ranking of alternatives K, (kK = 1,2,...,5) 


0.2 0.4 0.6 0.8 1 1.2 


mk5 wk4 wk3 gk? gk! 


Figure 3: VIKOR index for all p values 
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The results from the different distance measures used to resolve the MCDM problem in section 4 are shown in 


Figure 4 
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Figure 4: The results from the different distance measures 
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ABSTRACT 


The aim of this study is to apply a measurement tool designed with fuzzy logic in order to determine the level 
of teachers’ commitment to the teaching profession. The working group of the study is composed of teachers 
from various branches working in the 2021-2022 academic year in Gaziantep province. A percentage value 
item related to decision making has been added to each item of the Commitment to the Teaching Profession 
scale. Thus, the necessary preparation has been made for the evaluation of the data in fuzzy matlab application. 
The data obtained in the study are evaluated in fuzzy matlab application. It has been found that the results 
obtained from fuzzy matlab application are more detailed and reflect the individual better in the decision- 
making process related to the problem. It has been concluded that the results obtained from the fuzzy 
questionnaire are more valid because fuzzy questionnaire and fuzzy matlab provide more accurate and precise 


results in decision-making processes. 


Keywords: Teaching Profession, Teachers' commitment, Fuzzy Logic, Fuzzy Survey, Fuzzy Matlab 
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INTRODUCTION 


The professions that people prefer to do have a very important place in their life. This is a result that the job 
people prefer affects their private, social, and work lives directly and indirectly. It is thought that both perception, 
thoughts, and feelings about the job chosen and the perspective of the people’s live in that society on the job 
chosen have very important roles in terms of commitment to the profession. It is believed that the concept of 
commitment to the profession which is studied for a long time in very different fields and disciplines has still 
importance especially in educational sciences department. A commitment to a profession can cause people to be 
more motivated, to work productively by solving the problems more easily while they are doing their jobs. 
Through the commitment to the profession, people can work more efficiently and effectively by feeling devoted 


to the institution they are on duty. 


Some descriptions about commitment to a profession in the literature are as follows: Commitment to profession 
is the importance people give to their work or career [1]; commitment to profession means people understand 
the importance of their jobs in their lives as a result of the skills and the expertise they have, not to consider 
leaving their jobs and to have a positive relationship with their life satisfaction [2]. Bagraim takes attention to 
three different components of commitment to profession: emotional commitment which means to keep up with 
the profession and to have a strong emotional commitment to the profession, continuance commitment which 
means to realize the cost related to leaving the job and normative commitment which means to have a 
responsibility for the job and to keep the profession [3]. Commitment to profession is related to adopt the job 
you have [4]. Baysal and Paksoy explain that the job has an important and a central place in people’s lives as the 
result of the studies people do to have skills and expertise in a specific branch [5]. According to Meyer et al. 
professional commitment is an emotional relation between people themselves and their jobs [6]. Lee et al. also 
explain professional commitment as psychological relation based on emotional relation between people 
themselves and their job [7]. Bienkowska explains professional commitment as a term accompanying study of 
people’s motivation [8]. According to him professional commitment is related to desire for career development 
and desire to specialize. A sense of identity is given to the people who are devoted to their jobs and this 
commitment is redirected by the need for live and work according to the values and rules which manage their 
profession groups they belong to. When the descriptions in the literature are examined, professional commitment 
is to have positive thoughts and feelings for the chosen job and to be perceived by the people at the level of 
consciousness, in other words, to have metacognitive awareness for these positive thoughts and feelings to the 
profession. Also, it can be defined as all of the efforts people plan and have to do their professions in a good 


way. 


Studies about dimensions of professional commitment started many years ago [9]. One of the studies which can 
be considered a pioneer of all these studies is “A three-component conceptualization of organizational 


commitment” by Meyer and Allen [10]. Meyer et al. defend to examine professional commitment multi- 
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dimensionally instead of one-dimensionally and they did a detailed study “Commitment to Organizations and 
Occupations: Extension and Test of a Three-Component Conceptualization” which is about commitment to 
profession [6]. According to this study, professional commitment has dimensions of emotional, continuance and 
normative commitment. Emotional commitment means to keep up with the profession and to have a strong 
emotional commitment to the profession, continuance commitment means to realize the cost related to leaving 
the job and normative commitment means to have a responsibility for the job and to keep the profession with 


ethical values. 


It can be expressed that there are many factors that affect the professional commitment. These factors can be 
classified as individually and professionally. Each individual has different tendencies, interests, knowledge and 
skills which distinguish him/her from others. It causes individuals to interest a particular professional field and 
some professions to seem more interesting [11]. Age, gender, marital status, seniority, education from individual 
factors are effective in professional commitment. Individual factors such as expectation of a reward is also 
effective. Society’s view about the profession, stress level of the job, the responsibilities in the job, economic 
and social return in the job, opportunities, people’s wishes, desires and communication and motivation status in 
the job can be seen as the other factors that affect the professional commitment [9]. This complex structure of 


the professional commitment is also important in terms of teaching profession. 


Teacher who is the subject of teaching profession is defined as “the one whose aim is to teach knowledge” 
according to Turkish Language Society [12]. In Basic Law of National Education 1739/43, the teaching 
profession is defined as a specialized profession that includes government’s educational and administrative tasks 
[13]. Shulman mentioned 7 categories while defining teaching profession. These are general pedagogical 
knowledge, content knowledge, curriculum knowledge, pedagogical content knowledge, education system 
knowledge, students’ characteristics knowledge and knowledge of educational goals, values, historical and 
philosophical bases [14]. According to the study of Higher Education Institute and Ministry of Education, 
competence of teaching profession 1s organized as compatible with European Union countries and “personal and 
professional values -professional development, get to know the student, teaching and learning process, 
monitoring and evaluating learning progress, school, family and community relations, program and content 
information” are identified as six main productivity areas [15]. Considering these explanations, teaching 
profession; adopting universal and social ethical values and after it has become a part of life; it can be explained 
as reflecting these values to other people and at the same time, in a certain area programming learning of general 


and special information for this area. 


Commitment to the teaching profession is determined as the attitudes of an educator beyond official and 
normative expectations his/her commitment, enthusiasm and passion for regular educational processes and 
students. In this sense, from the concept of a teacher who is extremely committed to his profession, it can be 
understood that he is physically and spiritually ready to carry out educational activities [16]. The professional 
commitment of teachers has an impact on the quality of education in schools and the academic success of 


students, if itis in a broader context as well as their professional competence, skills, knowledge, attitudes and 
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values of teachers [17]. In addition, “adherence to the teaching profession is very important in terms of making 
a direct and positive contribution to educators' teaching methodology, understanding, personality, 


characteristics and attitudes” [16]. 


From the classical point of view that its efficiency depends on external factors other than the person himself 
then, along with the neo-classical understanding in which other factors are bracketed and the individual is 
centered, a perspective that is more humane has been developed. In 20 and 21. Centuries, along with critical 
theory, it can be said that the idea that the individual himself, society and other factors are effective in the 
choice of profession, the meaning / value of the chosen profession, the way the profession is built is effective. 
From this point of view, it is necessary to consider the feelings, thoughts and behaviors that he has while 
performing the profession of an individual, the environment in which he lives, and his way of thinking as a 
whole. Therefore, it is considered that his commitment to the profession and the way he perceives himself in 
this regard are quite important. In this framework, a teacher needs a more sensitive tool rather than a limited 
tool to accurately reflect his/her own opinion/decision about his/her commitment to his/her profession. From 
the classical point of view, the boundies, framework of a person's assessments about himself or a situation are 
specific; the understanding of 0-1/ yes-no prevails; in fuzzy logic [27], the degree of membership of each 
element of a set can be the range [0, 1]. Thus, unlike classical logic, the membership of each element is graded 
[18]. Therefore, it is considered that it is very important to use measurement tools prepared with fuzzy logic in 


order to take healthier data and get more accurate results. 


BACKGROUND 


2.1 Teachers' Commitment to the Teaching Profession 


The issue of commitment to the teaching profession has been studied by many researchers due to the fact that 
it is quite important. The following are some of those studies. Yildiz's study titled “Development of the Scale 
of Commitment to the Teaching Profession" was made in order to develop a measurement tool that can provide 
to measure the level of commitment of candidates to the teaching profession in a valid and reliable way. 
Factors are defined as professional identity, professional value, professional effort and professional dedication. 
The validity and reliability evidence obtained as a result of the research was found to be sufficient [19]. 
Kozikoglu and Senemoglu “Development of the scale of dedication to the teaching profession: The research 
titled “Validity and reliability study" was conducted in order to develop a scale aimed at determining the 
dedication of teachers to the teaching profession. According to the results of the scale, it is concluded that there 


is a valid and reliable scale for determining their dedication to their profession [20]. 


The study of Kayadelen and Kogak titled “Examining the Relationships between Leadership Capacity in 
Schools and Teachers’ Dedication to the Profession" was conducted in order to determine the relationships 


between the leadership capacities of secondary education institutions and the professional dedication levels of 
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teachers working in these schools .The study was conducted with 399 teachers who continue to work in 
secondary education institutions. The results of the research showed that there is a weak positive relationship 
between school leadership capacity and teachers’ dedication to the profession. However, it has been observed 


that leadership capacity in schools is a significant predictor of teachers' dedication to the profession [21]. 


The study titled “Commitment to the Teaching Profession” by Yildiz and Celik was conducted with the aim of 
shedding light on teachers who are connected to their profession and the effects of commitment on the learning 
and teaching process. As a result of the study, it has been concluded that teachers armed with commitment, 


passion and enthusiasm, will be a role model not only for students, but also for his colleagues [16]. 


In Dalaman's thesis titled "Examining the attitudes of secondary school teachers towards learning and the 
teaching profession", it was aimed to examine the attitudes of secondary school teachers towards learning and 
the teaching profession. As a result of the analysis of the findings, in the attitudes of teachers about learning 
and the teaching profession, it has been concluded that the attitudes of male and female teachers are similar in 
the sub-dimensions of the nature of learning, expectations about learning, openness to learning, anxiety about 
learning, value giving to the teaching profession, professional burnout and disinterest in the teaching 
profession. According to the results of this research, it has been seen that the positive attitudes of teachers 
towards learning and the teaching profession should be increased and their negative attitudes should be reduced 
In this sense, especially in studies such as seminars, it has been concluded that it will be useful of obtaining 


and evaluating teachers’ opinions about the teaching profession [22]. 


In the study of Atag titled “The relationship between teachers' supervision foci and their professional 
commitment”, it was aimed to expose whether there is a relationship between the supervision foci and the 
professional commitment of teachers in this study conducted on teachers. 400 teachers from various levels in 
public schools in Istanbul have participated in the research. As a result of the research, significant differences 
have been found between sub-dimensions of professional commitment, accumulated cost and limitation of 
alternatives and teachers’ graduation rates. It has been found that as the teachers’ graduation rate rises, the 
professional commitment rises. At the end of the study, it has been offered we can rise teachers’ professional 


commitment rising their graduation rate [23]. 


Some part of Sinclair’s study “Initial and changing student teacher motivation and commitment to teaching” 
is about how initial teacher education courses and internship affect primary school teacher trainees’ motivation 
and their commitment to the teaching profession. As a result of the study, when the students studying in 
teaching department take the initial teacher education course, they have the motivation related to the teaching 


content and the aim of it and have the commitment to the teaching profession [24]. 


2.2 Fuzzy Sets 


Definition 1: [27] Let L be the universal set. A fuzzy set K on L is defined by 
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K = ((Luc(): € K}. 


Here, /,, is membership function such that H,:L — [0,1]. 


Definition 2: [28] A triangular fuzzy number k = [s,, p,, 7] is a special fuzzy set on the real number set 


R, whose membership function is defined as follows 


(B-s1)/(1-51), if oe 
eer if (B=h1) 
HRPD= ) Gi -pyr—p), if (ei<Bsr1) 

0, 


if otherwise 


Sy Pi t% 


Figure 1. & =[s,, p,, 7] triangular fuzzy membership function [28] 


CLASSICAL METHOD 


3.1 Research Design 


This study designed with survey method in order to determine the level of commitment of teachers from 
different branches to the teaching profession. The survey method, which is sometimes called method and 
sometimes technique by researchers, is the method used in scientific research to determine the thoughts of 


individuals [25] 
3.2 Sampling 


The sample of the study consists of 60 teachers working at pre-school, secondary and high school levels. The 
teachers participating in the study were determined by the typical case sampling method, one of the purposeful 
sampling methods that are not random. Typical case sampling is based on selecting the element with average 


values for the case to be examined [26]. 
3.3 Data Collection 


In order to determine the level of teachers' commitment to the teaching profession, the Teacher's Occupational 


Commitment scale developed by Yildiz was used [19]. The scale has four factors; It is a structure consisting 
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of 33 items: professional identification (12 items), professional value (6 items), professional effort (8 items), 
and professional dedication (7 items). The five-point Likert scale is graded as strongly disagree (1), disagree 


(2), undecided (3), agree (4), and strongly disagree (5). 
3.4 Data Analysis 


The data was analyzed with SPSS 21.0 program. Statistical analyzes were calculated in accordance with the 
purpose of the research. The appropriateness, score and arithmetic mean levels used in the interpretation of the 


descriptive statistics on teachers' commitment to the teaching profession are given in Table 1. 


Table 1. Score Ranges and Classifications Used in Interpretation of Teachers Commitment To The Teaching Profession 


Suitability Score Limits (arithmetic mean) 
Strongly Disagree 1 1.00-1.79 
Disagree 2 1.80-2.59 
Partly Agree 3 2.60-3.39 
Agree 4 3.40-4.19 
Strongly Agree 5 4.20-5.00 


3.5 Classical Findings 


Table 2. Mean of Teachers' Commitment to the Teaching Profession to Teacher’s Perceptions according to classical survey 


Teachers Mean 

Physical Education 3,50 
Information Technologies 4,17 
Biology 3,73 
Geography 4,05 
Religious Culture and Moral 

Knowledge nee 
Philosophy 4,33 
Physics 3,83 
English 3,57 
Chemical 4,12 
Math 3,85 
Accounting and Finance 4,02 
Music 3,22 
Pre-school 3,94 
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Psychological Counselin and 

ee i mee 
History 4,09 
Turkish Language and Literature 4,16 
Visual arts 4,46 
Turkish 4,31 


When Table 2 is examined, the levels of commitment to the teaching profession are shown according to the 
opinions of teachers in different branches. Accordingly, the average of the music branch (X=3.22) is partially 
agree. The averages of Physical educaiton (X=3,50), Information technologies (X=4,17), Biology (X=3,73), 
Geography (X=4,05), Religious culture and moral knowledge (X=3,68), Physics (X=3,83), English (X=3,57), 
Chemical (X=4,12), Math (X=3,85), Accounting and finance (X=4,02), Pre-school (X=3,94), History (X=4,09) 
and Turkish language and literature (X=4,16) branches are concentrated in the agree part. However, the 
averages of Philosophy (x=4,33), Psychological counseling and guidance (X=4,29), Visual arts (X=4,46) and 
Turkish (X=4,31) branches are, strongly agree. 


FUZZY METHOD 


In this section, we evaluate the data obtained with the survey using the fuzzy matlab application and examine 
teachers’ commitment to the teaching profession. The difference of this method from the method in the Section 
3 (Classical Method) is that the item answers in the survey are requested as %, and the fuzzy matlab application 
is used in the evaluation and comparison part. In both methods, the conceptual classification, sample, frequency 
and dimensions of teachers' commitment to the teaching profession are the same. Now, we give some properties 


of fuzzy matlab applications. 
4.1 Fuzzy Matlab Application 


Fuzzy logic controller; fuzzifier, fuzzy inference engine, defuzzifier and knowledge base consists of four main 
components. By using linguistic variables, the input information specific to the problem for which the fuzzy 
logic model will be established The process of expressing and converting into fuzzy logic information is called 
fuzzification. The linguistic variables formed after the fuzzification process are represented by triangular, 
trapezoidal, bell-shaped and many more geometric shapes specific to the structure of the problem, taking 


membership degrees [29]. In the fuzzy matlab application, the process is given at Figure 2. 
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Figure 2. Process of Fuzzy Matlab Algorithm 
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In this chapter, inputs are “Professional Identification, Professional Value, Professional Effort, Professional 


Dedication” for fuzzy matlab application in Table 3. 


Table 3. Inputs for this fuzzy matlab application 


Input Abbreviation 
Professional PI 
Identification 
Professional Value PV 
Professional Effort PE 
Professional Dedication PD 


We give the triangular fuzzy membership functions of inputs in Table 3 and the representation of these 


functions as triangular fuzzy numbers in Table 4 (also, in Figure 3). 


Table 4. Triangular Fuzzy Membership Functions for Inputs in Table 3 


Triangular Fuzzy Membership Abbreviatio 
Functions n Triangular Fuzzy Number 
I do not agree N.A [0, 25, 50] 
I am indecisive I [25, 55, 85] 
Tam agree A [55, 100, 100] 
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#@) Membership Function Editor: Untitled _ oO x 
File Edit View 


plot points: 
FIS Variables : J Membership function plots . ‘ : 181 


DOW AON A 3 


[0 100} 


[0 100} 


Figure 3. Triangular Fuzzy Membership Functions of Fuzzy Matlab’s Inputs 
In this chapter, output is “Commitment to the Teaching Profession ” for fuzzy matlab application in Table 5. 


Table 5. Outputs for this fuzzy matlab application 


Abbreviatio 
Output n 
Commitment to the Teaching CTP 


Profession 


We give the triangular fuzzy membership functions of output in Table 5 and the representation of these 


functions as triangular fuzzy numbers in Table 6 (also, in Figure 4). 


Table 6. Triangular Fuzzy Membership Functions of Outputs 


Triangular Fuzzy Membership Abbreviatio 

Functions n Triangular Fuzzy Number 
Very Little V.L [0, 0, 40] 

Little L [20, 45, 65] 
Medium M [45, 70, 90] 

High H [75, 100, 100] 
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Membership function plots "trons: 181 


Figure 4. Triangular Fuzzy Membership Functions of Fuzzy Matlab’s Output 


Also, in this chapter, “Mandami fuzzy inference engine” was used. The “som method” was used for defuzzifier 


(in Figure 5). 


Figure 5. Fuzzy Logic Designer of Fuzzy Matlab 
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In Figure 6, there is the rule editor for our fuzzy matlab application. 


#) Rule Editor: Untitled - Oo x 


File Edit View Options 


1. If (Plis NA) and (PB is NA) and (PE is NA) and (PD is NA) then (CTP is VL) (1) 
. If (Pl is NA) and (PB is NA) and (PE is NA) and (PD is |) then (CTP is VL) (1) 

. If (Plis NA) and (PB is NA) and (PE is |) and (PD is |) then (CTP is VL) (1) 

. If (Plis NA) and (PB is |) and (PE is |) and (PD is |) then (CTP is L) (1) 

. If (Plis |) and (PB is |) and (PE is I) and (PD is |) then (CTP is M) (1) 

. If (Plis |) and (PB is |) and (PE is |) and (PD is NA) then (CTP is L) (1) 

. If (Plis |) and (PB is |) and (PE is NA) and (PD is NA) then (CTP is VL) (1) 

. If (Plis |) and (PB is NA) and (PE is NA) and (PD is NA) then (CTP is VL) (1) 

. If (Plis NA) and (PB is |) and (PE is NA) and (PD is NA) then (CTP is VL) (1) 
0. If (Pl is NA) and (PB is NA) and (PE is |) and (PD is NA) then (CTP is VL) (1) 


Figure 6. Representation of Fuzzy Rules in Fuzzy Matlab 


“#) Rule Viewer: Untitled — oO x 


File Edit View Options 
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Figure 6. Getting Results with Fuzzy Matlab Rules 


4.3 Fuzzy Findings 


In Table 7, we obtain mean of teachers' commitment to the teaching profession to teacher’s perceptions 
according to fuzzy survey and fuzzy matlab using the average of the dimensions from the data obtained from 


fuzzy survey. 


Table 7. Mean of Teachers' Commitment to the Teaching Profession to Teacher’s Perceptions according to fuzzy survey and fuzzy matlab 


Mean (out of 


Mean (out of 5) 
100) 

Physical Education 4,35 87 
Information Technologies 4,55 91 
Biology 4,3 86 
Geography 4,3 86 
Religious Culture and Moral 

Knowledge oe = 
Philosophy 4,6 92 
Physics 4,4 88 
English 2,95 59 
Chemical 4,3 86 
Math 4,3 86 
Accounting and Finance 4,55 91 
Music 1,6 32 
Pre-school 4,5 90 
Psychological Counselin and 

pate ; ae = 
History 4,3 86 
Turkish Language and Literature 4,55 91 
Visual arts 4,5 90 
Turkish 4,55 91 


When table 7 is examined, teachers in different branches were evaluated according to the opinions of teachers 
in the fuzzy survey. Accordingly, the average of the music branch (X=1,6) is strongly disagree. The average 
of the English branch (X=2,95) is, partially agree. The averages of Physical education (X=4,35), Information 
technologies (X=4,55), Biology (X=4,3), Geography (X=4,3), Religious culture and moral knowledge (X=4,3), 
Philosophy (X=4,6), Physics (X=4,4), Chemical (X=4,3), Math (X=4,3), Accounting and finance (X=4,55), 
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Pre-school (X=4,5), Psychological counseling and guidance (X=4,85), History (X=4,3), Turkish Language and 
literature (X=4,55), Visual arts (X=4,5) and Turkish (X=4,55) branches are, strongly agree. That is, the 


majority of the branches are concentrated at the level of strongly agree. 


CONCLUSIONS 


If we compare the classical survey results obtained in Table 2 in Section 2 with the fuzzy survey 


results obtained in Table 7 in Section 3, we obtain Table 8. 


Table 8. Comparison of Classical Survey and Fuzzy Survey Results 


Mean of Fuzzy Mean of Classical 
Teachers Survey Survey 

Physical Education 4,35 3,50 
Information Technologies 4,55 4,17 
Biology 4,3 3,73 
Geography 4,3 4,05 
Religious Culture and Moral 

Knowledge 7 mee 
Philosophy 4,6 4,33 
Physics 4,4 3,83 
English 2,95 3,57 
Chemical 4,3 4,12 
Math 4,3 3,85 
Accounting and Finance 4,55 4,02 
Music 1,6 3,22 
Pre-school 4,5 3,94 
Psychological Counselin and 

a ; a "ee 
History 4,3 4,09 
Turkish Language and Literature 4,55 4,16 
Visual arts 4,5 4,46 
Turkish 4,55 4,31 


When Table 9 is examined, it is found that the results obtained from the classical survey and the fuzzy survey 
are different. In the classical survey, while the meaning of the value corresponding to the average of the music 


branch (X=3,22) is partially agree; meaning of value (X=1,6) in fuzzy survey strongly disagree. Because of 
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fuzzy questionnaire and fuzzy matlab provide a more exhaustive and more objective evaluation, the result of 
fuzzy questionnaire is more coherent than the result of classical questionnaire. Again in the classical survey, 
while the average of the English branch (X=3.57) I agree; I partially agree with the average of the same branch 
(X=2,95) in the fuzzy survey. In the classical method, with the value of X=4,46, the highest average was the 
Visual arts branch; In the fuzzy method, the Psychological Counseling and Guidance branch has the highest 
average with X=4,85. In addition, while the averages of the branches in the classical method are concentrated 
at the level of agree; In the fuzzy method, most of the branches are concentrated at the level of strongly agree. 
As can be seen, the fuzzy method and the classical method give different results and more accurate results are 
obtained with the fuzzy method. Because the classical survey is rated in a five-point Likert type (Strongly 
disagree, disagree, partly agree, agree, strongly agree). A value between 0 and 100 was requested for the fuzzy 
questionnaire. With another expression, while evaluating with 5 options in the classical method; In the fuzzy 
method, evaluation is made with 100 options. For instance, while in the classical survey interval between 2.60- 
3.39 is accepted as partly agree, in the fuzzy survey and fuzzy matlab there is a separate membership value for 


each real number between 2.60-3.39. 


In this study, mean of teachers' commitment to the teaching profession to teacher’s perceptions according to 
fuzzy survey and fuzzy matlab using the average of the dimensions was obtained. In addition, each teacher can 
be compared with the fuzzy matlab application in separate dimensions. In the fuzzy matlab application, we 
used three different triangular fuzzy membership functions for each input, and four different triangular fuzzy 
membership functions for the output. As the number of these triangular fuzzy membership functions is 
increased, more precise results can be obtained. In addition, the triangular fuzzy membership function was used 
for inputs and outputs in the fuzzy matlab application. Researchers can also use other membership functions 
(trapezoidal fuzzy membership function, Gaussian fuzzy membership function, etc.) suitable for their 
problems. Also, in this chapter, “Mandami fuzzy inference engine” was used and “som method” was used for 
defuzzifier. Furthermore, researchers can use other rinse functions (centroid, bisector, mom, lom, etc.) or the 


Sugeno method to suit their problem. 
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ABSTRACT 


While changing in the new world order, it is necessary to design new business models in order to use 
existing resources more effectively and effectively. If the Circular Economy, which is a new concept in our 
country, is included in government policies in the future, an important step will be achieved in terms of 
Sustainable Environmental Management. Reducing waste and making it reusable will lead to the protection of 
our natural resources and a serious cost reduction. Therefore, this chapter, N-valued neutrosophic trapezoidal 
numbers are used in methods of multi-criteria decision making. Some techniques are used in each method to 
use N-valued neutrosophic trapezoidal numbers information. Therefore, crisp methods can be changed to use 
N-valued neutrosophic trapezoidal numbers information. The latter are used in TOPSIS and VIKOR based on 
entropy measure with N-valued neutrosophic trapezoidal numbers. We apply these methods in circular 
economy and we compare them to distinguish differences between used techniques. 


Keywords: N-valued neutrosophic trapezoidal number, generalized distance measure, entropy measure, 


VIKOR method, TOPSIS mthod, multi-criteria decision-making. 


3. Introduction 


Ideas about the concept of circular economy began to emerge in the 1960s. In 1966 Kenneth Boulding 
began to argue that the economy should be transformed into a circular ecological system. In the 1970s, Walter 
Stahel proposed the idea of a self-regenerative economic system based on the spiral loop system. Circular 
economy promotes cyclical flows to reduce environmental impacts and maximize resource efficiency instead 
of linear flows of materials and products [15]. The circular economy [25] is an economic model in which 
planning, sourcing, supply, production and reprocessing are designed and managed as both processes and 
outputs to maximize the functioning of the ecosystem and human well-being. Since decision making problems 
which contain uncertain are difficult to model and solve, and it is a need for us to develop some mathematical 
theories. Recent years, fuzzy set theory by using only one degree of membership proposed by Zadeh [85] and 
intuitionistic fuzzy set theory by using two degrees of membership introduced by Atanassov [1] have been 
received great attention in solving various decision-making problems. These theories can better solve the 
fuzziness of the uncertain decision making therefore the theories are all very successfully studied in 
Narayanamoorthy et al. [28], Liu et al. [27] and Hu et al. [26]. 


By using truth-membership function, indeterminacy-membership function and falsity-membership functions, 
in 1998, Smarandache [66] proposed the concept of neutrosophic sets (N-sets), which is a generalization of the 
concept of fuzzy set Zadeh [85] and intuitionistic fuzzy sets Atanassov [1]. In 2013, Smarandache [67] 
generalized the classical neutrosophic logic to neutrosophic refined logic which have more than one with the 


201 


Editors: Florentin Smarandache, Memet Sahin, Derya Bakbak, Vakkas Ulucay & Abdullah Kargin 


possibility of the same or the different membership functions. Moreover, Ye and Ye [83], Chatterjee et al. [14] 
and Ye and Smarandache [84] introduced the concept single valued neutrosophic multi sets as a further 
generalization of that of neutrosophic sets based on both the neutrosophic refined logic and multi sets of Yager 
[82]. The multisets and single valued neutrosophic multisets have received more and more attention since its 
appearance in [2-7,9-13, 16, 18, 20-24, 29-65, 68-92]. 


In order to use the concept of single valued neutrosophic multi sets to define an uncertain quantity or a quantity 
difficult to quantify, in Deli et al. [17] the authors put forward the concept of continuous N-valued neutrosophic 
trapezoidal numbers (NVNT-numbers). They developed a TOPSIS method by giving some operational laws 
of NVNT-numbers and some aggregation operators of NVNT-numbers. 


4. Preliminary 


This section firstly introduces several the known definitions and propositions that would be helpful for better 
study of this paper. 


Definition 2.1 [81] Assume that E is the universe. Then, a single valued neutrosophic set (N-set) A in E defined 
as 


A= {< x, Ta (x) , I, (x) , Fa(x) Pix e€ EB} (1) 
where T,(x), I4(x), Fa(x) € [0,1] for each point x in such that 0 < Ty(x) + I,(x) + Fa(x) S 3. 


Definition 2.2 [83] Let E be a universe. A, neutrosophic multi-set set A, on E can be defined as follows: 


Ay=(<x,( Th, (0), Th, G9,» TR, (9), CA, G9, 14, OD, TR, GO), FA, GO, FA, G0, «+ FR, GD) >:x € Bl, 

where 
Tr, Go), Ta COs e/a, Ta COMA Cals, Os Fa GO Fa).29F, COPE 710 8) 

such that 0 < sup TA, (x) + sup], (x) + sup FA, (x) S 3 (i=1,2....,P) for any x € E is the truth-membership 
sequence, indeterminacy-membership sequence and falsity-membership sequence of the element x, 
respectively. 
Definition 2.3 [17] Let n4,,94,,0, € [0,1] (i € {1,2,...,p}) and a,b,c,d € R such thatasb<c<d. 
Then, an N-valued neutrosophic trapezoidal number (NVNT-number) 
4 = ([a,b,c, d]; A NAD . cAMAlDs (On OayscsrO aa); CEL eee 94,)) is a neutrosophic multi-set on the 
real number set IR, whose truth-membership functions, indeterminacy-membership functions and falsity- 
membership functions are defined as, respectively. 


(x-a)_; (b-x) +94, (x-a ) 


a<x<b » axx<b 


(b—a) | (b-a) 
@)= Nw bsxs¢ ig- 8w oo 
. (d-x)_ j a (x-c)+94(d -x) 
i < 
(ace Ne c<x<d Gea c<x<d 
0, otherwise, 1, otherwise, 


and 
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(b—x)+ O,(x-a) 


hoa) » asxx<b 

eae 0%, | bex<c 
(x —c) + 04(d —x) 

aa eee c<x<d 

1, otherwise, 


Note that the set of all NVNT-numbers on R will be denoted by A. 


Definition 2.4 [17] Let Ay = ((a,,by, 1,41); (MA, MA, WA, )» (94, 94, A, )» (04, O4,>---1 8, )) € 
A. If A, is not normalized NVTN-number(a,,b,,c,,d, ¢ [0,1]), the normalized NVTN-number of A,, 
denoted by A, is given by; 

a ee i 


a, +b, +c, +d,’a, +b, +c, +d,'a, +b, +c, +d,’a, +b, +c, +d, (2) 


1 2 P 1 2 P 1 2 P 
(nd nd.,....nB,),(04,,02,,...98,), (4, 02,,...,62.)). 


Definition 2.5 [80] Let A = ([ay,by, cy, 41]; (n4,n4, -... 05), (9%, 9%, ..., 95), (0%, 0%, ...,0%)) and B = 


{[a>, b>, C2, d2]; (nd.né, ky ng), (95 ; 02, a oF), (Cc : 0, oe 9) be two normalized NVNT-numbers then, 


respectively, the weighted Hamming and Euclidean distance measures between A and B are given below; 
i P 
a ; ; ; ; 
dy’ (A,B) = Ten’ OQ. [(wz(4 +5 - 0 — 8p )a — wa(1 + ng — 95 — 85 )a|) + 
i=1 


(Iwa(1 + ni, — 9, — ob )b, — wa(1 +n — 94 —04)b,1)" + 


(Iwg(1 + ni - 96 - eb )c, —wa(1 + ni - 96 -@4)c,|)' + 


i - : i ‘ 1 
(Iwa(a +n; — 95 - 04)d, — wa(1 +05 — 94-05 )dsl)" GB) 


For r=1, the equation 3 is given as; 


p 
Sa 1 . . . . . . 
a (A,B) = Tap: Dla + ny — 88 — Oar — w(t + np — 0 ~ O)ael + 
i=1 


lwy(1 +5, - 95, — 8 )b, — wg(1 + ny — 85 — 04) b+ 


|wz(1 + ny oF 04 )c w3(1+ nS - oF = 84 )co| + 


Iwa(1 + ng - 97 — Oz)di — wa(1 + ng — 95 — OF) da] (4) 
For r=2, the equation 3 is given as; 


Pp 
a 1 P ; : : : ; 2 
dy’ (A,B) = iad. (waa +n — 05 —05)a: — wa(1 + nz — 95 — 85 )az) + 


t=1 


(wai + ni, — ob — ob, — wg(1 + nb — 04 — 0L)b,)° + 
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(wg(1 + ni — 9b — etc, —wa(1 + nb — 0b —@b)c,) + 


(wal +g - 9G - OG) wa(1 +n — oh — eb yd,)']F 
Theorem 2.6 [80] Let A = 
((az, by, C1,d,); (n¥, 04, 15), (8%, 94, ..., 85), (0%, 04, «..,05)), 
B = ((a2,b2,Cz,d,); (ng.nz, «... 15), (95, 93, ..., 86), (05, 02, ...,85)) and 


C= ((ag, by, c3; da); (nz, né, ee ns): (95, 98, oe 9B), (04, 02, ae 02) be three normalized NVNT- numbers. 


Then, dW (A, B) satisfies the following properties: 
v. 0<d¥(A,B) <1, 
vi. A= B => d"(A,B) =0; 
vii. d” (A,B) = d’(B, A), 
viii. dY(A,B) < d¥(A,C) + dW (C,B). 


Definition 2.7 [80] A real-valued function €,: 4 — [0,1] is called an entropy on NVNT-numbers if it satisfies 
the following properties: 


([a,b, c, d]; (1,1,...,1), (0,0,...,0), (0,0,...,0)) 
([a,b, c, d]; (0,0,...,0), (0,0,...,0), (1,1,...,1)) 


EP2. E,(A) = E,.(A*) for all A € NVNT-numbers, where 

Ae = (a/b ed] (0%; 02) ..5059) (1 = 051 85.401 = 0) (a ees ee) 
EP3.d,(A, A~) = d,.(A, At) © €,(A) = 1 for all A € NVNT-numbers, where d,(A,At) is a distance 
from A to At and d,(A, A”) is a distance from A to A7; 
EPA. For all A,B € NVNT-numbers, if 


EP1.A =| = €,(A) = 0; 


d,(B,B-) 1 


d,.(B, Bt) +d,(B,B-) 2 


d,.(A, Am 1 
( ) | 2 (6) 


Ay +dA a) 2 


then E(A) < E(B), where d,.(B, B*) is a distance from B to Bt and d,(B, B7) is a distance from B to B™, 
where 


At = ((a,b,c, d]; (1,1,...,1), (0,0,...,0), (0,0,...,0)) 
and 


A- = (a,b,c, d]; (0,0, ...,0), (1,1, ...,1), (1,1, ...,1)). 


Theorem 2.8 [80] Assume that d, is an distance measure for NVNT-numbers. Then, for any A € NVNT- 
numbers, 


d,(A, A) 1 


D1 2A AN+G AA) 2 


(7) 
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is entropy of NVNT-numbers based on TOPSIS. 


5. Presentation of VIKOR and TOPSIS Methods in NVTN-numbers Version 


Assume that D = {D,, Dp, ...,D,,} be the set of altenatives and Z = {2,,Z2, ...,Z,} be the set of criterias. In Deli 


et al. [17], the normalized NVNT-numbers decision matrix is given as; 


Di: Dy pe Din 
Do, Daz oe Don 
(Dig) mxn = : os :; 
Dm Dm2 ae Din 
such that 
Dig = [arg Dig, Cay dig (nj-n)-n8), 8, ), (8h), 98), 88), 88, ), (0%), 02), OF)... 88, )), (k=1,2,....m) and 
G=1,2,...,n). 


It is carried out the following algorithm to get best choice: 


3.1 NVNT-numbers VIKOR method [8] 
VIKOR Algorithm: 
Step 1: Create an evaluation matrix (Djj)mxn» (K=1,2,...,m; J=1,2,...,0) 
Step 2: Find of the weights of the criteria vector w = {w,,W9, ..., W,} by using equation in Theorem 2.6 as; 
mi Diet Ex; 
A j = 1,2,...,n). 
(m= Dey 


where the entropy matrix (€j)mxn (k=1,2,...,m; j=1,2,...,n) of the decision matrix (Dyj)mxn and where 


7 d,.(Dyj, Dig”) 1 
Ey = 1-2|\————_,-—_——_~ - 5 
d- (Dy, yj ) + d, (Dy, Dij ) 2 


(k = 1,2,...,m; j = 1,2,...,n). 


Note that if the entropy matrix (€)j)mxn (k=1,2,...,m; j=1,2,...,n) is not normalized then, the entropy matrix 


must be normalized as; 


ss Ex 


rr ——————— 
S max{E\g: Ej € (Eig )man K = 1,2,..,mandj = 1,2,...,n} 


Step 3: Determine the positive ideal solution r* and negative ideal solution r~, respectively as; 
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+ yt nt gt). fyi t 27 n3t pt 1+ g2+ 93 + pt 1+ q2+ g3+ pt 
Ra (Lai, bi, cf, a]; (nf ig stirs tte.) (Oh Oar rey stew, JO Oe One aye |) 


([max{ag} ; max{b,;} ; max{cj} , max{d,}| : (max{ni} ; max{nij} , max{ni} Max {nb t) 


(min{9i,} : min{ 9%} ; min{9jj}, min {or t) : (min{64)} ; min{6%} : min{0j}, min {o?,})) 


and 


= (ag, by, 05 dg) (nd, Mig Mig oo Nig ) (8% 1 Sf 1 Oh 1 By ) (8% OK OR 1 8 )) 


([minfa,,} , min{by,} , min{ey} , min{dy}] ; (minfni} , min{ng} , min{ng}, min {nb t). 
(max{94} ; max{ dij} ; max{ i}, -. max {or ) ; (max{ox}, max{ 9%} ; max{ Oj}, -. Max {o?,})) 


for all (k=1,2,...,m) and G=1,2,...,n). 


Step 4: According to Equation (3) positive value of V*(D,;) based on positive ideal solution r* and negative 


value of V— (D,;) based on negative ideal solution r~ of alternative D;, (k=1,2,...,m) calculated as follows: 


n 
1 
VFO) = =?) d?(Dy7*) 
Oye 
j= 


n DP 
1 i i i i+ i+ a+ ie 
= Oe, spe [(woyy (1 + ky — 8h — Ob aug — wre (1 + nig” — 84)” — Ob; "Jay) 
i i i pT et tnt . 
+ (Wo, (1 + ig — Dig — Pig) Big — Wet C1 + Nig — Dig — Oj by,) + 
i i i i+ + a+ a 
fe 
; , ; st yok an r 
(Woy (1 + nly — hj — Clg dag — Wee (1 + ky” — 84y” — Oj Deg) | 
and 


n 
1 
Vy) = =>. Dy.) 
j=1 
p 
1 , : : es ve seat r 
16.n.p° >» (wo. (1+ mg — Big — Fig )aig —Wr- A + mig — Big — Oi Jay) 


n 
j=l k=1 
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(Wo, (1+ Nig oa 9 = Bij) Dig —w,-(1+ Nig zi Oj = i; )biy) + 


“ a 2 a so, hal Mrs Tr 
(Wo, (1+ Nig = Dig — Oj g —Wr- A + Mg — Dig — Oy Jew) + 


1 
‘ : : goes io a TV, 
(Wo, (1+ Nig — Big — Big) dig —Wr- A + ig — Big — Oy dj) | 


where w;+ = max{w;: j = 1,2, re, and w,- = min{w;: j = 1,2, a}. 


Step 5: Compute the group utility 6, values for the maximum and individual regret o;, values for the opponent 


n 


5 = tye) Ow) 


é dy’(r-,r*) 
jJ=1 
dy" (Dy) 
Ox, = max ory) 
Step 6: Compute the index values 6; as follows; 
5. — 8 On — O- (8) 
a o( SE) san (B25) 
ee 6+ + 67 me p) ot +o7 
where 6* = miné,, 5” = max6;,0+ = mino, and o = maxo,. Here p denotes decision-making 


mechanism coefficient. 
d. 6, is the minimal if p < 0.5, 
e. 6, is the maximum if p > 0.5, 


f. 6, is both minimal and maximum if p = 0.5. 


Step 7: Rank the all alternatives by sorting 6,0,@ values in decreasing order. Thus the result is a set of three 
ranking list denoted by 6(;), Of: 9x}: 

Consider the alternative k, corresponding to @;,) (smallest among 6; values) as a compromise solution if the 
following two conditions are satisfied. 

(A1) Feasible benefit: 


If top most two alternatives in 6), are [D2] and [D,] then 


8([D2]) — @([Di) = 


m—-1 
where m stands for the cardinality of the set of attributes. 
(A2) Acceptable stability: 
The choice [D;,] must be top ranked by at least one of 5), and oj,}. If one of the condition is not satisfied then 
a set of compromise solution is proposed, which consist of, 
c. If only (A1) is met then both alternatives Dj.) and Dj.) will serve as the compromise 
solution. 
d. If (A1) is not met then there will be a series of compromise solutions, which are alternatives 


may be located by making use of 
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6([D]) — 0((D,) = — 


for the maximum m. 


The minimal value of 6 determines the best alternative. 


3.2. NVNT-numbers TOPSIS [80] 


In this section, we give a multi-criteria decision-making method with normalized NVNT-numbers. 


Algorithm: 
Step 3: Similar to above VIKOR method from Step1 to Step-3. 


Step 4: According to Equation (3) positive value of V*(D;,,) based on positive ideal solution r* and negative 


value of V~ (D,,) based on negative ideal solution r~ of alternative D,, (k=1,2,...,m) calculated as follows: 


n 
1 
VD)= => d'Or") 
j=1 


Pp 
( (1+ nig — Sig — Sig aig — 1+ni, — 9," - 04,” iy 
, Wij kj kj ij J@j — Wrt (1 + Thy kj Ij JAK 


n 
j=l k=1 


1 
16.n.p 
j i j i + a+ a+ p 
+ (Wo, (1 + Nig — 915 — Obig — Wet (1 + nig — Dig — Fg by,) + 


( 1+ni.—9!. — 6! faq ett eet y 

Wpyj 1 + Nig — Dig — BiG Og — Wet + mig — Dj — Big Jeg) + 
F F F i+ + + Mr 

(Wc (1+ Tig — 81g — Og) dig —Wrt 1 + 1g — Big — Oy dj) | 


and 


n 
1 

V-@)= =) Or) 

j=1 

n DP 
7 P 7 i, Stee oe Tr 

: Wpjg (1 + Mig — Dig — Pig Jag — Wr A + ig — Big — 91g Jan 

J 


j=l k=1 


1 
16.n.p 


‘ : ‘. oo bon tee hs Tr 
Wp, (1 + Tig — Sig — Pig) Dig — Wr- A + Mg — Big — OK by,) an 


1 


‘ : 5 —— ola ae Tr 
(Wo, (1+ nig — 81g — Og Jeig —We- A + nig — 84g — 9g ew) + 

. ; F i —_ ee 7; 
(Wo, (1+ Tig — Big — Og) dig —Wr- A + hg — Big — Oy dj) | 


where w;+ = max{w;: j = 12, nf and w,- = min{w;: j = 1,2, in 


Step 5: Calculate the relative closeness degree CC; of each alternative D, (k = 1,2,...,m) as; 
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V- (Dx) (9) 


cc, = —--————_~,, k = 1,2,...,m. 
kV) +V* Di) 


Step 6: Rank all alternatives according to CC,(k = 1,2,...,m) in decreasing order and determine the best 
alternatives. 
6. Application and Comparision 

Example 4.1. The circular economy is defined as an economic approach in which the value of products, 
materials and resources is kept in the economy as long as possible and the amount of waste is the lowest. The 
circular economy concept is based on a restorative industrial economy, the transition to renewable energy, the 
reduction of the use of toxic chemicals and the prevention of waste. This concept aims to redefine the 
production and consumption processes. The circular economy is based on three key elements that focus on 
both system and resource problems. Depending on the Industrial Revolution, the ever-developing technology 
and urban population growth bring along the demand for unplanned urbanization and ready-made consumption, 
causing a significant increase in urban waste. This process leads to many negative environmental effects, 
especially the depletion of natural resources and climate change Dindar [19]. Therefore, we want to use the 
two methods by comparing them to choose the country that does the best among the countries that implement 
the circular economy. Based on this, we want to implement it in our own country. That is, using which is the 
set of altenatives as D = {k, = TURKEY, k, = ABD,k; = France, k, = Germany, k. = Italy} and 
according to three criteria determined Z = {z, = To protect and develop natural capital,z, = 
Optimizing resource efficiency,z, = Maintain system efficiency. Then we try to choose and rank all 


alternatives D, for all k=1,2,...,5 by using the following algorithm. 


RANKING OF EACH ALTERNATIVE USING VIKOR 
Step 1: The evaluation matrix(D),;)5,3 1s given by an expert as; 


k, /([0.23,0.25,0.54,0.64]; (0.2,0.6,0.7,0.8), (0.3,0.4,0.5,0.6), (0.2,0.3,0.5,0.6)) 
k, { ([0.62,0.72,0.82,0.90]; (0.4,0.2,0.3,0.5), (0.1,0.2,0.3,0.4), (0.7,0.5,0.6,0.8)) 
(Dij)sx3 = Kz | ({0.62,0.72,0.83,0.85]; (0.3,0.4,0.5,0.8), (0.2,0.3,0.5,0.6), (0.4,0.3,0.4,0.5)) 
k, | ([0.17,0.23,0.63,0.92]; (0.8,0.7,0.5,0.6), (0.4,0.3,0.7,0.5), (0.1,0.5,0.7,0.7)) 
ks \([0.63,0.73,0.83,0.98]; (0.7,0.8,0.9,0.9), (0.2,0.7,0.5,0.6), (0.1,0.7,0.8,0.4)) 
[ 


0.12,0.32,0.42,062]; (0.5,0.3,0.4,0.6), (0.2,0.1,0.5,0.4), (0.4,0.6,0.5,0.7)) 
[0.05,0.64,0.77,0.97]; (0.5,0.6,0.8,0.8), (0.1,0.3,0.4,0.7), (0.3,0.4,0.7,0.5)) 
[0.05,0.06,0.07,0.08]; (0.7,0.6,0.8,0.9), (0.1,0.2,0.5,0.3), (0.4,0.3,0.6,0.6)) 
({0.01,0.006,0.007,0.58]; (0.2,0.6,0.7,0.9), (0.8,0.7,0.6,0.5), (0.1,0.1,0.4,0.3)) 

([0.02,0.03,0.04,0.06]; (0.2,0.5,0.7,0.9), (0.1,0.3,0.5,0.4), (0.6,0.7,0.8,0.8)) 


[ 

([0.15,0.35,0.45,0.61]; (0.1,0.6,0.8,0.9), (0.2,0.3,0.8,0.5), (0.3,0.5,0.6,0.4)) 
([0.35,0.43,0.57,0.85]; (0.3,0.6,0.8,0.9), (0.5,0.7,0.7,0.6), (0.4,0.6,0.8,0.6)) 
([0.07,0.08,0.09,0.11]; (0.2,0.6,0.9,0.5), (0.8,0.5,0.6,0.7), (0.1,0.3,0.5,0.8)) 
([ iF 
([ ]; 


( 
( 
( 
( 
( 
( 


0.63,0.73,0.83,0.93]; (0.2,0.6,0.7,0.9), (0.8,0.7,0.6,0.5), (0.3,0.6,0.7,0.2)) 
0.41,0.43,0.68,0.74]; (0.5,0.7,0.8,0.3), (0.1,0.2,0.6,0.4), (0.4,0.2,0.9,0.7)) 


Step 2: Since the normalized entropy matrix is 
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0.692281 0.803063 0.885496 


0.621053 0.573171 0.870410 
(Ex), = | 0-719292 0.471153 0.968321 
0.532164 0.716684 0.394200 
0.609610 0.966851 0.760479 


5x3 


we have calculated the weights of the criteria w= (W,,W2,W3) as; 


ea a ea a 


We = 15 = (Ey + Eq + €43 + En + En) + Er, + €3; + E39 tet Egy + E43 + Es) + Eso + E53) 


_ 5 — (0.803063 + 0.573171 + 0.471153 + 0.716684 + 0.966851) 
~ 15 — (0.561587 + 0.869281 + 0.848676 + 0.621053 + --- + 0.60961 + 0.966851 + 0.760479) 


= 0.332727274 
similarly we have w, = 0.413354514, and w, = 0.253918212. 


0.41479572 0.337912129 0.247292152 


Figure 1: Weights of the criteria by normalized NVNT- numbers 
Step 3: The positive ideal solution r+ and negative ideal solution r~, respectively calculated as; 
rt = ([0.63,0.73,0.83,0.97]; (0.8,0.9,0.9,0.9), (0.1,0.1,0.2,0.3), (0.1,0.1,0.4,0.2)) 
and 


r~ = ({0.01,0.006,0.007,0.11]; (0.1,0.2,0.3,0.3), (0.8,0.7,0.8,0.7), (0.7,0.7,0.9,0.8)). 


Step 4: According to Equation (3) positive value of V*(D,;) based on positive ideal solution r* and negative 
value of V~ (Diy) based on negative ideal solution r~ of alternative k, (k=1,2,...,5) calculated as follows: 
V+ (D1) = 0.0148, V*(D,2) = 0.0157, Vt (D,3) = 0.0152, V*(D,,) = 0.0170, V* D2.) = 0.0118 
V+ (D23) = 0.0176, V*(D3,) = 0.0334, Vt (D3) = 0.1071, V* (D33) = 0.0495, V*(D,,) = 0.0127 
V+ (D4) = 0.0151, V*+(D43) = 0.0126, V*(D;,) = 0.0105, V*(D,,) = 0.0193, V*(D.3) = 0.0134. 
dW (r-,rt) = 0.0745 
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Step 5: Computed the group utility 6, (k=1,2,...,5) values for the maximum and individual regret o, values 


for the opponent 


n 


_ V* (Fig) 
5, = ,{o) os 
Vt (Di) + V*(Dy2) + V4 Dy) 
arr) 


= (w;+) 


~ (0,383558117) 0.2137 + 0.0157 + 0.0152 
0.0711 
= 0.265606 
Similar to 
65 = 0.252026, 63 = 1.105034, 6, = 0.249513, 6, = 0.251712. 
Hen) 
dy’(r-,r*) 
0, = max{0.0148, 0.0157, 0.0152 } = 0.0157 
0, = max{0.0170, 0.0118, 0.0145 } = 0.0170 
03 = max{0.0334, 0.1071, 0.0495 } = 0.1071 
0, = max{0.0127 , 0.0176, 0.0126 } = 0.0176 


05 = max{0.0132, 0.0193, 0.0199 } = 0.0199. 


On = mar { 


Step 6: Let p = 0.5, compute the index values 6, as follows; 


Ox aa (om Ox —s (om 
0. = 0-(S =) +A-e(F 55) 
0.265606 — 0.249513 
Bi = (0:8). (Feast + 5545813) che 0.5).( 


= 0.00941 


0.0157 — oo) 
0.1071 + 0.0157 


Similar to 
6, = 0.088, 6, = 1,0, = 0.01072, 6, = 0.02112 
Step 7: Ranking the all alternatives NVNT-numbers based on VIKOR method, D,,(k = 1,2,...,5) are shown 


in Figure 2 and given as; 


D; >Ds >D,>D, > Do. 


Finally the best alternative is D3. 
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Values 


0 —— alternatives 
D1 D2 D3 D4 D5 


Figure 2 The ranking of alternatives D, (kK = 1,2,...,5) 
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Figure 3: VIKOR index for all p values 


The results from the different distance measures used to resolve the MCDM problem in section 4 are shown in 


Figure 4 
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Figure 4: The results from the different distance measures 


RANKING OF EACH ALTERNATIVE USING TOPSIS 

Step 3: Similar to above VIKOR method from Step1 to Step-3. 
Step 4: According to Equation (3) positive value of V*+(D,,) based on positive ideal solution r* and negative 
value of V~ (D,,) based on negative ideal solution r~ of alternative D,, (k=1,2,...,5) calculated as follows: 

V+ (D,) = 0.2145, Vt(D,) = 0.2090, V*(D;) = 0.1457, V*(D,) = 0.2080, V*(D;) = 0.2089 

V-(D,) = 0.0322, V-(D,) = 0.2251, V- (D3) = 0.0410, V- (D,) = 0.0877, V- (Ds) = 0.0517 
Step 5: We calculated the relative closeness degree CC; of each alternative D, (k = 1,2,...,5) as; 

CC, = 0.1716, CC, = 0.3650, CC; = 0.3518, CC, = 0.3183, CC, = 0.1749 
Step 6: Based on the index values CC, (k = 1,2,...,5) the ranking of alternatives D),(k = 1,2,...,5) are shown 


in Figure 5 and given as; 


D, >D, > D3 > Ds > Dy. 
Finally the best alternative is D.. 
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@D)] @D2 @D3 D4 @D5 


0.7 


Figure 5 The ranking of alternatives D;, based on CC, (k = 1,2,...,5) 


The results from the different distance measures used to resolve the MCDM problem in section 4 are shown in 
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Figure 6 


Figure 6: The results from the different distance measures 
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E-mail: irfandeli20 @ gmail.com, 
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Abstract: In this paper, some similarity measures of N-Valued Fuzzy Numbers (NVTF- 
numbers) by using a-cut sets/integral vector, values and ambiguities of NVTF-numbers are 
developed. Then some desired properties of NVTF-numbers are examined. Also, a multi 
attribute decision making method based on the defined similarity measures are developed. 
Finally, a medical diagnosis problem is given on NVTF-numbers. 

Keywords: Fuzzy sets, N-valued trapezoidal fuzzy numbers, a-cut sets/integral vector, 


value and ambiguity of NVTF-numbers, multi attribute decision making method. 


1. Introduction 

A fuzzy set [28] is defined help of a function from universal set X to [0,1] to handle 
ambiguous and incomplete information. Fuzzy sets, especially fuzzy numbers, which are a 
fuzzy set on R real numbers, have study by many author in [1,3,22-29]. As a 
generalization of a fuzzy set, an N-valued fuzzy set (fuzzy multi-set) which an element 
can have more than one value in the range [0,1] was first developed by Yager [27]. After 


Yager, many studies have also been proposed many authors in [2,6-17]. 


Recently, Ulugay et al. [21] gave concept of the N-valued fuzzy numbers and Deli and 
Keles [4] introduced their related concepts such as a-cut sets/integral vector, values and 
ambiguities. Later, various studies have also been done by many authors in [5,18-21]. 
Since there is not enough work in the literature on N-valued fuzzy numbers, in this study, 
firstly, we presented some basic definitions and operations of fuzzy sets, fuzzy numbers, 


N-valued fuzzy sets and N-valued trapezoidal fuzzy numbers (NVTF-numbers). Secondly, 


* Corresponding author. Email address: irfandeli @kilis.edu.tr 
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some similarity measures of NVTF-numbers by using a@-cut sets/integral vector, values and 
ambiguities of NVTF-numbers are introduced. Thirdly, a multi attribute decision making 
method based on the defined similarity measures is developed. Finally, a multi attribute 
decision-making problem on NVTF-numbers are solved. The present expository paper is a 


condensation of part of the dissertation Keles [5]. 


2. Preliminaries 


In the section, we give some main definitions and properties which are guide to our work. 


Definition 1. [28] Let X be the universe of discourse. A fuzzy set A defined on X is an 
object of the form 

A = {(Ha(x)/x): x € X}, 
where pa: X > [0,1]. 


Definition 2. . [25] Let a, < by < cy < d, such that a,,b,,c,,d, € R. A trapezoidal fuzzy 
number a =< (a,,b,,C,,d,);W, > is a special fuzzy set on the real number set R, whose 
membership function ug: R — [0,w,]|can generally be defined as 


x—a,)w 
See. ge 
by — ay, 
Wa» b, <x< C1, 
HalX) = 
al ) (d, ~ X)Wa 
—§—, «<x<d,, 
dy— cy 
lo otherwise. 


where wg € [0,1] is a constant, If wg= 1, then a is a normal trapezoidal fuzzy number; 
otherwise, it is said to be a non-normal trapezoidal fuzzy number (or generalized 
trapezoidal fuzzy number). Also, if we get by = cythen a = (aj, bj, c,,d,; wa) reduced to 
triangular fuzzy number a =< (aj,b,,d,); wa >. 


Definition 3. [29] Let a =< (a,,b,,c,) > ve b =< (Qz, bz, cz) > be two triangular fuzzy 


numbers. Then, similarity measures between a and b are given as; 


Dies Gi-di 
i. S,(a, b) = StS 
ter Of + Djs DP -LiL adi 
as 2. aj.bj 
ii. S200) == sa oo 
t=1 Of + Dia 5} 
ie T  a;-d; 
ae S3(a, b) = 2 eP__ 


n 2 n 2 
\ i=1 % mI i=1 Dj 
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Teorem 4. [29] Let a =< (a4,b,c,) > and b =< (a2,b2,c2) > be two triangular fuzzy 
numbers. Then, similarity measures S;(a, b) (i = 1,2,3)between a and b hold following 


properties; 


i. 0 <S,(a,b) <1 
ii. Si(a, b) = Si (b, a) 
ii, If a =b (a;=b; ; i=1,2,3) then S,(a, b) = 1 


Definition 5. [6] Let X be the universe of discourse. A multi fuzzy set G defined on X is 
an object of the form 


G = {(x, ug(x), ug x), «.., HECK): x € X} 
where p(x): X > [0,1], (i=1,2,...,n). 


Definition 6. [21] Let wi ¢[0,1] (i= 1,2,..,n), a <b <c < d suchthata,b,c,d € 
R. An N-valued trapezoidal fuzzy number (NVTF-number) 


a = errr e. 2 n 
a =< (a,b,c,d);w3,ws,..ws > 


is a special fuzzy multi set on the real number set R, whose membership functions ut :-R- 
[0, wil (i = 1,2,...,n) can generally be defined as; 


(x —a)w§ 
——_,a <x<b, 
b-a 
wi, b<x<c, 
Ha(x)= 4% 
(d —x)w; 
sc<x<d, 
d-—c 
lo otherwise. 


where wi € [0,1] is aconstant, Ifa,b,c,d € [0,1], then a is a normal NVTF-number. 
Also, if we get b =c, thena =< (a,b,c,d);w3,w,...w2 > reduced to triangular 


fuzzy multi number a =< (a,b,d);wi,wZ,...w2 >. 


Definition 7. [5] Leta =< (a,b,c,d);wg,W#,...,wg > be a NVTF-number and 
O=(01,0.2,...0n) be a vector such that 0 < a; < wi (i=1,2,...,n). Then, a-cut of a, denoted 
by aq, is defined as; 
ag = (Cxq, Xo) 0) Xn)s WACK) S 1, WE (XQ) S lg, WE Kn) S Ay, x € R} 

= ({La(a,), Rg (a,)], [L5(a2), Ra (a, )I, aaa) eee ay, [La(on), Ra(an))) 


(es maa) [Sees (w2-a,)d+azc 


1 , 1 ) 2 ) 2 poees 
Wa Wa Wa Wa 
eee wns eee) 
n , n 
Wa Wa 
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Definition 8. [5] Leta =< (a,b,c,d); wy, w4,...,w > be a NVTF-number and 


Aq = ([La(a,), Ra(a,)], [La(a2), Ra(a2)],.....--, [La (On), Ra (On) J) be a-cut set of a such 
that 0 < a; < ws G=1,2,...,n). Then, 
i. the values vector of a for a-cut set a,, denoted by V(4a ), is defined as; 
wa w§ 
via) =| [ Caan) + Raa) F(a Idan, f (La(C@r)) 
0 0 


n 


+ Ra (a) f(e2)AC0), [| CLatn) + Rata) FCA) det 


7 (& + 2b + 2c + d)(w3)? (a+ 2b + 2c + d)(w2)? 
6 J 6 purry 
(a+ 2b+2c+ d)(wa)", 
6 


il. the ambiguities vector of the a for a-cut set ag, denoted by A(a ), is defined as; 


1 2 
Wa Wa 


Aa) =| { (Ralou) —LaCau))tCau)den, [ RaCoe) 
0 0 


~ Lg(oy))f(a)daty,.., | (Rg(ot,) — Lg (0%q)) Cet, de, 


. dark 2e= 2b)(w3)? (d—a+t 2c — 2b)(w2)? 
— a = eee , - —. Go 2-7 aeny 
(d —a+ 2c — 2b)(w?)? 
———. = 7 
where f(a;) = a; for 0 < a; < wi (i=1, 2,...,n). 
Note that the f can be any function such that monotonic and nondecreasing for a; € 
[0, wg |. 


Definition 9. [5] Leta =< (a,,b,,cy,d,); W5,> W5, ... Wg, > be a NVTF-number. Then, 
integral vector of a, denoted by inta%, is given as; 


inta® = ([Xy, X7'], [X2, Xz], ..., [Xn Xn) 


= ihe (ws — aja, + ab, Pe [" (wi — a)dy + acy aa 
7 0 W3 Jo W3 
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2 2_ 2 2 
4a) ao, (eas) a. 


Wa a 
sv (Soseey) Aw {" carom taal) 
0 we "JO we 
= (a; + bi)w4 (cy + d,)w3 (a, + b,)w3 (cy + d,)w§ 
2 , 2 , 2 ‘ 2 —_ 
&: + by)waz (c, + on) 
2 ‘ 2 


3. Similarity Measures on NVTF-numbers 


In this sevtion we introduce some similarity measures of NVTF-numbers by using a-cut 
sets/integral vector, value and ambiguity of NVTF-numbers. 
Definition 10. Let a, =< (a4, by, cy, dy); w3,, W3,, Wg, >and a, =< 
(ay, bo, Cz, dz); Ws i we sate Way > be two NVTF-numbers having the integral vector, 
respectively as; 
intay = ([X4, X7'], [X2, Xo]... [Xa Xn) = 


(ay +bi)w3, (citdi)w3,] [(aitbi)w5, (citdi)w§, 
2 : 2 , 2 : 2 ce 


S + by)w3, (¢, + al 
2 : 2 


and 
intay = ([Y1,%y"], [¥2, Yo", > av Yn’) 


-(| + by)w3, (C2 + ae fees + by)ws, (cz + aon 
y) , i-— 9, . 2 peas 


(az + bz)wa, (C2 + dz)wa, 
ae 


Then 
1. 1. similarity measure between a, and az based on a — cut sets/integral vector, 


denoted by $;(@,@2), is defined as; 


int Xie Yi +X7". Yi) 


5 (a a ) = an Tvl? VTA?) ST TP UTA? | SUTIN?) OTOP TT TTY 
meee YD? + XP] + ED? + (492) — SX YS EXPY) 


il. 2. similarity measure between a; and az based on a — cut sets/integral vector, 
denoted by $,(@1,@2), is defined as; 
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2. ie Xie Vi + XY) 
jeal(Xj)? + (X7)*] + Bal)? + 777] 


lil. 3. similarity measure between a, and az based on a — cut sets/integral vector, 


y (a, az) = 


denoted by S3(@1,d2), is defined as; 


int (Xi- Vi + X7'. Yi) 


53 (a, az) = 


peal (Xj)? + (XG)? VEO)? + 7") 


Teorem 11. Let apa Lay Diy di); w3,,W,, WE > and == 


(a2, bz, Cp, dz); W3,, W4,, WE, > be two NVTF-numbers. Then, j. similarity measure 
between a, and az based on a — cut sets/integral vector, denoted by 5) (G42) G=1,2,3), 


hold following properties; 


i. O< S;(@,, @)<1 
li. Si (a, a>) = $;(@2, G1) 
iii. @, = @, > §;(G,@,)=1 


Proof. For example; we give proof of $,(@,@2) 


i.S,(@,, 2) = 0 is clear. We show that 5,(@,,@,) <1 as; 

Since (pS YOr ep =Y)20, rH 2a a? aye eae 
Gy)? 20, Ap + G7) + GP Oy) 2 2x4 2K 

and (X;)? + (Xj’)* + (Y/)* + (H")? & 2K + X7'Y/). 


In here we have 


n n n 


DD? + OF + YF + YP — DL EXT YD 2 
i=1 i=1 i=1 
DX{Y] + 2K1'Yf" — (IY + X}1Y/) = XE +2 
and therefore we have $,(@,,d@2) < 1. 
ii. Proof of S;(@,, @)=S, (G>, @,) is clear. 


iii. If @, = @, then X; = Y; and X;’ = Y;” (i=1,2,.....n ) . Therefore we have 
i=1(Xi-Xi + X7.X7') 
iaal(Xj)? + (%7')*] + DL)? + (PD?) — Lie XE + XP XD 
=1 


Sy (a, az) = 


Proof of S,(@,,@) and $3(@,,@2) can be similarity made. 
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Example 12. Assume that @, =< (0.1,0.2,0.3,0.4); 0.3,0.2,0.5,0.7 > 
and @ =< (0.2,0.3,0.3,0.5); 0.5,0.7,0.4,0.1> be two NVTF-numbers. In here values 


intaft ve inta§ of a, and a, is given, respectively, as; 
inta® = ([0.045,0.105], [0.030,0.070], [0.075,0.175], [0.105,0.245]) 
and 


inta¥ = ((0.125,0.200], [0.175,0.280], [0.100,0.160], [0.025,0.040]) 
Then, 


i. 1. similarity measure S,(@,,a@2) between a, and a, based on a — cut sets/ 
integral vector is calculated as; 
ae fat (XG Yi + XPM) 
Dili Oo) Se nS 
ima l(Xj)? + (Xj?) + Dial)? + 777) — Die Ye + XY) 
= 0.4336 
ii. 2. similarity measure $,(@,@,) between a, and a based on a — cut sets/ 
integral vector is calculated as; 
2. in Xie YY +X7'.¥/") 
jaal(Xj)? + (X7')7] + DEG)? + 707] 
= 0.6049 


ky (a, az) = 


3. 3. similarity measure $3(@,,@2) between a, and a, based on a — cut sets/ 
integral vector is calculated as; 
iy AY) 
taal Xj)? + i?) * V Dial? + 777] 
= 0.6219 


53 (a, az) = 


Definition 13. Let a, =< (a,,by,cy, dy); w3,, W,, WE > and ay;=< 
(ag, bg, Cp, dz); Wa,, WS, «+» WH, > be two NVTF-numbers with values of 4, and 45, 


respectively, as; 


V(Gy) = V1, Va, Vin) 
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(a, + 2b, + 2c, + d,)(w3,)? (a, + 2b, + 2c, + d,)(wi,)” 


7 6 eo ees a ee 
7 (a, + 2b, + 2c, + d,)(wi,)? 
\ aan ane ) 
and 
V (Gz) = (Vy, V2", n’) 
(az + 2b, + 2cp + dz)(WG,)* (az + 2b2 + 2cz + dz)(wZ,)’ 
= 6 ) 6 yurny 
(az + 2b2 + 2c + d2)(wi,)? 
\ —— ) 
Then, 


i. 4. similarity measure between a, and az based on values, denoted by S.(Gi03); is 
defined as; 


Die ViVi dD 
eae eee) = SV 
ii. 5. similarity measure between a, and az based on values, denoted by Ss. 5(@1,Q2), is 
defined as; 


S4(G, a2) = 


2 dre Vee, ) 
i oP Dea 


111.6. similarity measure between a, and az based on values, denoted by S6(G1,4>), is 


Ss (Gy, a2) = 


defined as; 
2h AS at aie 
S6(@, Az) = <a ne. 
Vici (V;)? - Via") 
Teorem 14. Let ay =< (ay, by, cy, dy); wa, W§,, -- WE, > and A== 


(az, bz, Cp, dz); Wa,» W§,) «+» Wa, > be two NVTF-numbers. Then, j. similarity measure 


between a, and az based on values, denoted by 5} (G,42)(j=4,5,6), hold following 


properties; 

i. 0<S;(@,, @)<1 

il. Si (a, a>) = Si(G., az) 
iii. @, = dz > S;(G,,@,)=1 
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Proof: For example; we give proof of 5,(a@, 4). 


i. $4 (@,, A) = 0 is clear. We show that $,(@,,@) < 1 as; 
Since (Vj — V;")? = 0, (V;)? — 2V/V," + (V;")? = 0 and (V/)? + (V;")? = 2V;V;" 


we have 
n n n 
xia + uy = > V;.. V;" > 2V;V;" = V/V" = VV," 
{=1, i=1 i=1 


and therefore we have S,(@,@) < 1. 
ii. Proof of $,(@,,@_) = S4,(G, G,) is clear. 


iii. If @, = then V{ = V/’(i=1,2,.....n). 


n Ty,l 
vin ViVi = 
pan Ce +07 (Y/)? yr v; v, 


Finally we have S,(@,, 42) = 1. 


Proof of S;(@,,@) and S¢(@,, dz) can be similarity made. 


Example 15. Assume that @,; =< (0.1,0.2,0.3,0.4); 0.3,0.2,0.5,0.7 > and 

a, =< (0.2,0.2,0.5,0.6); 0.5,0.4,0.6,0.8> be two NVTF-numbers. In here value of a, and 
a> is V(G) = (0.0225,0.01, 0.0625,0.1225) and V(a,) = 
(0.0916,0.0586, 0.1320,0.2346) . Then, 

1. 4. similarity measure S,(@1,@2) between a, and a, based on values is computed as; 
Yie(V;-V;") 


SOO) = Saar en i 
WUE TEV + EM — Le) 


= 0.6174 
li. 5. similarity measure S;(@,@2) between a, and a based on values is computed as; 


2. din (Vi.V;") 


§5(@,, a) = et 
Ba Se Vee eae 


= 0.7634 


lil. 6. similarity measure 54(@,@2) between a, and a based on values is computed as; 


pay, 


in (V;.V;") 
V dini(V/)? «Vf die(V;")? 


= 0.9771 


S6(G, a2) = 


Definition 16. Let = 4, =< (a4,by,C1,d,); w3,,W5,).Wa, > and a, =< 
(az, bz, Cz, dz); w3,W4,, Wa, > be two NVTF-numbers with ambiguity of a, and ap, 


respectively as; 


A(@,) = (Aj, Ad, An) 


(d, — a, + 2c, — 2b,)(wg,)? (dy — ay + 2c, — 2b;)(wi,)? 


= 6 a ie Sens 
(dy — a, + 2c, - 2b1) (wa, )? 
\ —<——— } 
and 
A(@2) = (AY, Ag,» An) 
(dz — az + 2c2 — 2b2)(WG,)* (dz — az + 2c2 — 2b2)(wZ,)* 
: : ——<$——$—— 
(dz — az + 2c2 — 2b2) (wa, )° 
\ =e } 
Then, 
Iv. 7. similarity measure between a, and az based on ambiguity, denoted by 


S7(@,,@2), is defined as; 
i=1(4j- A?) 
i=1(Aj)* + Li (AZ)? — LCA; 47) 
Vv. 8. similarity measure between a; and az based on ambiguity, denoted by 
S3(@,,d2), is defined as; 


57 (a, a2) = 


2. Mi=1(Ai- Ai) 
in Aj)? + Die (AZ)? 
Vi. 9. similarity measure between a, and az based on ambiguity, denoted by 
So(@,,d2), is defined as; 


S3(ai, a2) = 


vii (Aj- 47) 


Vv diei (Aj)? - VL (47)? 


S9(G4, a2) = 
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Teorem 17. Let ApH =. Ga Diacy di); w3,,W3,, WE > and a= 
(a2, bz, Cp, dz); W3,, W§,, WE, > be two NVTF-numbers. Then, j. similarity measure 


between a, and az based on ambiguity, denoted by 5} (G,42)(§=7,8,9), hold following 


properties; 

i.0< S;(@,@2)<1 

ii. 5i(G@, G2) = $;(G, a) 
iii. G, = a, > S;(G,G,)=1 


Proof: For example; we give proof of 57(@,@). 

i.S>(@,,@,) => 0 is clear. We show that S,(@,,@,) < 1 as; 

Since (Aj — Aj’)? = 0, (Ai)? — 2A‘ Ai" + (Aj’)? = 0 and (Aj)? + (Aj’)? = 2A, A) 
we have 


n n n 
>, 40? ‘ ary 22 > Acar > 2ANAy — ALA! > ALA! 
i=1 i=1 i=1 


and therefore we have $7(@,,@z) < 1. 


il. Proof of So(ai; a>) = S3(ay a,) is clear. 
iii. If @, = Gz then A; = A;'(i=1,2,....,n ). Finally we have 
Fs uA A 
S;(G,@) = a =1 


i=1 (Aj)? F viz (Aj)? > ea AA, 


Proof of Sg(@,,@) and Sg(@,, 2) can be similarity made. 


Example 18. Assume that @, =< (0.1,0.2,0.3,0.4); 0.3,0.2,0.5,0.7 > 
and @, =< (0.2,0.3,0.4,0.5); 0.5,0.4,0.6,0.8> be two NVTF-numbers. In here ambiguity of 
a, and a», respectively, is A(@,) = (0.0075,0.0033, 0.0208,0.0408) 
and A(a@,) = (0.0208,0.0133, 0.0300,0.0533). Then, 
i. 7. similarity measure S7(@,,@2) between a, and a, based on ambiguity is 


computed as; 
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S(aiy85) = se 
Dies (A;)* + yin (4; )? — dizi ( 4;- A; ) 
= 0.8528 
ii. 8. similarity measure Sg(@,,@2) between a, and a, based on ambiguity is 
computed as; 
2. Yiz1(Ai- Ai) 
= 0.9206 


S3(G1, az) = 


iii. 8. similarity measure Sg(@,,a@2) between a, and a, based on ambiguity is 
computed as; 
i=1(Aj- Aj) 

Vv dies (Aj)? - V Liar (47')? 


= 0.9771 


So(Gi, az) = 


4. Application 


In this section, inspired by Rajarajeswari and Uma [28,29], an application is given on 
how to apply similarity measures in NDYB-numbers based on multi attribute decision 
making problem under medical diagnosis. We will use the proposed similarity measures 
to diagnose disease by correlating patients’ data based on symptoms and symptom- 
generated data for some diseases. 

For this; let P = {P,, Po, ..., P-} be the set of patients, {D,, D2,,..., Dm} the set of diseases, 
and S = {Si, S2, ++), Sp}the set of symptoms. Now we can give the following algorithm, 


Algorithm: 


Step 1: Give the relation table (x,.) , between the Patient and their Symptoms; (The 


rx] 
value of patient P, in the table due to symptom S;, 
(Xsk =< (Ask, Dsk,Csks Usk)i War Wag, WE) > is an NDYB- number.) (s= 


12,00) TiO = 1,2, incr D) 
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Step 2: Give the relation table (ni, Dap between the Disease D; and its Symptoms S;,; 


(value in the table depending on the symptom S;, of the disease D;( k = 1,2,...,p,i= 
1,2,...,M) (Nik =< (Gin, Dix, Ciks dik); Wis Wie Wi > isan NDYB number. ) 


Step 3: Compute the total similarity measures $,; = S(P;,D;) based on S;(j=1,2,...,n) as; 


Dp 
_ 1 
Sa = -) SMe tie) (S = Leics hit = 12 eng) 
= 


Step 4: Rank the possible diseases.(if S,;is biggest similarity measures then D, is the 


best choice ) 


Example 19. Let's assume that P = {P,, Pz, P3, P,} } be set of patients, Let 
D = {D, = Blood pressure, D, = Bronchitis, Dz = rheumatism, D, = diabetes} be set 
of diseases and S = {S; = Sweating, S, = Heartache, S; = bone pain,S, = Hungry} be 


set of symptoms. 


Step 1 According to the results obtained after patients P;(i=1,2,3,4) was given medication 
4 times in a day (08:00, 12:00, 16:00, 20:00) and then analyzed the patient P((i=1,2,3,4) 
and the symptom S$;,(j=1,2,3,4) the results proposed by Table 1. 


Table 1. Situations between the patient and the symptoms 


Xsk St S2 
<(0.0,0.1,0.2,0.3);0.3,0.2,0.5,0.4> <(0.2,0.3,0.6,0.8);0.3,0.1,0.4,0.7> 
5 <(0.4,0.5,0.5,0.7);0.1,0.4,0.3,0.6> <(0.3,0.5,0.5,0.6);0.4,0.5,0.6,0.7> 
P3 <(0.2,0.4,0.5,0.6);0.6,0.4,0.5,0.9> <(0.1,0.2,0.3,0.5);0.1,0.2,0.4,0.6> 
P, <(0.3,0.4,0.5,0.6);0.3,0.2,0.6,0.7> <(0.2,0.4,0.4,0.6);0.8,0.2,0.5,0.4> 
S3 S4 
<(0.3,0.4,0.5,0.6);0.2,0.5,0.3,0.6> <(0.1,0.1,0.4,0.7);0.4,0.2,0.7,0.6> 
‘ <(0.5,0.7,0.9, 1.0);0.3,0.7,0.5,0.4> <(0.3,0.5,0.5,0.8)9;0.3,0.1,0.5,0.7> 
P3 <(0.3,0.5,0.7,0.9);0.7,0.2,0.5,0.6> <(0.2,0.4,0.5,0.7);0.2,0.6,0.5,0.4> 
P, <(0.1,0.4,0.5,0.7);0.8,0.4,0.5,0.7> <(0.1,0.3,0.3,0.6);0.5,0.8,0.3,0.4> 
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Step 2: The values of diseases D;G=1,2,3,4) related to symptoms S;(j=1,2,3,4) based on 


previous patients the results given by Table 2. with (nj, ) 


4x4 


Table.2. Situations between the disease and its symptoms 


Nik D, D2 

Sy <(0.5,0.6,0.7,0.8);0.1,0.1,0.1,0.1> | <(0.3,0.4,0.5,0.7);0.6,0.6,0.6,0.6> 

5, <(0.3,0.5,0.6,0.7);0.3,0.3.0.3,0.3> | <(0.2,0.4,0.5,0.6);0.5,0.5,0.5,0.5> 

Sy <(0.2,0.5,0.6,0.6);0.4,0.4,0.4,0.4> | <(0.2,0.5,0.6,0.9);0.4,0.4,0.4,0.4> 

S4 <(0.4,0.6,0.7,0.7);0.2,0.2,0.2,0.2> | <(0.4,0.7,0.8,0.9);0.7,0.7,0.7,0.7> 
D3 Ds 

Sy <(0.1,0.2,0.5,0.8);0.3,0.3,0.3,0.3> | <(0.1,0.3,0.5,0.6);0.9,0.9,0.9,0.9> 

5, <(0.3,0.4,0.6,0.8);0.4,0.4,0.4,0.4> | <(0.2,0.4,0.5,0.6);0.3,0.3,0.3,0.3> 

Sy <(0.2,0.3,0.5,0.7);0.6,0.6,0.6,0.6> | <(0.2,0.3,0.7,0.8);0.5,0.5,0.5,0.5> 

S4 <(0.3,0.4,0.7,0.8);0.8,0.8,0.8,0.8> | <(0.5,0.6,0.7,1.0);0.4,0.4,0.4,0.4> 


Step 3: We computed the total similarity measures S,;from Table 1 and Table 2 with 


S,(P,, D;) as Tablo 3; 


Table 3. 5,(P,, D;) for P, and D; (i=1,2,3,4 and s=1,2,3,4) 


5, (P,, Dj) dD, D2 D3 Dy 
Ranking 
P, 0.7207 0.5608 | 0.6457 0.5513 D, > D3 > Dz>D, 
P, 0.5599 0.7161 =| 0.7142 0.6829 Dz > D3 > D4>D2 
P, 0.5709 0.6833 — | 0.6309 0.8022 Dy > Dz > D3>D, 
Py 0.6577 0.7376 =| 0.7152 0.7503 Dy, > Dz > D3>D, 


Step 4: According to the results of Table 3. with $,(P,,D;); P, is blood pressure patient, 


P, is bronchitis,, P3 diabetes, P, is diabetes. 
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Based on te D;) Gi = 1,2, ...,9) the disease diagnoses are as in Table 4 


Table 4: The disease diagnoses based on S;(P;, Dy) (i = 1,2, ...,9) 


Py P, P3 P4 
S1(Ps, Di) D, D, Dg Dg 
So(Ps, Di) D, D2 Dg D, 
S3(Ps, Dj) Ds D, D, D, 
S4(P5, Di) D3 D2 Dg D, 
S5(Ps, Dj) Ds D, D, D, 
S6(P, Di) D4 D, = Dz = D3 D, = D2 = D3 D, 
S7(P5, Dj) D2 Ds D, D3 
Sa(P5, Di) D2 D3 D, D, 
So(P;, Dj) D, = Dz = D3=Dy | Dy = D2 = D3=Dy D2 D, = Dz = D3=Dy 
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Direct Sum of Neutrosophic submodules of an R-module 
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Abstract 


In this chapter, we have introduced the notion of direct sum of neutrosophic submodules 
of an R-module M and discuss some related properties. We also analyze the direct sum of 
arbitrary family of neutrosophic submodules and derive some results based on support of a 
neutrosophic submodule. 


Keywords: Module, Neutrosophic set, Neutrosophic submodule, Support, Direct sum 


1. Introduction 


In classical set theory, the membership grades of elements in a set is assessed in binary 
terms 0 and 1. According to the bivalent condition, an element either belongs or does not 
belong to the set. As an extension, fuzzy set theory permits the gradual assessment of the 
membership of elements in a set. A fuzzy set A in X is characterised by a membership 
function which is associated with each element in X, a real number in the interval [0,1]. In 
1965, Lotfi A. Zadeh [i4Jintroduced the concept of vagueness in mathematical modelling. 
A number of generalisations of the fundamental concept of set theory have come up. As 
a generalization of fuzzy set theory, intuitionistic fuzzy set theory [1] was proposed by At- 
tanassov in 1986 in which each element is associated with a degree of membership and non 
membership values. Again as a generalization of fuzzy set and intuitionistic fuzzy set, neu- 
trosophic set was defined with three different types of membership values by Smarandache 
in 1995. In the real world, the practical problems are related to incomplete, indeterminate 
and inconsistent information. Neutrosophic set is a powerful tool and the most appropriate 
frame work for dealing with incomplete, indeterminate and inconsistent information. 

The algebraic structure in pure mathematics cloning with uncertainty has been studied 
by some authors. In 1971, Azriel Rosenfield presented a seminal paper on fuzzy subgroup 
and W.J. Liu developed the concept of fuzzy normal subgroup and fuzzy sub ring. The 
direct sum of fuzzy submodules was introduced by Mordeson and Malik [8]. In 2017, Isaac.P, 
P.P. John [6] identified some algebraic nature of intuitionistic fuzzy submodule of a module. 
Combining neutrosophic set theory with abstract algebra is an emerging trend in the area 
of mathematical research. Neutrosophic algebraic structures and its properties give us a 
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strong mathematical background to explain applied mathematical concepts in engineering, 
data mining and economics. Neutrosophy is a new branch of philosophy and logic which 
studies the origin and features of neutralities in nature. Each proposition in neutrosophic 
logic is approximated to have the percentage of truth (T), the percentage of indeterminacy 


(1) and the percentage of falsity (F) [73]. 


2. Preliminaries 


Definition 2.1. [8/ Let R be a commutative ring with unity. A set M with a binary operation 
+ is said to be an R module or a module over the ring R if 


1. (M,+) is an abelian group 

2. Jamap Rx MM i.e. (r,m) > rm (an action of R on M) such that 
(a) (r+s)m=rm+sm 

(b) (rs)m = r(sm) 

(c) r(m+n)=rm+rn 

(d) lIm=m,1ER,Vr,s€Randm,neéeM. 


Definition 2.2. [8/ Let M be an R module. A submodule is a subgroup N of M which is 
also an R module i.e, rn€ N,Vr Ee Ryne N. 


Definition 2.3. [5/ Let M, and Mp be the R-submodules of R-module M. Then we define 
M, + Ms = {my + Ma, :M,€ M,,m2 E Mp} 
which is an R-submodule of M containing both M, and Mo. 


Definition 2.4. [5/ Let M, and My be the R-submodules of an R-module M. M, + Mg is 
called direct sum, denoted as M, ® M2 if any element in M, + Mo can be written uniquely 
as mM, + mM, where m, € M, and mz € My. 


Theorem 2.1. [5/ Let M, and Mp be the submodules of an R-module M, then M, + Mg is 
direct sum <= M,M Mz = {0} 


Definition 2.5. [7 Let j4,n and v be fuzzy submodules of M, then « is the direct sum of 
7 and v wf 
1. w=n+v 
L o£] 


2. nv =1s where lrpi(x) = and we write 4 =n Ov 
1 {0} {0} (2) f eh w=n 


Definition 2.6. [7 Let 1 and 17 be fuzzy submodules of the R-modules M and N respectively. 
Consider the direct sun M@N. We extend the definition of 1 andn to M @N to get w 
and 1, fuzzy subsets of M @ N as follows 


oy fut) n=0 nln) m=0 
wonny= 1 andor oat wee 
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YV(m,n)€ M@N. Then w and are fuzzy submodules of M @ N. Moreover 


lL (an) =0 
O° ya) 0 


Therefore w +7 1s a direct sum and we denote it by u® 7. 


nian =pernie Gon) = 


Definition 2.7. A Neutrosophic set A on the universal set X is defined as 
A= {(z, ta(z),ta(x), fa(z)) -LE x} 


where ta,ia, fa: X — (~0,1*). The three components t4,ia and fa represent membership 
value (Percentage of truth), indeterminacy (Percentage of indeterminacy) and non mem- 
bership value (Percentage of falsity) respectively. These components are functions of non 
standard unit interval (~0,1*). 

Ifta,ta,fa:X — [0,1], then A is known as single valued neutrosophic set(SVNS) [9]. 


Definition 2.8. Let A and B be two neutrosophic sets of X. Then A is contained in B, 
denoted as A C B if and only if A(x) < B(x) Va € X, this means that 


TAD) Stele) ae) = tale) fe) Sale) 


Definition 2.9. The complement of A = {x,ta(x),ia(x), fa(z): 2 © X} is denoted by 
A® and defined as AS = {x, fa(x),1 —ia(2x), ta(x) : x} and (AC)o = A 


Definition 2.10. Let A and B be two Neutrosophic sets of X 
1. The union C of A and B is denoted by C= AUB and defined as 


C(x) = A(z) V B(2) 
where C(x) = {2,tc(2),ic(x), fo(x) 2 € X} where 

to(v) = ta(z) V ta(2) 

ic(x) = ia(x) Vip(x) 


fo(«) = fa(x) A fa(z) 
2. The intersection C of A and B is denoted by C= AM B and is defined as 


C(x) = A(z) A B(2) 
where C(x) = {2,tce(x),ic(x), fo(x) :2 € X} where 

to(x) = ta(x) A tp(2) 

ic(x) = ia(x) Aip(x) 


fo(x) = fa(x) V fa(2) 
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Definition 2.11. Let A and B be neutrosophic sets of a universal set X. Then their 
sum A+ B is a neutrosophic set of X, defined as follows 


tare(t) = Vitaly) Atalz)la=yt2,y,.2 © X} 


{ia(y) Aia(z)|2 =yt+z,y,2 © X} 
{fa(y) V fa(z)|a=y+z,y,2 © X} 


Definition 2.12. For any neutrosophic subset A = {(x,ta(x),ia(x), fa(z)) : « © X}, the 
support A* of the neutrosophic set A can be defined as 


=V 
fa+p(x) = A 


A* = {x € X,ta(z) > 0,t4(2) > 0, fa(z) < 1} 


3. Direct Sum 


Definition 3.1. Let M be an R module. Let A € U™ where U™ denotes the neutrosophic 
power set of R module M. Then a neutrosophic subset A = (ta(x),t4(), fa(x)) in M is 
called a neutrosophic submodule of M if it satisfies the following 


1 7A) = 1440) = 1,740) =—0 
2. tale + y) = ta(x) Ata(y) 
ta(a + y) > tg(x) Ata(y) 
falaty) < faz) V fa(y), V2,y € M 


Be tale bas) 
TATE) Stale) 
fa(rx2) < fa(z), Vc Ee M,VreR 


Remark 3.1. We denote the set of all neutrosophic submodules of R module M by U(M). 


Remark 3.2. If A € U(M), then the neutrosophic components of A can be denoted as 


{ta(x), ta(x), fa(x)}. 
Theorem 3.1. [f A,B © U(M), then A+ BE U(M). 


Theorem 3.2. Let A be a neutrosophic set on M. Then A € U(M) if and only if the 
following properties are satisfiedV x,yE M,a,beER 


i) t4(0) = 1,i4(0) =1, fa(0) = (), 
ii) ta(ax + by) 2 tale) Ataly), talaw + by) = tala) Nialy), Falaa + by) < fal) Vv faly) 
Theorem 3.3. Let Ac U(M). Then A* is an R submodule of M. 
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Proof. A € U(M) and A* = (a € X,ta(x) > 0,i4(xz) > 0, fa(z) < 1). Let x,y € A* and 
a,be€ R. Then 

ta(z) a 0, ia(x) = 0, fal@) <1 

ta(y) > 0,¢a(y) > 0, faty) <1 


Now 


ta(ax + by) > ta(ax) A ta(by) 
> ta(x) Ata(y) 
> 


0 


Similarly i,(ax + by) > 0 and fa(ax + by) < 1, then az + by € A*. Hence A* is an R 
submodule of M. 


[The proof of the theorems [3. [pnd [3.2] are explained in the paper titled as Some Character- 
izations of Neutrosophic submodules of an R-module which is submitted for the publication 
by the same authors | 

Definition 3.2. Let X be a non empty set. The neutrosophic point Neo} in X is defined as 
No} = {(25 E92 Wo)? Frio) :x € X} where 


“ _ J(0,0,0) 2=0 
Roi = {ne eo 


Theorem 3.4. Let AG U(M). A= Neo} if and only if A* = {O}. 


Proof. If A= Ny, then A* = (x € X,ta(x) > 0,ia(x) > 0, fa(z) < 1) = {0}. 
Conversely, if A* = {0},=> t4(0) > 0,i4(0) > 0, fa(z) < 1 and ta(x) = 0, tg(x) = 
0 and fa(x) = 1V x 4 0.Therefore 


Hence the proof. 


Definition 3.3. Let A,B and C € U(M), then A is said to be the direct sum of B and C if 
1A=B+C 
2 VG = Neo 
and we write A= BOC. 
Definition 3.4. Let A;¢ U(M) Vie J, then we say that A is the direct sum of { A;: i € J} 
denoted by Bic yA; tf 
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1. A= Vie Ai 


teJ—{3} 
Theorem 3.5. If A,B and C € U(M) such that A= BOC. Then A* = B* @C*. 
Proof. Let x € A* => x E€(BOC)* 


> tpac(x) > 0, ipac(Z) > 0 and faac(2) <1VcteM 


> tpic(x) >:0; ipic(a) > 0 and faac(z) <1VrteM 
Now 
tpac(z) = V{taly) Atc(z)|t@=yt+z,y,7€ M}>0 


=> tply) Atc(z) >0 for some y,z € M, witha =y+z 
=> dy,z€M such that ta(y) > 0,to(z) > 0 


Similarly we can prove that ig(y) > 0,ic(z) > 0 where x = y+ z and 
fa(y) <1, fo(z) < 1 where x =y+z 

=> dy,ze€M such that y € B*,z € C* wherex =y+2z 

=> A*C B*+C*.....(1) 

Now x € B*+C* > dye B*,z€C* such that rx =y+z 

=> te(y) > 0, is(y) > 0, fe(y) < 1 and tc(y) > 0, ic(y) > 0, fe(y) < 1 which is true for 
all y € B*,z € C* such that x =y+z 

=> 


Vitaly) Ata(z)|e =y+2,y,2€ M}>0 
Viia(y) Aip(z)|2 =y+z,y,2€ M}>0 
/\ faly) V faz) =yt+2,y,2 = M} ob 


tpic(x) > 0, ipsc(2) > 0 and fasc(2) <1 

ta(z) > 0, ta(x) > 0 and fa(x) <1 since A= BOC 

xe A* 

B*+C* C A*.....(2) 

From (1) and (2), we can conclude A* = B* + C* 

Nowe B nC* = 2 € B* and x € C* 

=> tpn) > 0; igo) 0, fale) = Land ig@)> 0, dole) > 0, Fela) <1 
=> tp(x)Atc(x) > 0, ip(x) Aic(x) > 0 and fa(x) A fo(x) <1 

=> tpenc(x) =1, isnc(x) = 0 and fanc(x) =0 (since A= BOC > BNC= Neo} ) 
S70 BC? = 410} 

Hence A* = B* @ C* 


=> 
=> 
=> 
=> 


Remark The converse of the above theorem need not be true as we see in the following 
example 
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Example 3.1. Let M = R? = {(a,b): a,b € R} where R is any ring. Define 
A= {z,ta(x),ta(z), fa(x);x € M} € U(M) 


B={z,tp(z),ip(x), fa(z);x2 € M} CU(M) 
C= {2,to(2),ic(2), folx); 2 © M} = U(M) 


where 
1 x =(0,0) 1 2x =(0,0) 0 x=(0,0) 
ta(zq)= 4% c=(a,0),a40, ta(e)= 4% w=(a,0),a40, falz)=45 «= (a,0),a40 
+ «=(a,b), 640 pt SD) Del + «=(a,b), b£0 
1 x=(0,0) 1 x=(0,0) 0 «=(0,0) 
ta(z) = 44 «=(a,0),a40, in(x)=44 we=(a,0),a40, fa(t)=45 «c=(a,0),a40 
O°. ¢= (4,6), 640 O- <= (a5), 020 EL =a; 0), 0 
1 2 =(0,0) 1 2=(0,0) 0 «=(0,0) 
to(tq)= 45 2=(0,0),b40,ic(fe)=45 2x =(0,0),040, folz)=4 5 «c=(0,0),040 
0 - = (Gb) a0 0 £= (4,5), a7 0 Lb .¢=(G6),.a 20 


Now A* = {x € R?: ta(x) > 0,i4(x) > 0, fa(x) < 1} = R?. Similarly B* = (R,0) and 
C* =(0,R) > AX = BY+0", BYNC*={0} > A= BOB" 
ButB+C= {z,tpic(z),ip+o(2), faic(2) 1LE M} 


1 2x =(0,0) 1 2x =(0,0) 0 «= (0,0) 
tpic(tq)= 4% v=(0,0),a40,iarc(t)=4 5% v=(0,0),a40,farc(z)=45 «=(a,0),a40 
4 £=(a,b), b£0 4 £=(a,b), b£0 3 £=(a,b), b£0 


=> {ta+c(2),tpic(2), farc(z) +2 € M} F {ta(z), ta(z), faz): 2 EM} > AA BTC 
=> AABOEC 


4. Conclusion 


Neutrosophic submodule is one of the generalizations of an algebraic structure, mod- 
ule. This chapter has developed a combination of an algebraic structure module with neu- 
trosophic set theory. The algebraic property of direct sum of neutrosophic submodules and 
its extension to neutrosophic submodules of direct sum are defined. 
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ABSTRACT 


One of the special form of neutrosophic multi-set on real number set is N-valued 
neutrosophic trapezoidal number (NVNT-number). Core of this notion is thatit has a lot of 
possibility of the same or the different membership functions which are truth-membership 
functions, indeterminacy-membership functions and falsity-membership functions. In this 
study, a method for NVNT-numbers based on multi-criteria decision-making problems which 
isgiven with NVNT-numbers are proposed. Initially, notion of centroid point of NVNT- 
numbers is introduced. Second, some distance measures under centroid point of NVNT- 
numbers are proposed. In addition, an algorithm to solve multi-criteria decision-making 
problems given with proposed concept of NVNT-numbers is developed. Finally, a numerical 
example of multi-criteria decision-making, in which the ratings of alternatives are given with 


NVNT-numbers, is proposed to show practicality of the developed algorithm. 


Keywords: Neutrosophic sets, N-valued neutrosophic trapezoidal numbers, distance 


measures, centroid point, multi-criteria decision-making, 


1. Introduction 

Many theories put forward to deal with problems involving uncertainty in our daily 
life have lost their importance over time and have been replaced by different theories. Some 
of the theories are interval mathematic, probability theory, fuzzy set theory [31], intuitionistic 
fuzzy set theory [1] and neutrosophic set theory [19].Among these theories, the most up-to- 
date and that has the widest application area is the fuzzy set theory developed by Zadeh [31] 
in 1965.The theory is constructed with the help of a membership function that takes the values 
in the interval [0,1] for elements of a universal set X. Intuitionistic fuzzy set theory was 
constructed by Atanassov [1] in 1986 by adding a non-membership membership function to 
fuzzy set theory that takes the values in the interval [0,1] for elements of a universal set X. 


Inintuitionistic fuzzy set theory, the sum of the values of the membership function and non- 
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membership function for each element of the universal set X always remains in the interval 
[0,1]. This limitation of the membership function and non-membership function creates 
deficiency for problems involving uncertainty. To overcome this situation, in 1998 
Smarandache [19] presented a new set theory called neutrosophic set theory, which includes 
fuzzy set and intuitionistic fuzzy set theory. Later, single-valued neutrosophic sets, which are 
special cases of neutrosophic sets, were developed by Wang et al. [26] in 2010. Recently, 
many author have studied on the neutrosophic sets in [6-9,11,16,17]. 

Fuzzy sets with single membership value between [0,1] have some disadvantages for 
solving problems. For instance; as to measurement of amount carbon in weather problem, it is 
hard to model the data and make a decision by getting results of 4 measurements in a day 
(09:00, 15:00, 18:00, 23:00). Therefore, the multi-fuzzy sets (N-valued fuzzy sets), which is a 
different generalization of fuzzy sets, firstly developed on the multi sets of Yager [29] by 
Miyamoto [14], [15]. In 2018, to model uncertain problems, trapezoidal fuzzy multi-numbers 
with operation laws by using multi fuzzy sets introduced by Ulugay et al [25].The concept of 
trapezoidal fuzzy multi-number allows the repeated occurrences of any element on real 
numbers set R and it is more general when compared to fuzzy numbers. Later, Sahin et al. 
[20-22] proposed new similarity measures on trapezoidal fuzzy multi-numbers and gave two 
applications in multi-criteria decision-making problem. Then, Ulugay [24] introduced a 
decision-making method by defining a new similarity function and a weighted new similarity 
function on trapezoidal fuzzy multi-numbers. In 2021, some new distance measures on 
trapezoidal fuzzy multi-numbers and their application to multi-criteria decision-making 
problems introduced by Deli and Kelegs [4]. In fact, the development of the theories is not 
perfect, and further research and exploration are still needed. This is the reason why this study 


is written. 


2. Preliminary 
In this section, we present some basic concepts such as fuzzy sets, trapezoidal fuzzy multi- 
number, intuitionistic fuzzy multi-sets, intuitionistic fuzzy multi-numbers, neutrosophic sets, 


neutrosophic multi-sets, neutrosophic multi-numbers and so on. 


Definition 2.1 [31] Let X be the universe of discourse. A fuzzy set M defined on X is an 
object of the form 


M= {ty (X)/x): x E X}, 
where [1,,:X > [0,1]. 
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Definition 2.2 [2] Let M and N be two fuzzy numbers. Then, some distance measures 
between M and N are given as follows; 


e 


The generalized distance measure d,(M, N) is defined as; 


dq (M,N) = a Ps [by (XL) — My (Xi) 19, GEL. 


il. The Hamming distance measure dy(M, N) is defined as; 


di (MAN) = > [iy (81) — Hy 


lil. The normalized Euclidean distance measure dy (M,N) is defined as; 


n 
1 
dae(MN) == PY [by (Xi) — By)? 
i=1 
iv. Supremum distance measure d,.,(M,N) is defined as; 
d..(M,N) = sup| py (Xi) — Hy Ci) | 


Definition 2.3 [27] Let a, <b, <c, <d, such that a,,b,,c,,d, € R.A trapezoidal fuzzy 
number a =< (a,,b,,C,,d,);w, >is a special fuzzy set on the real number set R, whose 
membership function p,:R > [0, w,]can generally be defined as 


(x —a,)w 
eae Eade) a, <x<by,, 
by — a 
Wa bp <x<q, 
x)= 
HC ) (dy = X)Wa 
——, ¢, <= x<d,, 
dj- cy 
lo otherwise. 


wherew, € [0,1] is a constant. 


Definition 2.4 [5] Let a =< (a,,b,,c,,d,);w, > be a trapezoidal fuzzy number such 
that 0 < a < wg. Then, a-cut set of a, denoted a,, is defined as; 


a, = {x; u(x) = a, xeR} = [L, (a), Ra (a)] 
_ |(wa —a@)a, tab, (wy — a)d, + acy 


Wa Wa 
Definition 2.5 [25] Let wi € [0,1](i € {1,2,..., p}) and a,b,c,d € R such thata<b<c< 


d. Then, a trapezoidal fuzzy multi-number (TFM-number) a = ([a,b, c, d]; (wg, wé,..., we )) 
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is a special fuzzy multi-set on the real number set R, whose membership functions are defined 


as; 
(x a) 1 < 
ar wy asx<b 
, wi, b<x<c 
HO) = any a 
G5 qa =C <xS 
0, otherwise, 


Definition 2.6 [4] Leta, =< (a,,b,,c,,d,) wa, WA, ...W3, >be a trapezoidal fuzzy multi 
number. Then, integral vector of a,, denoted by inta{, is given as; 
mtay = ([X1,X;], [X2, Xa], Xn Xnl) 


war ((wi, — aa, + ab, wai ((wi, — a)dy + ac, 
= | === aa, | a da, 
0 Wa, 0 Wa, 


w2. ((w2, -a)a,+ab, w2. ((w2,-a)dy+acz 
po (CHOY gs (CON al 


Wa 1 Wai 


War ((wE —a)a, + ab War (wh — aja, + ab 
[| 1 (‘ ay u 1 ) aa, | 1 ( ay y 1 *aa}) 
0 Wa, 0 Wa, 


(a, + bi)w3, 
(FS 


, 


(cy + | = a b,)wé, (cy + d,)wé, IS +by)wa, (¢, + oe) 
2 i 2 , 2 aes 2 , 2 


Definition 2.7 [4] Leta, =< (ay, by, Cy, d,); wa,,W4,, Wa, > and 

aa =< (a5; b5,c5.d5)! wi wi, os Wa, > be two trapezoidal fuzzy multi numbers having the 
integral vector intas (1X X55 Xo ls ees Xe a) and inta} = 
(aval kava .., [Ym Ynl) respectively. Then, generalized distance measure between a, 
and a, based on a-cut sets, denoted by d,.(ay, a,)(r > 1), is defined as; 

34 


r 


d-(ay, a2) = 


n 
1 ' 1 wr w 
—) & = ¥)' PQ) 
i=1 


Definition 2.8 [30] Let X be a space of discourse, a trapezoidal neutrosophic set Hin X is 
defined as follow: 


H={(y, Ty), In), Fa) Diy € ¥ 3 


where Ty(y) © [0,1], In (y) € [0,1] and Fy(y) < [0,1] are three trapezoidal fuzzy numbers 
such that 
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Tuy) = (th(V).t2 9), 2), th()):¥> [0.1]. tu) = GH). 12)... 1f()):¥> [0,1] 
and Fy(y) = (fay), 8), f(y), fay) :Y > [0,1] with the condition 0<t§(y) + if(y) + 
fi(y)s3, y EY. 


For convenience, the three trapezoidal fuzzy numbers are denoted by Ty(y) = (a,b,c, d), 
In(y) = (e,f,g,h) and Fy(y) = (i,j,k,1). Thus, a trapezoidal neutrosophic numbers is 
denoted by m= ((a, b,c, d),(e, f, g, h), (i,j, k, 1)). 


Definition 2.9 [30] Let Ti = ((ay,a2,a3,a4), (by, b2,b3,b4) . (C1,C2,C3,C4)) be a 
trapezoidalfuzzyneutrosophicnumber. 


1) Centroid point of the truth membership function of trapezoidal fuzzy neutrosophic 
number fi is 


Os (x TCA), y"(f))= * (lay +a, +az ta, —-—* aE + “3782 a _]), 


(a4+a3)—(a1 +az) (ay+a3)—(ai+az) 


ii) Centroid point of the indeterminacy membership function of trapezoidal fuzzy 
neutrosophic number fi is 


I _1 b,b3—b,b2 b3—b2 
t= (x (i), y (n)) = ({b: a ba « bs ~ ba — SG [1 = (b4+b3)—(by+b2)1”" 


111) Centroid point of the falsity membership function of trapezoidal fuzzy neutrosophic number fi is 


OF = (x*(H),yF(H)) = (fer die he bee C4C3—C1Cp | iF C3—-Cp bp. 


(c4+¢3)—(c1+C2) (c4+c3)—(C1+C2) 


Finally, centroid point of trapezoidal fuzzy neutrosophic number 7 is 


TH Iq Fes) VT x Ix Fre 
O(x(fi), y(#))=e PRO Oy oro) 


Definition 2.11 [3] Let mi 9a. OA, € [0,1](i € {1,2, ..., p})and a,b,c,d € R such that a < 


b <c <d. Then, an N-valued neutrosophic trapezoidal number(NVNT-number) 


1 G2 P 1 p2 Pay : 
A, = ({a,b,c, ds (mg Ma eee Mg) Say Says Ba), (Oa, OA, a, )) is a neutrosophic 
multi-set on the real number set R, whose truth-membership functions, indeterminacy- 


membership functions and falsity-membership functions are defined as, respectively. 
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(x-a) ; (b-x)+9/q,, (xa) 
(b-a) ‘At’ S50 (b-ay Se 
Ws ba x= G@ 4 oe, b<x<c 
Oa Gy Sc 
-x) j (x—c)+9/,, (d—x) 
(wom c<x<d marc ae c<x<d 
0, otherwise, l, otherwise, 
and 
b—x) +04 (x—a 
Genie ss). a < x< b 
(b —a) 
i <x< 
Fa, (x) = Bay? eer 
x—c) +60, (d-—x 
Deere). wees 
(d—c) 
lL, otherwise, 


Note that the set of all NVNT-numbers onR will be denoted by A. 


Definition 2.12 [3] Let A; = 


(Las, bayer das (md nZ.---nB, ) (Shy hs ---1 8g) (OR, OF, --+ ORD 


A, = ([az, bz, C2, d3|; (ni_n3,,---n, ), (93, etc) (05,) OnossanOn)) E A and 


y # 0 be any real number. Then, 


1. A, +A,=([a; + a2, b,; + bz, Cy + C2, d, + 


zl 1 2 2 p p 
x. +nz < +n& = +n; 
al; TA, ""Na, Ay “Az May "Ap 
i alee 242 7°" 

14la,"a, 1+MA, "A, 


1 1 2 2 P gP 
( 9449, 94, 9A, Yay Ad 
) ’ 


1+(1-94, )(1-9%, ) , 1+(1-94,, )(1-9%, ) aes 1+(1-96 )(1-98, 


1 1 2 2 p p 
05, 9A, 05,95, Onn, 


1+(1-65,)(1-6%,) 1+ (1-65,)(1-0%,) 14 (1 = of.) (1 2 of.) 


ii. Ay. As = ([ay- az, by. bz, Cy. C2, dy. dz]; 
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na Nay nA MAD 
1+(1-nf, )(1-nh,) 7" 1+(a-nf, (4-3, ) 7” 


14+ 949%, 14+ 95,95, 14+ 95,95, /' 


1+ 05,94, Gee 0%, 04, eat OF Of, 


iii. yA, = ([yayby, yer, yi]; 


(ee (14mg, )'-G-nh Yn "Gn 


(14mg J+ =ng leg Can en en 


( 2(94,)" 2(94,)" 


ee 
yp 
1 


2(98 


(2-—95,)" + (94,)” (2-95,)7+ (84, (2 — 95 + OR) 


( 2(0%,)" 2(04,)" 


2(08 
x) 


(2—04,)" + @4,)" (2—65,)" + 84," (2-0 )* + OG, 


2(n4,)” 2(n4,)" 
([aj, by, cy, di]; ( _ _ 


(S +94,)’-(1-95,)" (1+ 94,)" - (1 - 93,)" 


(1+ 94,)¥+ (1-94,)" (1+ 95)" + 1-93," 


(1+64,)"-—(1—65,)" (1 +04,)'- (1-05, 
(14+ 65,)7+ (1-05, 1 +65,)7+ (1 -65,)" 


Definition 2.13 [3] Let 


2(n5)" 


(1+95,)’-(-9,)" 


“(1+ 9% 1+ 1-95)" 


46.) =d=0,)' 


"(1 +05) + A — 0%.) 


A; = ((a;,b;, c;, 4); (nionk, Me)» (855980 ns 9)» (OF OF, 06) EA(jE 


J 


{1,2, ...,n}) be a collection of NVNT-numbers. Then, 
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} 
} 


\ 


19 — nl yet (nl Ww’? (0 — m2 Wt (r2 WW?’ 09 — Po OW 4 (mP 
(2— ng + gy? 2-0 t+ Og 20g) + gD", 


1. weighted arithmetic operator of NVNT-numbers, 


defined as; 


denoted by NVNTNay, is 


n 
NVNTNa,,(A;, Ap,.--» An) = ~ wjA; 
j=l 


n n n n 
> ways > wiby > wie, W. 
j=1 j=1 j=1 j=1 


j=-11 F Na, i= j=1(1 =< Ni, at 
j=1C1 + 14, "5 + Thi - Nay yi 


(= 2 |] 11 (9%, yA 
j=1(2 — 93, de Net: IT}: L194, a j=1(2 — 
272)" ( 
EZ — 9h) + TOR) 
2 IT}: 1 (04, "5 


Fix(2 — 65,)") + TP (05) 


il. weighted geometric operator of NVNT-numbers, 


defined as 


j 


»An) 


15 


NVNTNgy (Ay, Ay,... ; 
ja 


211.05)” 


[T.,2@-73)" +TT a3)” 
[T+ )" -[J,a-9)" [a+ >" 


| as +n") - 


(113.47 1.8" 16 TT" | 


ja1(1 = ue 
ja 2 i) te If40 ra, m4) 
j=i(1 + "5, "3 — [ji — "5, "3 
j1(1+ ", "Se IT}: =i(= Ns, yay 
2 TT}: (94, "i 
95," + Ta) 


2 T1104) 


211105," 


“TTL. - Py + Tp (05) 


denoted by NVNTNg,,, is 


TT %)" 
TT.@-7)" +1 .@)" 


is IT.2 - m5 ry IT. CH y" 


=[[ d= gw) "i 


[Ti+ )" +T]i,a-%) TT a8” TT 8 


[[U..4+95)" -[T- ina ye 


[[U..0+%)" +] E,4a-%)" 
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[U..0+6)” -[[T.0-&)” 
(1+ 6; ) cee ( 0; ) "i 
UT. IT. 


[T.0+ Tt" = [T+ 4) TT 95" 2 
IT. (+a; )” anew (l- 0; )" TE, (1+ 07)" +TTi, ( a)" 
where w = (Wj, W2, W3,-..,Wy)! is the weight vector of Aj, (j € {1,2, ..., n}) with w, € [0,1] 


and )j. 1, wj = 1. 
Definition 2.14 [3] Let 


Ay = ((a;, by, Gd: Gear i me, ) , (94,. 94,» ae 94, (04,, OA, sibs OA, )) be a collection of 
NVTN-numbers and I, = {1,2,...,n}. The positive ideal solution r*and negative solution r~ 
of NVNT-numbers are given as; 


= (max{ai}, max{b;}, max{c;}, max{di}); (max (nA, }. max {ng,}, max (nf, ) 
(min{(94,)}, min{(94,)},.., min{(9K,)}), Conin{O4,)}, min{(05,)3, --, mAM{(OR,)3)) 


and 


= (min{a; 5 min{b; }, mini 7 minid; }); (min {nh hn min n{na, ,min {nb ), 


"iely 


(max{(94,)}, max{ (SA, )by + max{(94,)}), (max{(64,)}, max{(04,)}, oy max{(0a,)})) 


i€ly 
respectively. 


3. A New Distance Measure for NVNT-Number 


In this section, we introduce a new distance measure for N-valued trapezoidal fuzzy 
neutrosophic number based on centroid points. 


Definition 3.1 Let 


Ay = ((ay, by, cy, dy); (nt,.n3_.---n8,), (94,,94,-+-94,), (04, 9A,>+++) 9a, )) be a NVTN- 


number. 
1) Centroid point of the truth membership functions of A,is; 


(O72),07?) 2.207) 
_ (x (nt, ) aye (n3,)) (x" (n2.) on (nz,)), a (x" (nk) yy? (nz,))) 


Where 
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1. 


NA; 
Jo ‘vei -8a day 


b 
f 1 xf. 
Ay NAY 


2 dx+ ft xn, dx+fo xt dx 


Gy = “MAY Aa and y™ (ni )= 
AL ieee dx+ foi nk dx fs Bee dx Ay pM “ae ae 
At "Ay o Bi 8h y 

NAy TAy 


i = 2 as bes 
fl _ (%-a1) j R _ (d4—-x) ni arid ol = aia, tx(d1 a1) oR = dina, x.(dy-C1) age 
— 1 — i 1 — i 
Nay (bya) Ay’ Nay (dy—cy) *Aa NAy Nay * Nis NA, 


inverse functions of fi | and £8 respectively. 
May At 


il) Centroid points of the indeterminacy membership functions of Aj, are; 


(OD, 01), ..., OMP)) = ((x'(4,).¥"(4,)) ; (x'(94,),y'(94,)), w-+(x!(98,).9"(84,))) 


Where 


b £1. oi d 4 
ar Xfi dx+ ft x9a, ax fo xf dx Jy * yeh “84 )dy 
x!(94,) = el see a andy! (94, )=—3—"+—*»— 
1 i L. C1 gi di ’ 17 gi 
toh dx+ Ga, dx+ f dx Sa 
Joy Sas Ort eg ft fi ea me Ody 
fl __ (b1-x) +94, (K-a1) fR _ (x—C1)+9q, (di -x) and gl = by—a1.94, —x(b1—a1) ok = 
Say (by-a1) 7 9Ay (di-c1) Say 1-Sa, sae 


d oh —c4—-x(d4-—c) , 
——*1 ++ the inverse functions of fi and f* respectively. 
Ya,-1 Say Sa, 


ii) Centroid points of the falsify membership functions of Ai, are; 
(OFC, OF, ..,0*) = ((x*(#A,),¥* (Aa) » (x*(02,).¥* (0%,)) = (x*(OR,).¥*(0R,))) 


Where 


i 0 
Pa fh dx+ fp? x0, dx+[o1xfh dx ft yeh -gk )dy 
Ffai \) _ 2 9a ay F(pi )_ 9a,  9Aq 
ey Sth, tly dxt oUF dx andy AG) a 
ay by At Jy t(ek, -e8® dy 
a 9 a, ol 
Ar “A1 
fl _ (b1-x) +94, (X-a1) fe = (x—€1)+04, (di—-x) nad gl __ by—ay-04, -x(b1-a1) ok = 
9A (b1—a1) : Oar (di—c1) Oa, 1-04, : 0ay 


d oh, —C4—-x(d4-C1) : 
41 __*—~— the inverse functions of fii * and f* respectively. 
0a,-1 Oa, 9a, 


By computing integrals given above, we get following result; 


Result 3.1 Let 
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A, = (ay by Cy, 44); (nig ete )y Cag oaseess,.)) (04,,04,>-+., 08, ))be a NVTN- 


number. 


1) Centroid points of the truth membership functions of A‘, are; 
COPE OT) 08) 


| = ((2" (68) 97) 8). 97 OH) OG) 9 OF) 


ma, -(2b1+a1—di—2¢1) 


2 2 2 2 
T i _ (cy +d, ay —by +c 1d ,—a,b,) T ( i ) 
x = and = 
(ni,,) y May 


3(Cy+d4—a;—b1) 3(by+a1—d4—-Cy) 


ii) | Centroid points of the indeterminacy membership functions of A‘ are; 


(OM, 02), OI) = ((x'(4,).¥"(4,)) (x!(94,),y'(94,)), w-+(x!(98,).9"(84,))) 
Where for i=1,2,...,P; 


(94, +2)(a1?—di?)+(94q,-1) (arbi +by7—cy?—-cy dy) 
3.[(9, +1) (a1—di)+(94, -1)(b1-c1)] 


gi [a,+2b,—2c,-d4—-3(b,—-c1)/94, |] 

Ifqi \_%A1 141 1 174 17C1)/¥Ay 

and y (94, )= bee 
i 


Aq 


x!(S4,) — 


3[a,+b,—-c,—dy, 
iii) Centroid points of the falsify membership functions of A‘, are; 
(OFC, OF®, OF) = ((x*(#A,).¥* (OA,)) » (x (02,).¥* (0%,)) (x08, ).¥*(0R,))) 


Where for i=1,2,...,P; 


ne (04, +2)(ay?—d,”)+(04, -1)(aib1+by?-c1?-c1d4) On, [ay+2by-2c—d4—3(by-Cy)/O4,] 


F(gi Ffpi 
x" (0 = - ; and On, = 
( a.) 3.[(04, +1) (a1—d1)+(04,-1)(bi-c)] y ( A,) 3[ay +b, —cy—d, 24-1 
Ay 
Definition 3.2 Let 


Ay = (ay by cr,dy); (nh ngs), (94,94, -+ 9a, )» (A, 04,-+-/ 8K, )) be a NVIN- 
number. Centroid point of A,, denoted by C(A,), is defined as; 


C(Aq) = ((rA,) SA, )» (TA, SA,» oe» (TA, SA, )) 
Where 


(rh, 5 J-(—We Gey eae) (i=1,2,...,P) 


3 3 


Lemma 3.1 [28] Let x1, X2,...,X, and y1,Y2,...,Yn be real numbers. Then, 


IKiVa + X2Yo + + XpVnlS/ Xa? + X27 tt XPV a? + 2? to Fn? 
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Definition 3.3Let 
A, = (lay bp cp dil; (citeina eee ome )s (Ons On ntea Oa.) One Oagcneen)) 
A, = ([az, bo, Cp, dol; Crane ene.) (94, 9%) 95, ), (O4,,0%,. +98, )) and As 
= (las, bs,c3,dg]; (nh ,n3, Th) (Sig Bags «> Bhg), (Og Ogs > OR, )) 
be three NVTN — numbers and C(A,) = (Ga sa, )s (as si), fod (eas sk.)) CAs) = 
(Ge sa, )s (ri, si), whe (rh, sh)) and C(A3) = 
(Ga sa,)s (ri, si), sie (rh, sk,)) be centroid point of A,, A, and A; respectively. 


Distance between A, and A, is given as; 


P 
=>. (lth —rhal? + Ish, - shal”) 
i=1 


By changing value of q, we get some special cases of the distance between A, and A2 as 
follows; 


Case 1: If q=1, we get Hamming distance between A, and A, as follows; 


P 
= 1 i i i i 
di(Av Ad) =55 >, (It — thal + Ish, — shal) 


i=1 
Case 2: If q=2, we get Euclidean distance between A, and A, as follows; 


P 
1 . 
do(AvA2) = fos >, (ty Th)? + Gh, — sh)?) 
i=1 


Case 3: If q+, we get 1. Chebyshev distance measure between A, and A, as follows; 


d4...(A1, Az) = max (Hts tal om — Shel 
2P 
Teorem 3.1 Let A; = 
([az, b,, Ci, dy]; (ne Ta, nae a.) , (94, 9A. a 194, )s On OA.» ad On,))s 
Az = {[ap, bz, Co, dy]; (atone. oa oe!) , (94,, 94,» aay Oa, )s (94, OA,» weay On, )) and 
A3 = {[a3, bz, C3, ds]; (ies Tas one) , (94,,94,> 5945) (04,, OA,» Onl) 
be three NVTN — numbers and 0 (oy Sh); o® (ri, si) and 0 Ge sh.) 


be centroid point of A,,Az and A3 respectively. Distance between A,andA, has 
following conditions; 


i) dg (Az, Az) 20 
ii) dg (Ai, Az) =0 2A, = Az 
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iti) dg(At, Az) = dg(Ag, Ai) 
iv) dg (Ai, A>) + dg (Az, A3) = dg (Ai, A3) 


Proof The teorem is proven for q=2. 


i) By using basic mathematical laws, we can get ; 
(ri, — ri,)? 20, (sh, — si)? 20 
(a, Sita) Say Sa) 20 
p ; , 
die (tay = Ta) Fay 84, 0 


fl ee a Love 
ae brat (ay tas)” CA, Say) ) 20 


paid (Gags ha) Ga Sa.) 0 


>d,(A,,A2) 20 


ae 1 . . . . 
ii) dy(Ay, Az) = [>> DP, (ra, — Ta,)? + (Sa, — SA,)?)=0 
1 p : fs 2 : is 2 = 
ap bien (th, tha) + (8h, — Sha) )=0 
= Der (A, — 1A.) + (SA, — SA,)7)=0 
=>(ra, —TAa,)? + (Sa, — Sa,)?=0. 
Therefore we get; 
(rh, —Ta,)? =0 Ora, = TA: 


fo gi ND Iss eeeel 
(Sa, — Sa)” = 0 © Sa, = Sa). 
That means 


et 1 . . . . 
iii) dy(Ay,Ag) = JDP, (ra, — 14, )7 + (Sh, — 84,97) 
2P 


1 p . . . . 
= |AmP, (ou, rh? + Gi, - 54,9) 


=d, (Az, Ay) 


iv) By using Cauchy-Schwarz inequality given in Lemma 3.1; 


; : ? : oe PORE Ae A 6 ODT a oD ‘ 3 : i 
(rat Sa,)°+(TA, + Sa.) =(TA, +ra, )+ (Sa, +Sa, )+2.(a,Sa, +a, Sa,) 


+ 2 + 2 + 2 + 2 +e ; 2 5 2 e 2 
1 1 1 1 1 1 1 1 
<A, +1, )+ (Sa, +S,, )+2. irk, + Ta, Ish, + Sa, 
Zz 
_ fad 1 2 i 2 i 2 
=| /ta, tia, + Sa, + Sa, 
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Taking square roots gives; 


. . F A  D wD « 2D - 2 
i i \2 i i 2 i i i i 
[(rh, + Sa.) + TA, + Sa,) < iri, gt 9 Ish, + Sa, 


Now we can compute 


(a, — Tag)” + (Sa, — Sa)” 


; . : . 2 . : : ; 2 
=J((ri, - rh.) + Ok, 4) + (sk, - 84,) + (Sh, -84,)) 


= ita Tait Ga Say) | ay Fa) tag) 


Therefore we get; 


d2 (Aj, Az) € dz (Az, As) 2 dz (Ai, A3) 


4. An approach to MCDM problems under for N-valued Neutrosophic Trapezoidal 
Numbers 

Definition 4.1 [3] Let X = {x,, Xz, ...,Xm} be a set of alternatives, U = {uy, Ug, ..., U,} be the 

set of criteria. Assume that the evaluating value of criteria ujwith respect to alternative x;, be 


represented by a NVNT-numbers 
Aj = 


7 1 2 3 P 1 2 3 P 1 2 3 p 
([ay, by, Ci, di|; (nk, Nay? Vay’ me mk, ) , (94,59, Bai? Mee: 9h, ) , (84;,) Dai, Dai? ed O4,;) mxn 


where 0 < aij < by < Cij < dij <1,0< 


1 2 3 P 1 2 3 P 1 2 3 p < é _ 
Nay? Vay? Vay’ May Sage Say Bay, Bair 8 i’ Dai, 9A; 1 Da, Ss 1, and (Ay) = 


Ye, ae Sa p d: .G@2.,.. 48 p 1 W2, as p 
(ai, bij, Cy, diy); Grureane = Thy) , (94, Say? Say) = i) , (Oa, 9A 9a, cats 08) 


mxn 
(i=1,2,...,m) and (j=1,2,...,n) be the decision matrix given by experts based on Table 1. 
Then, 


Ay Ax2 Ain 

A2 1 Az? Aon 
(Aj ) mxn : : 

Ami Am2 Amn } 
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is called a NVNT-numbers multi-criteria decision matrix of the decision maker. 


Table | [3]. The linguistic values of the NVNT-numbers for the evaluation matrix 


Linguistic values NVNT-number values 


Very Poor(Vp) (0-56.0-60,0.65,0.68); (0.8,0.7,0.6), (0.3,0.4,0.3), (0.7,0.2,0.3)) 


Poor) _ {0-86,0.88,0.90,1.00); (0.9,0.5,02), (0.7,0.6,0.4), (0.3,0.1,0.2)) 


Medium (my) {¢0-18,0.23,0.30,0.35); (0.6,0.4,0.1), (0.5,0.4,0.3), (0.2,0.4,0.3)) 


Good (G)_ {(0-72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 


Ves Gooacvgy'(0.00.0-12,0.15,0.20); (0.2,0.4,0.2), (0.3,0.4,0.6), (0.2,0.2,0.5)) 
Also, assume that w= (Wy, W2,..., Wy) be weight vector of the criteria set U given by experts. 
Algorithm 

Step 1: Create an evaluation matrix (Ajj)mxn based on Table 1. 

Step 2:For all i (i = 1,2,...,m) find the aggregation values according to NVNTNay operator, 


in order to obtain the ultimate performance value corresponding to the alternative Aj(i = 
1,2,...,m) as; 


Aj = NVNTNa,, (Aj1, Ain, - : ., Ain) (i = 1,2,. - ..m) 


Step 3: Find the centroid points of A; (i = 1,2,...,m) for truth, indeterminacy and falsity 
memberships according to Result 3.1; 


(07, OT, .., 07) = ((xT(AN, y™(AD), (x™(AD¥7(AZ)), «(x7 (AP),¥7(AP))) 
(0'O), OF), .., OH) = ((x!(AD, y!(AD), (x49), ¥'AR)), (tA), yI(ABD)) 


(OF), OF®), OF) = ((xF(AB, yFCAD), (x°(AZD, yFCAB)) (xP (AP),yF (ABD) 
Step 4: Find the centroid point of A,(i = 1,2, ...,m)givenin Definition 3.2; 


C(A;) = ((rA,> SA,» re Sk.) baci (rA, SA.) 
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Step 5: Find the distances between Aj (i = 1,2,...,m) and positive-negative ideal solution 
based on Definition 3.3 as; 


d,(Aj,r*), d.(Aj, r~)G = 1,2,...,m) 


Where r* and r~ are the positive ideal solution and negative ideal solution of Aj; 


(i=1,2,...,m) respectively. That is, 


ré = (max fai},,max {bi}, max {ci} _max, {di}); 


ie€ Ao wets ail a 


feuny 


Gane <4 ie(t2 age fake _ ietiee ee ie p. 


(min {Oa}, aon mn) OAD} > min {a}, 


i€{1,2,.,m} BEC Sa ie{1,2...., 
oe {Aah “ah, (DI ng in 5 {(®a,))) 


and 


r_=( min taj}, eqain {b,},. min {c,}, min y{ai})s 


ie€{1,2,..,m} ~~ ie€{1,2,..., m} i€{1,2,...,m} i€{1,2...., 


ja 7 : os {ni} rate es {nk ), 


(max (a, ere ae a, Ny MOM {a )3), 


ie{1,2,....m} 


(max (Ga, Vmax {A,)}, max (Oa, )3)) 


i€{1,2,..,m} i€{1,2,..., " i€{1,2,. 


Step 6: Calculate the score value s(A; ) of the A; (i = 1,2,...,m) defined as; 


_ d2(Aj, Yr =) 
s(Aj es d2(Aj t)+d2(Aj, Tr 7) 


Step 7: Rank all the alternatives A; (i = 1,2,...,m)and select the best one, in accordance with 
score of each A; (S(A; )). The smaller the S(A; ), the better the alternatives Aj. 


5. Application 
In order to show usefulness of proposed method, we give following application adopted from 
Kesen [13]. 


Suppose that a factory administration is aim to hire a technician for newly-established section 
of the factory. The administration doesn’t know exactly who is suitable for that position since 
there are a lot ofalternatives. After a short consideration, the administration managed to shrink 
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the alternatives’ list and five alternatives left for choosing which isX = {x,, Xz, X3, X4, Xs}. The 
administration will choose a technician from alternatives’ list according to four attributes: 


1. Work experience (c,) 

2. Tendency to team work (cz) 
3. Reference (c3) 

4. Education backround (c,) 


Weight vector of the attributes is w = (0.3,0.2,0.4,0.1). The administration considers the 
alternatives in the context of the linguistic terms given in Table 1. The process of finding the 
best choice is given as follows: 


Step 1: Alternatives and attributes evaluated by the administrationand results of the 
evaluation are presented in decision matrix (Ajj)5x4 as; 


((0.56,0.60,0.65,0.68); (0.8,0.7,0.6), (0.3,0.4,0.3), (0.7,0.2,0.3)) 
((0.18,0.23,0.30,0.35); (0.6,0.4,0.1), (0.5,0.4,0.3), (0.2,0.4,0.3)) 
(Aij)sxa = ((0.86,0.88,0.90,1.00); (0.9,0.5,0.2), (0.7,0.6,0.4), (0.3,0.1,0.2)) 
((0.72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 
((0.00,0.12,0.15,0.20); (0.2,0.4,0.2), (0.3,0.4,0.6), (0.2,0.2,0.5)) 


((0.18,0.23,0.30,0.35); (0.6,0.4,0.1), (0.5,0.4,0.3), (0.2,0.4,0.3)) 
((0.72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 
((0.56,0.60,0.65,0.68); (0.8,0.7,0.6), (0.3,0.4,0.3), (0.7,0.2,0.3)) 
((0.72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 
((0.00,0.12,0.15,0.20); (0.2,0.4,0.2), (0.3,0.4,0.6), (0.2,0.2,0.5)) 


((0.00,0.12,0.15,0.20); (0.2,0.4,0.2), (0.3,0.4,0.6), (0.2,0.2,0.5)) 
((0.72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 
((0.86,0.88,0.90,1.00); (0.9,0.5,02), (0.7,0.6,0.4), (0.3,0.1,0.2)) 
((0.18,0.23,0.30,0.35); (0.6,0.4,0.1), (0.5,0.4,0.3), (0.2,0.4,0.3)) 
((0.56,0.60,0.65,0.68); (0.8,0.7,0.6), (0.3,0.4,0.3), (0.7,0.2,0.3)) 


((0.72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 
((0.56,0.60,0.65,0.68); (0.8,0.7,0.6), (0.3,0.4,0.3), (0.7,0.2,0.3)) 
((0.86,0.88,0.90,1.00); (0.9,0.5,0.2), (0.7,0.6,0.4), (0.3,0.1,0.2)) 
((0.18,0.23,0.30,0.35); (0.6,0.4,0.1), (0.5,0.4,0.3), (0.2,0.4,0.3)) 
((0.72,0.78,0.80,0.85); (0.9,0.8,0.3), (0.2,0.1,0.5), (0.5,0.3,0.4)) 


Step 2: For alli (i = 1,2,...,5), the aggregation values according to NVNTNa,, operator are 
computed, in order to obtain the ultimate performance value corresponding to the alternative 
x,(i = 1,2,...,5) as; 


A, = NVNTNay (Aji, Aiz, Ar3, Arg) 
= ((0.312,0.374,0.425,0.469); (0.661,0.554,0.309), (0.357,0.352,0.367), (0.332,0.277,0.294)) 
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Az = NVNTNay (Agi, Azz, A23, Az4) 
= (0.542,0.597,0.635,0.683); (0.834,0.703,0.278), (0.279,0.179,0.411), (0.402,0.315,0.357)) 


A3 = NVNTNa,, (A31, A32, A33, A34) 
= (0.740,0.768,0.800,0.872); (0.867,0.589,0.379), (0.513,0.514,0.357), (0.432,0.133,0.236)) 


Ay = NVNTNay (Agi, Ago, Agg, Aga) 
= (0.558,0.615,0.650,0.700); (0.845,0.714,0.242), (0.268,0.155,0.432), (0.387,0.328,0.368)) 


As = NVNTNay(As1, As2, As3, As) 
= (0.184,0.282,0.315,0.361); (0.469,0.523,0.302), (0.288,0.352,0.518), (0.291,0.208,0.444)) 


Step 3:Centroid points of A; (i=1,2,...,5) for truth, indeterminacy and falsity 
memberships are computed as; 


For Aj; 

(04,7, 04,7, On, ™)=((0.394,0.274),(0.394,0.230),(0.394,0.128)) 
(04,1, On,', On, = ((0.388,0.260), (0.388,0.253), (0.388,0.276)) 
(04,7, 04,°, 04, °) = ((0.388,0.225)(0.387,0.169) (0.387,0.185)) 
For Aj; 

(04, °, 04," , On, ")=( (0.614,0.337), (0.614,0.28),(0.614,0.112)) 

(04, ', On, On, ) = ((0.611,0.190), (0.611,0.102), (0.612,1.376)) 
(Oa, , O4,, On, *) = ((0.612,0.885), (0.610.245), (0.612,0.361)) 
For A3; 

(0,7, 04,7, O4,7)=( (0.797,0.346),(0.797,0.235),(0.797,0.151)) 
(O,,', On, '\, On, ) = ((0.810,0.038), (0.810,0.039), (0.812,0.572)) 
(Og, ", O4,°, O4,°) = ((0.811, 0.236), (0.816,0.073), (0.814,0.155)) 
For Aq; 

(04, ", On," , On, )=( (0.630,0.337),(0.630,0.285),(0.630,0.097)) 
(04,', On, ', On,') = ((0.628,0.190), (0.627,0.088), (0.628, —0.300)) 


(04,7, 04,°, 04,°) = ((0.628,1.922), (0.628,0.323), (0.628,0.672)) 
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For As; 
(Ono, O04, , 0 4.) =( (0.283,0.181),(0.283,0.202),(0.283,0.116)) 
(0 4,', 0 4,', 0 4.) = ((0.265,0.511), (0.266, -0.196), (0.268,0.109)) 
(0 4.°, 04,7, 0 4.°) = ((0.265,0.554), (0.264,0.151), (0.268,0.048)) 
Step 4: Centroid point of A; (i = 1,2, ...,5) is computed as; 
C(A,) = ((0.390,0.253), (0.390,0.217), (0.390,0.196)) 
C(A,) = ((0.612,0.471), (0.612,0.210), (0.612,0.616)) 
C(A3) = ((0.806,0.049), (0.808,0.116), (0.808,0.293)) 
C(A,) = ((0.629,0.816), (0.629,0.232), (0.629,0.156)) 
C(A;) = ((0.271,0.415), (0.271,0.052), (0.273,0.091)) 
Step 5: Distances between A; (i = 1,2, ...,5)and positive ideal-negative ideal computed as; 
d,(A,, r*)=0.300, d2(Ay,r7)=0.187 
d,(Az,r*)=0.212, d,(Az, r~)=0.385 
d,(A3,r* )=0.086, d,(A3, r~)=0.403 
d,(Ay,r*)=0.269 d,(A,4,r7)=0.415 
d,(As,r*)=0.396, d2(As,r7)=0.151 
Step 6: Score value (s(A; )) of the A; (i = 1,2,...,5) is computed as; 
s(A, ) =0.383, s(A, ) =0.645, s(A; ) =0.824, s(A, ) =0,606, s(A; ) =0.275 
Step 7: Ranking of all the alternatives A; Gi = 1,2, ...,5) is given as following; 


Xs > Xy > X4 > XQ > X23 


6. Conclusion 


Neutrosophic numbers can be applied to many more areas to model and solve 


problems containing many uncertainties. For example, studies can be applied on computer 


science, decision-making problems, business and economics problems, which contain 


ambiguous statements by their nature. For this reason, neutrosophic numbers and _ their 


operations can be extended by using different applications and techniques. As for multi- 


valued neutrosophic numbers, it can be applied in solving problems with uncertain, imprecise, 


incomplete and inconsistent information that exist in scientific and engineering situations. 
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I— 


Neutrosophic Logic is a general framework for unification of many existing logics, such as 
fuzzy logic (especially intuitionistic fuzzy logic), paraconsistent logic, intuitionistic logic, etc. 
University of New Mexico (UNM)'s website on neutrosophic theories and their applications 
is: http://fs.unm.edu/neutrosophy.htm. 


From Classical Algebraic Structures to NeutroAlgebraic Structures and AntiAlgebraic 
Structures 


In 2019 Smarandache generalized the classical Algebraic Structures to NeutroAlgebraic 
Structures (or NeutroAlgebras) {whose operations and axioms are partially true, partially 
indeterminate, and partially false} as extensions of Partial Algebra, and to AntiAlgebraic 
Structures (or AntiAlgebras) {whose operations and axioms are totally false} and on 2020 he 
continued to develop them [2,3,4]. 


The NeutroAlgebras & AntiAlgebras are a new field of research, which is inspired from our 
real world. 


In classical algebraic structures, all operations are 100% well-defined, and all axioms are 
100% true, but in real life, in many cases these restrictions are too harsh, since in our world 
we have things that only partially verify some operations or some laws. 


Using the process of NeutroSophication of a classical algebraic structure we produce a 
NeutroAlgebra, while the process of AntiSophication of a classical algebraic structure 


produces an AntiAlgebra. 
9 | Mit > 


